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MexpayHapofgHas IIKoJa-CEMMHap

"ITHAMUYECKHUE 1 CTOXACTHYECKHE
BOJIHOBBIE ABJIEHHUA”

B wmione 1992 roma B HukeropoackoM yuuBepcHTeTe HNpPOXORHIA IEONa-
ceMuHap ”[IlWHaMHYecKHe H CTOXacTHYeckHe BonsoBhe spmerus”. OcHos-
HOK Bajjayell HIKONH 1o BaMuCIy nporpammuoro xomurera (C.H.I'yp6aros,
H.C.Crenanos, B.B.Tamoiixun, JI.A.OcTpoBckuii) 6HTa HONHITEA X0TdS G
YacTHYHO OTPaSHTh OCHOBHHe Hanpanilenns Huxeroponcxoit (I'opbroBckoit)
HWKONH pajuo(QH3HEKOB B O6GIACTH TEOPHH BONH. OTO GHIa OfHA HO IEPBHIX
MeXAYHapONHHX mxkon, mposoguMeix B HHI'Y u panee sakpuToM r.fopbroM,
H, NOXalyH, mepBad INKONa-CeMHHAD, Pie CTYNeHTHh, K KOTOPHM MH NpH-
YHCISEM TaKXe acCHHPAaHTOB H MOJORHLIX HAyYHHX COTPYJHHKOB, BHICTYHalH
He TONBKO B KadecTBe ClyuiaTeneid, HO H HOKNaJYHKOB. DB CBSBH C TeM,
4YTO CeMHHAp OpeAcTaBidnl HHXeropoackyio mKony pafgHOpH3HKOB, B TH-
' ¢le MEKTOPOB H CTYAEHTOB M3 PoCCHM OHIE OpEICTaBHTENH TOnbko Hux-
sero Hosropoga: HHT'Y, Hucruryra npuxnagnoit ¢msuxn PAH n Haywno-
HCCIE[OBATENLCKOTO PafHOPUBHIECKOrO HHCTHTYTa. MeXayHapofHaf 4acTh
6una npencrasnena yHusepcuTeTaMu AHrnEE (Kem6punx), llIsenun (Crok-
ronsM, Yucanna), FOxuon Kopen (Ceyn), Hrannn (Bononns). Bce nexnug, no-
xnagnl Ha Jukone GHIIH NPOYHTAHH Ha aHITHHCKOM SOHKE, HO B CHeRHAIBHBIX
BHIOYCKaX XypHana "PagrodusHka” Gonblag 9acTh HKOKIAJOB NyONHEyeTcs
Ha PYCCKOM fBhiKe.
Bcero Ha 1mkone 6mno sacnymano 28 nexumi M 30 cTymeHYecKHX NOKIARoB.
Jlex1uy H JOKMANK YCIOBHO GBHUIH paclpefeleHH MO CHelyIOMMM CeKIHIM:
1. BoaHH B HeOHOPORHKHX H HECTAIIHOHAPHHIX CpefaxX.
2. HenAHelHHe BOMHH M CTPYKTYPH.
3. Bonen B cny4alHHX cpefax.
4. BoiHH B IPHPOAHHX Cpefax.
Hs pokmanos, xoTopue NpoYHTaHW Ha IIKONe W NMyONHEKYIOTCE, ocoboe Me-
CTO BaHHMaeT nexnuus Muxauna Apgonsdosuda Mumrepa "Bonnu, BOTHH,
BONHH...”. B Hell copepXuTcH Bcero yeThipe (POpMyNH, caMad CIOXKHAZ U3
KOTOPHX ~—— fpEACTaBleHHe IUIOCKOH BONHH B kOoMIUlekcHOM BHfe. Ho Tem
He MeHee, Ha Lalll B3TILK, OHa TpebyeT HAaWGONBIUMX YCHIHH OT 4HTaTeld,
/eHCTBHTEIBHO NHTAIOUIErOCH HPOHUKHYTHCS BOTHOBHIM JYXOM.
OpraHHsaTOpPH H YYaCTHMKM WIKONH GnarogapHsl MHHHCTEpPCTBY HaykH,
06pasoBaHHS M TEXHHYeCKOH NOMHTHKH (B HacTosuiee Bpemi KommTety
mo BHcHleMy o6pasoBanuio Poccmu) sa (puHAHCOBYIO HORJEpXKy, a TaKxe
pyrosoacTBy HHXeropopckoro yEHBepcHTeTa, MHCTHTyTa npHEnagHOH ¢u-
aukn, Huxeropopckoro paguodusnaieckoro ¥HCTATYTa, POCCHHCKOro aKycTH-
Yeckoro o6flfecTBa Ba NOMOIIL B NPOBENEHHH WKONH. XO4eTCd Takxxke OT-
METHTb YeTKYI0 H ClIaXeHHYI0O pPaboTy CTYJeHYecKoro oprkoMuTeTa (mpen-
cegatens Mnapenumes A.Jl.), pemakTopa C60pHHEa TESHCOB TPYAOB IIKOIH
Copoxmra O.M. u 4neHoB oprrkoMureTa mikonuw Baxymosa M.H., Banm-
6eppura B.H., Houckoro f.JI., Koupparsesa M.I'., Kynurosa A.M., JleGe-
meBa B.B., Mapreanosa A.H., Myposcxoit U.H., lIporyaTosa-Py6mnosa H.B.,

llemenena E.I'.
Conpencena'ream OpPrxoMHTETSE

C.H. I'yp6Garos, I''A. Mapxos
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WAWES, WAVES, WAWES ...
M.A. Miller

In memory of M.L. Levin,
unseparable from me

6. THE COMMON COMMENTARY TO THE RUSSIAN AND ENGLISH
TEXTS.

In the spring of 92 Prof. S. Gurbatov invited me to deliver an introductory
lecture at the International School-Seminar on Wave Phenomena here, there
and everywhere. (The official nomination is given in the title-page). A friend
of mine liked to joke in such a case (with a dismal mood): do not permit
yourself to be ailing with arbitrary diseases but try to choose illnesses in
accordance with specializations of your doctor friends. After I had studied
the preliminary programme of the School I understood it was sorted out in
accordance with interests and potentialities of selected wave-minded lectors.
And then it has suggested a primitive idea to me to adjust my lecture to their
weakness for waves. The more so, as some years ago Prof. L. Ostrovsky and
I revealed (to our great surprise!) that almost all investigations of the Nature
could be brought to a "waveous” kind of work. Therefore, the first lecture
in the Wave-School could be slightly moralizing and covering a wide range of
wave-views.

The time limitation (to keep within the limits of a single lecture!) as well
as my uneasiness in English (the lecture was not only delivered but thought
out in English) did not allow me to be sure of the success of a multi-scaled
mixture of "seriosities, ironies and challenges”. {The manners I prefer to be
the most adequate to my purposes!) Therefore, I have made a translation
into Russian, the language in which I feel more free and, moreover, it is the
language of my irrational thinking. Although I am deeply persuaded that
only rational algorithmic thoughts are extralanguageable and at the same
time any imaginative (jmage-bearing) thought (which cannot be divided into
isolated "micro-senses”) is always contexted (contextual). And one hardly
may tear it off the language which it was born among. Such a thought may
be interpretable, treatable, expoundable... even be danceable but never can it
be translated word-for-word without emotional losses.

Probably I have declared the trivial considerations which every linguist
knows very well. But we the physicists, being ”plenipotentiaries” of the
so-called natural or exact sciences often forget that we belong to ordinary
sinful members of mankind. Hence, we often fail to realize vacillation of many
conceptions in which our logically created "well-being” is grounded.

By use of these short preliminary elucidations I want to relax an irritation
which my deviation from ”the rules of good manners” would provoke or excite;
such rules are different not only for different gendres but for different languages
too.
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And, finally, I wish to say some grievous supplementary words. During the
time-interval between the delivery and publication of the lecture M. L. Levin,
my teacher and the nearest friend, died. A great number of my beliefs,
convictions and dispositions were induced by him. And my strange
speculations on waves were the last (it seems to me) matters (of the math-
phys nature) which he had been reading before his dying day. When preparing
the lecture I was advised by him in some points but afterwards he had no
possibility to correct my eccentricity (or "kinks"!). And yet I dare to dedicate
this "opus” to him (in his blessed memory!).

1. PREPREWORDS

"Rule! Rule the waves!
And never will be slaves!
...of the waves!”

(A free composition)

The authorities of the Wave-Phenomena-Summer-School-Seminar have
entrusted me with delivering the starting-up lecture in English on a free
subject. I should not dare to betray their confidence. I'll talk exactly about the
waves. But at the beginning I am obliged to make some apologetic remarks.

English is not my first tongue (more essentially it is not the language I
used to think in!) and I often experience great difficulties when trying to
express in English fine details of my intentions slightly instructive and slightly
challengeable

Moreover I know that about a quarter of the so-called "emotional
information” is not perceived by means of words, but through the other
"channels” such as intonations, expressions of faces, eyes and other parts of
bodies (to say nothing about some mysterious waves of "tele”-interaction!).
I am not sur: that my way of communications with an international (multi-
linguall) audience, will be adequate to my purposes. Another difficulty I
shall be overcoming is due to the lack of information about the participants
of the School. The age of the students represented here is dispersed between
19 and 30! Probably the interval of interests is also very large. A 30-year-old
student, especially, is quite a "puzzle” for me: he either could have stayed
too long on the start orin equal measureis approaching too fast the finish
of his development (getting asymptotically.to the state of "perpetual student,
ein ewiger Student ” nevertheless Hamlet, the student, was under forty!). And
one more remark. I see most students and — so-to-say — post-students present
here belong to—so-to-say — “Russian understanding” people’ and they can
feel "lingual discomforts”. In order to help them I shall translate some key-
words that defined my train of thought into Russian putting them in— so-to-
say — "oral brackets”. And it could be useful for foreign students to catch
some Russian soundings.

. Besides, I have written the text beforehand and I shall be consulting it.
The text is divided in sections supplied with titles. Such "quantization” must
help (I believe!) to get to the idea (the plot) of the lecture.
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3. PREWORDS OR PREMATURE WORDS *

I was told that there exist three types of musical introductions (overtures!)
according to the effects they have to produce on listeners: a)the survey of basic
melodies, b)putting listeners in an adequate spirit, ¢) adiabatic gradual (little
by little) transiting them from the usual state of every-day life into the World
of Music (or Physics, or Waves, or something else).

In spite of my piphagoric respectfulness (near to a worship!) of the Number
Three (especially when something is being classified) I dare to extend (to
prolong) the traditional list of overtures and to present to you the introduction
of the fourth style where the principal subject of the musical (scientific)
composition will be subjected to unmasking and preventive criticism.

3. THE HISTORICAL STORY

The story has its own history. Some years ago Prof. Lev Ostrovsky and
I were engaged in the interesting and hard work: the editorial board of the
Physical Dictionary (Encyclopaedia) invited us to write the article ”Waves”.
The Encyclopaedia keeps strictly to one indisputable rule (very troublesome
to be fulfilled): at the beginning of every article authors must give a precise
definition of the entry word.

And we saw that we were unable to stand this test at least in the case
concerned. We studied all reference books accessible to us and were awfully
struck with the absence of a universal definition of the waves in spite of
common use of the phenomena associated with this undefined term!

The waves exist by themselves but the conception of waves does not? The
promising introduction to the wave-phenomena-school, isn’t it?

4. THREE PERSONS IN ONE HEAD

One of the best ways of discussion was invented in the times of ancient
Greeks (probably by PJaton) and was reestablished many centuries later in the
Renascence due to the prominent dialogues published by Galileo Galileo. Let
three persons have gathered together (may be really or may be-and it is more
feasible—mentally—somewhere inside the head of a single person!) in order
to express their different (it is desirable) opinions on the subject regarded.
The success would be essentially dependent on a selection of "personnel”. For
example, I prefer to draw. in my head such a group of debators: a)a broad-
minded person (in the limiting case he knows nothing about everything!);
b)a deep-minded person (in the opposite limiting case he knows everything
about nothing!); and c)and intuitive-minded person (who knows nothing about
nothing and everything about everything simultaneously and vice versa too!).

By the way I have made a well-thought-out choice: every character plays
his own role which approximately corresponds to specialization of the human
brain: a)an imaginative thinking (usually due to the function of the right

*I have adopted this strange term from the Russian musical jargon (slang). Many musical
experts (critics!) grew a habit to explain music before it has to be performed.
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hemisphere); b)a logic thinking (the left hemisphere); and c)an intuitive
thinking (the deep layers of brain). )

Just now I'll retell you some fragments of a virtual discussion of the 1 aree
without indicating whose opinion I shall be citing. Let this be your first easy
exercises to-day.

5. DISCORD IN DEFINITIONS

The McGraw-Hill Dictionary declares: "Wave (PHYS.) - DISTRIBUTION
WHICH PROPAGATES FROM ONE POINT IN A MEDIUM TO THE OTHER POINTS
WITHOUT GIVING THE MEDIUM AS A WHOLE ANY PERMANENT DISPLACEMENT”.

One of the debators has to enter into an argument at once. This definition
has reduced all wave-motion to the so-called travelling (or running) waves:
however, two periodic waves propagated in the opposite directions form (so to
say!) the standing (or stationary) wave which propagates nowhere because it
is nothing but distributed oscillations! And vice versatwo standing waves can
give (being superposed, if possible!) a travelling wave again!

”Qh, it is not a single objection,”- can say another (but different-minded
man). "I know that even a usual travelling wave transfers only along the
direction of its propagation a lot of different physical (measurable) values
such as energy, momentum, angular' momentum...” etc.

Suddenly, the fresh-minded man has displayed a keen interest in dissension.
He asks: ”Are we able to state what kind of physical (or of another nature!)
values can be transmitted by travelling waves (or by wave-like motions)?” I
do not know an exhaustive criterion. But the statement if being proved will
look good as good as a high quality theorem!

May be somebody would make an attempt to formulate it more accurately
and prove it in the most general form. Then they ought not to forget about
(for instance!) the waves of rumors or the ¥ -waves in quantum physics (latent
probabilistic!).

But let us go on. The McGraw-Hill definition has some more severe defects.
It connects the waves-motions with perturbations of media. Consequently,
it eliminates the most representative waves in the macroscale physics—the
gravitational and the electromagnetic ones. These waves are not supported
by any macro-medium, they are perturbations of physical fields and that’s all.
All facts, any measurements corroborate it.

At that moment one of the interlocutors could have a sensation of
appearance of the brain-wave about the true symptom typical for all waves
universally (the brain-wave on waves, excuse me for this word-play-pun-
calembour). He stated: ”The phenomena of interference is the general sign
of any mhotions which one can interprete as a wave motion contrasting point-
particles-motions.”

”Oh, Lord,”- the other refuser said,- ”it is slightly wrong! The School-
Seminar you will be attending is partly concentrated on the problem of
the incoherent waves with stochastically varying phases. In this case the
interference picture may be absolutely absent and, if generally speaking, it
is dependent on the method of observation!”

M.A.Miller 579
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"The dependence of the method of observation (or measurement!)!? Isn’t
it the death sentence to a definition of the conception of waves forever?” I do
not know. May be. However, I am sure it is a typical situation in Physics
in general! The best, the simplest, the most sound(!) demonstration consists
in measuring any motion using different moving reference frames. So the
hilly (corrngated) surface of the Earth would imitate a wave-behavior when
observed from a frame flying above and along. And vice versa, any wave
travelling at least with a velocity less than the limit velocity of light can be
transformed into a motionless static relief (Nature Morte, Stelles Leben, Still
Life of waves!)

The high-words-discussion of the Three has not been finished. And there is
no reason to continue it: when every "no” follows every "yes” this altercating
sequence cannot approach any answer!

6. THE "ZOO-COLLECTION™ OF WAVES

What is to be done? I think nothing or follow a kind English prompting-
Live and let Live’

The situation resembles the biological impasse (a standstill!) about tweo
and a half centuries ago. A great number of piants and animals had been
observed and discovered before the Swede, Linnaeus, established his reputation
{in 1730) having recommended his systematics. He classified every living
thing, all vegetable organisms, all flesh, man and beast, distributed them into
different groups and species according to their outward (”formal”) appearance.

Later Charles Darwin. suggested the most satisfactory classification which
refiected the evolution of the organisms classified.

Imvite you, my listeners (or readers) to do (to perform) the analogous work
in the Kingdom of waves acfing either by ”the method of resemblance” (the
Linnaeus-like systematics!) or by "the method of evolution” (the Darwin-like
systematics!). It would be a muitiparameter and a multivariant classification, I
suppose. By the way it seemns to me that the word "wave” shares the linguistic
lead in numbers of "agjectives” specifying it (at least among physical terms)!

There is no end to list all waves known under various names: longitudinal,
transverse, head, bow, shock, side, plasma, whistler, wind, surface, leaky, spir,
circular-polarized... waves, waves, waves...

The organizers of the Wave-School-Seminar may announce a competition
for the best (the most satisfactory or the most surprising!) wave-classification
where static reliefs would be brought in correspondence with plants as well as
non-stationary waves would be like movable animals. *

Frankly speaking I am unaware of a perfect result in the case. And I should
like to welcome any success, particularly if the headquarters of the School will
grant a prize for winners. But nothing can compare with the joys of the act

of reaching a goal!

*Sic!  As distinct from the plant-animal kingdom, in the wave-kingdom any “wave-
plants® (motionless beings) can be iransformed into some ”wave-animals” {movable beings)
and correspondingly a botanic wave-garden into a zoological one or vice versa
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7. SOME MOTIONS ARE MORE WAVES

A month or two ago when I agreed to give an introductory talk about
waves it was getting .clear to me that I would finish at that particular place
where the zoo of waves will be "open for surveying”. Then I have changed my
decision. The first lecture is destined to have the happy end! Hence if there
is no common sign, no common property for all motions which our intuition,
imagination and everyday experience used to regard as waves we may (and
might!) appoint some motions on the post of wave by the method known in
Russian as a method of "the administrative command”. So we ought to select
a proper "claiinant” (pretender, candidate, applicant) for vacancy.

The prominent English novelist (writer) Orwell advised an outstanding
aphorism about equality of rights among animals. He has advanced: "All
animals are equal but some animals are more equal than others!” Though I
have found a similar byword in ancient Chinese papers it does not matter
because Orwell has breathed new life into it.

My late friend, Prof. Lev Weinstein, liked to comrnent such a collision as
follows. He said: ”When somebody has discovered something, just immediately
predecessors come running!” .

Adapting Orwell’s aphorism to our purposes I am advancing the slogan
(password): All motions are waves but some motions are more waves than
others!!

The task is now to propose the simplest and at the same time the most
representative wave-motion as a standard (as a "prime wave”!).

A new question arises now! What sense can be put into the conception of
simplicity and complexity? I am afraid it is an unanswerable question.

For example, Kholmogorov’s criterion of the complexity consists
(approximately, roughly speaking) in evaluation of the numbers of the
operation which can reduce a statement considered (a phrase, a function,
scmething carrying information, etc.) to any primary statement selected as a
standard one. Being applied to our case, this criterion has and uncertainty—it
is uneasy to settle what one means by a reparate operation! And I am leaving
this question open or rather to your intuitive solution and interpretation.
My principal (main, key!) attention will be paid to the choice of a primary
standard wave.

The second part of the lecture can be called "the praise worthy-words to
the sine waves” or using the Greek term deformed by English pronunciation
"The eulogy to the sine-waves”

The simplicity of somethmg cannot be , proved or disproved, it can be only
well-reasoned and argued (and as well-grounded as possible).

I shall list several sensible reasons and arguments for sine as a function
deserving to play the role of a primary model for waves.

8. Si?RANGE PECULIARITIES OF THE CHOSEN STANDARD

You krnow a mathematical model of an arbitrary sine-wave:
_asin(wt — Ef+¢) (1)
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This formula describes the single-scalar running waves in the r-space
(sometimes I call it in jest "arty-space”!); it is conceivable that-this nickname
drops a hint in a theatrical character of the space which Shakespeare noticed
once upon a time. Furthermore a is the amplitude, the phase, w the frequency
(in abbreviated form”freq”), k the wave-vector (nicknamed by me waver”)
I like to call the (w, k) -space "0.K.-space” or sometimes "freq-waver space”
(also in jest, certainly). It is necessary to notice that most waves involved in
physical processes are double-scalar ones (densities and velocities in acoustics,
electric and magnetic fields in electrodynamics, etc.). But it is of no essential
importance for my main intentions now. Nevertheless, do you know why so?
Pitifully I have the remotest idea about the standard of knowledges of the
audience as a whole. May be some questions seem to you too trivial. But for
me it is not an elementary problem. If somebody had the gift for generalizing
everything on earth let him (or her) try to state general criteria for the quantity
of independent scalars to be needed for mathematical description of wave-
motions in one case or another.

I am going on. It may strike you as something strange that the wave
standard (1) cannot be realized under any physically accessible (reachable)
circumstances. The officials of the National Bureau of Standards would send
you to doctors if you bring them for approval as a standard the infinite
extended (in space and time!) wave-field. However that is no problem (truly
speaking only in some unordinary cases) to satisfy their requirements. Please
endeavour to demenstrate it by inventing the methods of trapping a piece of
the purely travelling wave (of physical or nonphysical nature!) inside a finite
volume surrounded by the closed surface with proper boundary conditions on
it. It is of special interest to understand what kind of "media” filling the
volume is permissible for successful solving the problem as well as in what
cases making an acceptable standard one can use not a single sine-wave but
the whole complex of sine-waves in the form of a sum or an integral.

( Sic! Don’t forget about nonlinear media, dissipative and antidissipative
systems, and certainly about the waves of information!)

9. SINE FUNCTION. MATHEMATICAL ARGUMENT.

Let us draw an equidistant succession (set, sequence) of points along the
straight z -line (the rectilinear curve) and let us be asked to connect all
points with the simplest ana.lytlca.l function. (A mathematician-purist-keeper
of strong rigorousness has to compel me expressing more accuratenamelyto
connect the set of points with the\so-called entire-function which admits
everywhere to be expanded in the Taylor series!). Of course the trivial
connection is the rectilinear one while the following curve with minimal {hut
finite!) values of the first derivative is the sinusoidal curve:

asinkz (2)

When I was preparing the lecture I expected that this statement will not
have a well-deserved effect on most listeners. It is a great pity for I qualify
it as the Property Number One! And I wish to convert you (or at least some
people among volunteers) to my faith.
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From the point of view of the orthodox Darvinism the first step in origin
(and development) of human thinking was taken by our ancestors when they
started to compare (in math-terms to compare isomorphically) a set of real
objects (trees, fingers and so forth) with the abstract sequence of numbers (one,
two, three, four, five...) ”In the Beginning was the Number!” (The version of
The Gospel according to Falaleythe famous Greek thinker). And consequently,
at the beginning of thinking was the simplest analytical function and that was
the sine-function!

Thus, God has prompted us that the sine-function is isomorphical to the
numerical sequence! God created it inside our mind-space and He saw it is
good. So we also see it is good indeed!

10. SINE FUNCTION. PHYSICAL ARGUMENT.

Did someone meditate sometimes what laws of our Nature are the most
stable and trusty? So to say, is there something Holy of Holies in the world?
The raised question can be answered in the positive. So I think. The laws of
conservation based on the time-space symmetry they are.

And every law from this group can be demonstrated by means of the
elementary movement of a point object (classical point particle). For example,
a particle moving along a straight line with the constant velocity serves as
the simplest demonstrator of the conserved momentum. Just the law of the
conservation of an angular momentum can be illustrated by a point-particle
moving along a circle while absolute value of its velocity is being constant.
I like to call the first model as "lineator” , and the second one as "rotator”
. The projection of any rotatory movement on the direction of any lineatory
movement gives the oscillatory movement described by the sine-function:

asin(wt) (3)

Thus, there are two primary motions in the Nature (at least twol): a
rectilinear one (¥ = const). and a rotating motion (|f] = const). And they
give birth to the oscillating motion. Any oscillator (”sinusoidator”) can always
be considered as the component of a rotator.

A productive conjecture may occur to a broad-minded man here: is every
rectilinear oscillator not more than "underconstructured” rotator?

The mathematical technique allowing to reconstruct the rotator from
an oscillator in arbitrary cases of sine and cosine functions with varying
amplitudes and phases is based on the Gilbert’s transformation. I shall not
go into details and allow myself only to pay an attention on two principal
point-views on the philosophical aspect of the problem. Someone treats it as
a purely mathematical procedure. (And I am ready to hold the same opinion
reserving a portion of scepticism!) But someone believes that our minds are
able spontaneously (automatically!) to reproduce the rotatory picture from
the oscillatory one. (And I would like to adopt this view also preserving some
portion of scepticism!)

A great number of theoretical speculations as well as of practical
instruments (in the first turn measuring and receiving devices) use "the
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method of rotorization” (more known in every-day science as the method of
analytical signals). _

One of the popular Russian satirists liked to exclaim: Let secondary be
primary and let primary be secondary! Adapting to our purposes we may say
after him: Let oscillatority be rotatority and let rotatority be oscillatority!

11, SINE FUNCTION. ANTHROPIC ARGUMENT.

The third argument which parades the sine function as a unique
dependence may be referred to the anthropic category. I am afraid it would
seem to the majority of people present here not only a sudden but also a
strange extract from science fiction. But I regard these reasons absolutely
seriously.

The modern conception of the Origin of Human Intellect (the highest’
achievement of Homo Sapiens } disintegrated to two "subconceptions”: the
direct subconception and the converse (inversej subconception. (By the way,
almost all problems which have to be solved can be divided into such groups!)

The traditionally-minded scientists consider the Nature to be created by
God or by the Play-thing of Destiny. And they investigate the laws of the
Nature regarding them as directives being "sent from above”. This is the
typical model of the direct problem: the Universe is given and one has to
explain the Origin of Life (Intellect) in it.

The converse task is quite opposite. The only initial condition lies in the
fact of existence of Intellect. Then one must select a proper (appropriate!)
Universe governed by proper laws. It is the well-known Anthropic Principle.
There is the General Anthropism which embraces a wide range of problems
including constructing "the good Universe” as a whole (im Grosse) . And
there is the Small Anthropism which guarantees the conditions of creating
Intellect only in a separate region of the Universe ( im Kleine, "in small”
according to any parameter-not obligatory according to the scale of length).

The World we have been inhabiiated in possesses a good universal
property: the description of any processes, any motion, any phenomenon
admits approximately/the linearization im Kleine ("in small”). Hence under
this approximation the principle of superposition (addition of motions!) is
strictly kept! It reigns! Out of this assumption we are unable to imagine the
arithmetic (as well as usual logic!) actions. I think (and a lot of people too!)
that the existence of the "phenomenon of superposition of phenomena”(!) is
the necessary (!) condition (!) of creating Inteliect.

Certainly this is neither an absolute Truth nor a theorem. One of our
fellow-workers when asked "what are you doing just now” liked to reply
(causing disorder in the ranks of his friends): ”What am I doing? I am
beautiful, I am fine!”

So we have quite the same answer! What significance is this rule of? It is
beautiful and that is all!

Now I dare to formulate "the braver conjucture” outlooking similar to
a theorem indeed. I assume: The description of all nonlinear phenomena
can be reduced to finite or (at least) finiteless (infinite) set of linear relations
(equations or any algorithmic forms open or concealed to measuring). Someone
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considers this reducing to be trivial, someone—to be wrong. Please find your
place among this disagreement. And maybe you will manage some criteria for
those nonlinear relations which can be reduced to the finite (!) combination
of linear ones.

The linear Schroedinger equation for ¥-function may be regarded as the
most fundamental example: the real measurable value |¥|? does not satisfy
the principle of superposition but the directly unmeasurable ¥-function does
satisfy!

I do not know who the author of the outstanding aphorism on the subject
is. I have been told about it by a scientist attending my every-week lecture.
He used to say: "All linearities are from God, all nonlinearities are from the
cunning Evil One!”

Have you caught a connection between my glorification of linearities and
sine waves? I believe you have!

The sine-wave-motion expressed in the form of the exponential function
(due to the mysterious Euler relation!)

. a(w, k) ezp (iwt + ikr), (4)

is the universal solution of a.ny linear equatxon (and often of any linear
algorithmic operation).

Thus, if "Knowledge is Power”, the sine-wave is a good instrument to
master this knowledge!

12. SINE FUNCTION. MATH-PHYS-ANTHROP ARGUMENT.

The last argument is based on the wonderful property of the well-known
Fourier transform. It puts into the single-valued correspondence (under certain
math-conditions which are not L very "severe” from the physical point of view)
between (7,t)-space and (w, k) -space. Consequeritly, both the spaces are
isomorphical and in some sense they are identical!

A surprising question can be raised then: Why do we prefer in our every-
day activity to live in the "arty-space” 7,t-space)?

It is a conclusion made by a too deep-minded person, although the broad-
minded man is well informed that we live in all sets of isomorphic spaces
simultaneously! However some spaces seem more privileged in realization of
the laws of Nature. We have got back again to the problem of simplification
and complexification!

I confine myself only to the most important (from the view-point of the
local Anthropism!) argument induced by the Principle of Causality.

In the “arty-space” God has given an order: ”"Let Time be flowing
unidirectionally! Under a totalitarian regime nobody makes a protest against
"commands from above”. And the Nature belongs (in a certain sense) to
such a kind of systems. True enough, it is a moot point to get whether the
real totalitarianism imposes (dictates) only laws of all possible motions also
(i.e., all manifestations of the laws of the Nature). No theory can explain
unidirectional course of Time "once and forever”. But I suspect that refusal
from the Casuality Principle (at least in Macro-Physics!) would lead to an
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"outburst of the casuality instability”; cause — effect — cause — effect... and
further something unpredictable!.

Under this absurd behavior neither artificial not natural Intellect would
hardly come into being. 1 am almost sure in it (however without removing
some refined doubts!)

And look! The Principle of Causality can be expressed in the simplest
form just (exactly!) only for "the arty-space”! In any other isomorphic
space this Principle is concealed (hidden) in the depths of phys-mathematical
complexities. .

So in the ”0.K.-space (w, k)” it is represented by the generalized Kramers-
Kroenig-Leontovich relations between w and k¥ — rather difficult for step-
by-step interpretation. But on the other hand, the "0.K.-space” is a perfect
room for wave-minded scientists who iniend to study wave-kinematics or wave-
dynamics when it is possible partly to ignore the Causality Principle. )

What moral can be drawn from these speculations? All isomorphical spcces
are tdentical but some isomorphical spaces are more tdentical than others! And
everybody has the right to choose the most suitable space not forgetting to
peep in the others in case of need (as required).

And one more notation. The "arty” and "O.K.”-spaces are elite-like
(extraordinary) among infinite sets of other isomorphical spaces due to special
properties of the sine function I was talking you about just before. They
are Fourier-conjugated Twin-spaces! But any twins have to have common
genetic components. The simplest function being conserved under Fourier
transformations is the Gaussian one. In 2 more general case these are
Hermit-functions. They play an unprecedented role in our explanation of the
Nature. And the prime cause of their high significance may be suggested to
be connected with the genetic affinity according to Fourier-conjugated Twin-
spaces! ,

Remember, please! Any point-object in the arty-space transforms into
an ”infinite-distributed-object” in the O.K.-space and vice versa. The Great
Principle of the Nature—the Principle of Uncertainty based on the Duality of
these Twin-spaces being taken combined!

13. PARTING WISHES.

I am coming to the promised happy end. In spite of plenty of waves, waves,
waves... we have a good primary standard and can evaluate ”wave-quality” of
any motion by measure of near or remote likeness with the standard wave.

That is all. The rest is from the cunning Evil One!

Completing my talk I want to inform you that the written text of the
lecture has a prefaced epigraph. It consists of a free composition of the British
(Britania) National Anthem and of my parting wishes. Here it is:

” Rule! Rule the waves!
And never will be slaves...
...of the waves!”

But how can one avoid (or deliver from) slavery or servitude? The best
way is advised by John the Apostle: And you shall know the Truth, and
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the Truth shall make you free! (The Gospel according to John, Chapter
8, verse 32). I apologize for mistakes I was making during the lecturing in
grammar, pronunciation and particularly in putting accents! to say nothing
about intonation.

”Aber Irren ist menschlich.” Das ist ein Deutscher Ausspruch. * ”"To err
is human.” May be such fault-making is also a symptom of our dependence
on the Small Anthropic Principle!

I am very obliged to those who were understanding me and separately to
those who weren’t for their long-suffering. Thank you.

*In Latin: ”Errare humanum est.” However; I am not snn; that it does not originate from
ancient Greeks (hypothetically, Feognid, VI B.C.)?
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BOJIHBI, BOJIHEI, BOJIHHI ...
(IlepeBop Ha pycckmil S3HIK)

M.A. Muaaep

Damsrs M.JL. JTEBHHA,
HEOTREARMOro OT MEHS

¢. OBIIME NOJACHEHHA K PYCCKOMY U AHIIMVICKOMY
TEKCTAM

Becroii-92 nmpod.C.H.Iyp6aToB npejioxun MHe NPOYeCTh BCTYNHTENb-
HYIO NeXIHIO Ha MexyHaponHoi Illxone (cemunape) no "BONHOBHIM SBIEHHIM
pesge ® Bciofy”. OnuH MOW SHAKOMHM MPaTHO LIYTHI N0 aHAJOTHYHOMY IIO-
BOLy: Helb3g GONeTh eM MOoNalio, HajO NONGHPaTh HEJOMOTaHUd HOJ 3HaXo-
MHX Bpated. IlocMOTpeB NpPHKHAKY TeMaTHKH NpPENCTOLIeH UIKOOH, § IO-
HAJ, 9TO OHa TOXe HOJJa)XeHa HOJ -BHAKOMEIX IeKTOPOB-" BOTHOBHKOB”. OTO
HaBeno MeHd Ha MHCIH (eme paHee Gpesxusume y Hac co JIsBoM OcTpos-
CKEM}), 9TO NOYTH M060€e HCCeOBaHHe IPHPOIH MOXHO NOXBECTH NOJ BOITHO-
colepXallee 3aHITHe, ¥ GHJIO 6Bl HPAaBOYYHTENLHO MOCBATHTH JNEKIHIO, OT-
EPHIBAIONIYIO WIKONY MO BONHAM, HMEHHO NIPOCTOPHOCTH MOHATHE "BONHA”.

K coxanennio, BpeMeHHHEe DaMKH OJIHOM NEKIHM H CTECHEHHOCTb B aH-
IIMACKOM S3HKe, Ha KOTOPOM OHA He TONBKO IPOHSHOCHIACH, HO H IPHAYMH-
Ballach, He MOBBONMIM MHE DasBePHYTBCH, a I'aBHOe, 06DECTH yBepEHHOBCTD
B TOM, 4TO CiylaTeny (2 3aTeM M YMTATelIH) YIOBLT 3aMHICeN NepeMeulnBa-
HEL " cephesoB, YXMEUIOK M mopgHavex”. IlosToMy £ mpegnpuHAl IepeBoj Ha
Pycckui a3Hk. B HeM 1 4yBCTBYIO ce61 cBO60Of{HEeEe, HO 9TOTO MaJo, - 3TO I3HIK
MOero HpPamMOHANLHOTO MHIIEHHS. A 1 BHyTpeHHe y6exjeH, YTO TONbKO
ANTOPHTMHASHPYEMas MEICIb BHEA3EIMHA, HO MBICIb 06pasHai, He pasbuBaeMad
Ha He3aBHCHMHEE H CAaMOCTOATENbHEE " MHKPO-CMHCIH” BCerja KOHTeXCTHA U
TPYRHOOTDHIBHA OT I3BIKa CBOEr'o MOPOXJEHHd, T.6. OHA TOIKyeMa, TPakKTy-
eMa, H3NaraeMa ..., MOXeT GHTh, flaXe TaHIyeMa, HO TOXAECTBEHHO He Iepe-
BoiuMa 6yKBaIbHO-CIOBeCHRIM cocob6oM. Sl mpuBoky suech 9TH, HaBepHOe,
XOpPOIIO H3BECTHHE THHIBHCTAM COOOpaKeHud, belb Mbl, PUSUKH, NPUMHCILL
cebs X MPECTaBUTENEM TaK HaBHBaeMbIX TOYHHIX HayK, YacTO 3abhBaeM O
cBOeM NpHHAJIeXaHHIt K Jo-Tpexa-NajlkoMy YelloOBeYecTBY U He oTHaeM cebe
OT4YeTa B 3HOKOCTH MHOTHX KCXOJHHIX HOHATHM, Ha KOTOPHX BHXKAETCH Halle
NOrH4eckH BHCTPOEHHOe Glaronony4ue. .

OTH KpaTKHe NpelBapHTeNbHEE NOSCHEHHT HMeIN Lenblo OCIabHTh peak-
DU pasipaXeHHL, KOTOPYIO MOTyT BHIBBATh MOH OTCTYIUIEHHS OT "IpaBHil
XOpOIIEro TOHA”, PasHHX He TONbKO B PasHEIX )XKaHPaX, HO faXe B PasHEIX
TBHIKAX.

U eme 1 x0o4y cpemaTh rpycTHoe gobaBleHHe. J3a BpeMs, HCTeklee OT
IpOHBHECEHHL [0 ONMYGIHKOBAHHS STOH NeKIUH, YN M3 >KHSHH MO ApyT
o yiuTens Muxaun JIsBoBu4 JleBHH, KOTOpOMY £ 06S3aH MHOTHMH CBOMMHE
y6exXxneHHIMH W IPHBIBAHHOCTIMH. MoK manbHEeE paccyKAeHHE O BOJNHAX,
kKaxercs, 6bIH ero mocnenHuM (uD.-MaT. YTHBOM. YCIeB [aTh J0 STOrO
MHe HeCKOIbKO COBETOB, OH yXKe He HMell BOBMOXHOCTH NOXNPAaBHTH MeHd B

588 " M.A.Muasep



Toua XXXVIN 7 #sze. BY306 PATHOPH3HKA 1993

sackoxax Y Bce XKe § OTBaXHBAIDCh NOCBITHTH CeH ONYC CBEeTIOH NaMATH O
HeM.

1. IPEX-NIPEJI-CJIOBO

"YupasugiiTe BOTHAME,

HO He 6yabTe pabaMH ...
BONH, yupasigeMux Bamu!”
(s04b¥ag xOMNOIUYUS)

Oprauwsaropu Jlernei IIgonu-ceMHHapa, HNOCBSIIENHOrO BOIHOBHIM
4BIeHHEM, OGPATHIACH KO MHE C JOBEPHTENbHOH IPOCHGOH IPOYECTH BCTY-
MHTENbHYIO NeKnEio Ha mobyio (cBoGopmyio!) Temy. Sl oHam, ¥TO Mexues
IpHEeTCs Ha NepBoe HioHS - MexgayHnaponunti [lens 3amnTH Jerek (o1 Bapo-
CIHIX, HO-BHAUMOMY!) - B He pemmicE 06MaHYThH AOBEpPHY PYKOBOJCTBA.

Byny roBopuTh EMEHHO O BOIHaX, O BONHAX Kak TakOBEX. Ho cHavana cI-
Talo ce6f 06I0aHHEM CIelaTh HeCKONbKO HOBHEHTENbHHX BaMedYaHRH. AH-
TTHHCKEH JIf MeHS He gBIFeTCd MOMM MATEDHHCKEM (IEpBHM) SOHEKOM, H
9T0 60Nee CYMIECTBEHHO - 3TO HE SBHK MOEro IyMaHbd, HIO3TOMY I NOPOH HC-
OB THBAIO PasgpaX<alolHe TPYIHOCTH, NHTaiCh BHPA3HTHh Ha HEM TOHKOCTH
CBOMX HaMepeHHH, - Cllerka HasHNaTeIbHNX H NONHAYABAIOMHAX.

Bonee Toro, HackonbKo MHEe H3BECTHO, IHOYTH YeTBepPTh Tak HalhIBae-
MOH "sMonHOHanbHOM HQOpMauuM” HepefaeTcd MIOABMH, MHHYS CIOBa, 4e-
pes MHHeE KaHaJH, - Takie, Kak BHpaXKeHHe JHOa, IMa3d K ApyrEX YacTed Tela
(me roBops yxe 06 HCIONLBOBaHHHE BAraflOYHHIX TeleNaTHYECKHX B3aHMOpeH-
crBuit). M 1 He oteHb yBepeH, YTO BCe MOH CPeCTBa OOGLIEHHS C HHTEp-
HaNHOHAIBHOH (MHOTOSSHYHOM!) ayNHTOpHEH OKaXyTCE aNeKBaTHHIMHE MOHM
HengM.

Ipyrag TpyRHOCTbH, KOTOPYIO 4 AOIKEH IpeojoleTh, 06GyCIOBIeHa OTCYT-
crBEeM HeoGxopumol HEPOpManMH 06 yJacTHHKAX IEKOTH. MEe ckxasanmm,
9TO BOSPACT CTYNEHTOB, IPENCTABICHHKX 3iech, 6yneT " pacupenenes” B mpe-
perax or 19 po 3C. BeposTHO, cTONb Xe HIMPOKHM OKaXeTci TakKXe JHa-
DaB0H HX HHTepecoB H BosMoXHOcTed. Oco6eHHO BarafoiHH Aud MeHd 30-
NeTHHE CTYJNEHTHI: TO 1M OHH BaCTPAIH Ha CTapTe, TO IH - C TOH Xe CTeNeHbIo
MpaBAONOJOOHOCTH - CIMNIKOM GHCTPO HPOJBHHYIHCH B BaBeplIeHHH CBOETO
PanBHTHE, ACHMITOTHIECKH BHIXONL B PEXHM "BeYHOTO CTYJeHTa"; BIpOYeM,
"cryneaTy” lamuery 6o gaxe mop cOpok.

H, HaxoHemn, ellle OJHO BaMeYaHHe. DOIBIIMECTBO CTYREATOB H IIPeICTaBH-
Telnedl NOCHeCTYHeHYeckoro YpOBHS, MPHCYTCTBYIOIIEX BAeCh, NPHHAANEXKAT
X 9HCIy hofied, TaX CKasaTb, "NYMAIONEX NO-PYCCKH”, H OHH MOTYT HCIH-
TaTh SBHKOBHE HeyloOCTBa, Ciyllai M NepeBapHBad AaHMNIHHCKMe pedeHHE.
Y1o6H HEMHOr0o O6NErYATh M STOT Ipomece, I OCTapalCh BOCIPOR3BECTH
NO-PYCCKH HEKOTOpHE KIIOYeBHe CIOBa, ONpefieNdioll[ne X0 MOHX paccyxue-
HHE#, Kak 6bl HOMemad MX B - Tak CKasaTh, - "ycTHHe cko6ku”. Bmpodem, ®
IS HHOCTPAHIEB TOXe TOIe3HO YIaBIHBATH KOe-KaKHe PYCCKHE BBYYaHHSA.

Kpoue Toro, g 6yny Gonee mid MeHee NYyHKTYanbHO CIEIOBATh TEKCTY,
HAaIHCAHHOMY MHOD Darofig. TexcT pacmpefiener mo paojemaM (maparpadan),
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CHabOXeHHLM SarnapusMu. Takxoe "xBanToBaHUe” JOMKHO NMOMOYL (£ BEpIO B
9TO0) YIOBHTb MOH CHEHAPHHH BaMbicel.

2. IPERCJIOBO UJIX NPEXKIEBPEMEHHOE CJIOBG *

H3BecTHO, 9TO CYWIeCTBYIOT MYSHIKAIbHBE yYBEPTIOPH TpeX BHIOB, OHH
PansIHYaIOTCS BAMBCIAMH BO3JEHCTBUE HA ClIyliaTenel: a). OHH COCTABICHBI
M3 TNIAaBHBIX MeNOuH NMPOM3BeNeHHN; 6). .ApyrHe pacCHHTaHH Ha " pasMHHKY”
ClIymaTenedf ¥ NpHBefieHHe MX B HYKHOe "pacmoNoxeHHe AvXa”; B). TpPeTbd
HMEIOT HeNblo afHabaTHYeCcky NIaBHLIH KX MEPEeHOC i3 NoBCegHeBHOCTH B Mup
Myorikz (1 no ananornu B Mup ®usuxy, B Mup Bonn unn elue B kakoil-Hubynn
Mup).

HecmoTps Ha Moe nudaropuiickoe npexinonente (Hy, IpIMo-Taku 6raroro-
peitroe!) mepen Yucnom TpH, g ocMennics B JaHHOM cly4Yae PacCIIMPHTh BTOT
TPafHIHOHHKH NepeyeHb YBePTIOpP M NPEICTaBHTHL BaM BCTYIUICHHE YeTRep-
TOTO CTHIA, Ifle OCHOBHAS MyohIKalbHad (HIH Hay4Has) TeMa IPOHOBEEHHS
nojBepraeTcsd pasobiadeHHIo H ONepexalolied KpUTHEe.

3. HCTOPHJ U3 HCTOPUH

9Ta HCTODEE HMeeT CBOWO HcTopHio. Heckxombko ner ToMy Hasan nmpod.
JI.OCTpOBCEHIl K & GHIIH BOBIEYEHB! B HHTEPECHYIO, HO TPYAHYIO paboTy: pe-
naxuus PUBHIECKOro SHUMKIOMEANYECKOro CloBapd 3aKasala HaM HalKcaTh
craThio "BonHu”. A y SHUMKIONEIHH €CTh OHO CTPOroe U 6e3BOBPABUTENb-
HOe IpaBHIO (JOCTaBIfIOee MACCY XICNOT [If HCNONHUTEIelH): B Havale 1io-
60H CTaTbH aB10pH OGIBAHH HaTh TOYHOe onpefnenenne (1edUHHLKEIO) BXOA-
Horo NoHITHA. M MH ¢ y)XKacoM 06HapYXHIH, YTO He B COCTOSHHHU YXOBIETBO-
PHETb 3TOMY Tpe6GOBaHHUIO, IO KpaiiHell Mepe, B CTaThe O BonHax. Hoyunus Bce
ROCTYNHBIE CIPABOYHHKH, MH - K CBOEMY YAHUBIEHHUIO - Y3HAIH, YTO HECMOTPL
Ha NIHPOKOE PacIpOCTPaHeHHe BONHOBHIX IBIEHHH, YHHBEpCalbHOE ONpefierne-
HAe TOHATHE "BOIHH" OTCYTCTBYyeT.

Jionu uMeOT Qeno ¢ HeonpeneleHHHM TepMuHoM. M 4To ke momy4a-
etrca? BOIHH CyWIECTBYIOT CaMH 1o cebe, a MOHITHL "BONHK" He cyutecTByeT?
Mroroo6eiuaomas HHTPOLYKIHS K UIKOTE, HOCBIMIEHHON H3YYEHHIO BOMHOBRIX
ABIeHHH, He MpaBfia Mu?

4. TPIW"YEJIOBEYKA” B OTHO! I'OJIOBE

On4H ¥0 TyInmx cooco6oB NPOBEeHAS AUCKYCCHH ORI MPpHIyMaH elle BO
BpeMeHa peBHHUX I'pekoB (Bo3MOXHO, IlnaToHOM), a BaTeM MHOrO CTONETHH
COycTH MepeoTKpHuIcE (MIH BOCCTAaHOBHICE) B Onoxy Boopoxkpennus, cxopee
Bcero Grarofapse BjjajommMcs nuanoraM [amnneo Damunes.

IpenctaBuM cebe, YTO TPH PasHHX YenoBeka cOGMpalOTCH BMecTe (MOXKeT
GLHITH ¥ Ha caMOM Jielle COOMPpaIOTCH, a MOXeT ObITh MBLICIEHHO - TPK YeloBeyka
B OIHOH I'ONIOBE, - laXKe Mpolie co3BaTh!) co6HpaioTcs, 4TO6H BHICKA3aTh CBOM
pasnuyHbe (O4eHb XKelaTenbHO!) MHEHHS IO KaKOMY-T0 BONpoCy. Ycnex fena
CYNIeCTBEHHO BaBUCHT OT "moa6opa kaapo”. S, HanpuMep, mpegnoyuTalo

*Taxoe cTpaHROe CIOBOCOMETaHHE £ M3BJEK M3 PYCCKOTO MYS3HIKAaIBHOTO XKaproxa. 310 -
KOTa MYJBIKOBENH OCYIeCTBILIOT CBOIO Nary6HYlo MPHBHIYKY OGBACHATH MY3HIKYy nepef ee
HCHIONHERHEM.
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.

pacnofiar..b B OIOBe I'PYNIKOH TakHX CIOPUIHKOB: a). IIHPOKO-MHICISIIETo
4eloBeYKz (B IpelelbHOM CIyiae OH HHYEro He 3HaeT, 3aTo 060 BceM!); 6)
r1y6OKO-MBICIS1IerO YelloBedka (B MPOTUBONOIOKHOM IPENeNbHOM CIydae O
BHaeT Bce, HO HH O 4YeM) H, HakoMel, B). HHTYHTHBHO MHICIfILErO Yelo-
Bedka (KOTODHH OIHOBpEMEHHO BHaeT HHYEro HH O YeM M Bce 060 BceM H
"Hao60poT Toxke”). KcraTu rosops, Mol BHGOP NOBONbHO-TAKH NPOAYMAHHO
NpHOYMaH: B HEeM KaAJHH HCNONHZeT CBOIO DPOlb, IPUGIHKEHHO COOTBET-
CTBYIOUIYIO CHEUHANH3aliH YeloBe4eCKOoro Moora: a). o6pasHoe MHILICHHe
(o6u4HO o6ycnoniennoe (PYHKUMOHHPOBAHHEM IPAaBOro NONYUIAPHS MOGra);
6). mormdeckoe MelllleHHe (1eBoe monyuiapiie), B). HHTYHTHBHOE MAEIUIEHHe
(rny6unno-nonxopxosuie ciiou). [Janee g npHBely HeCKOIbko pParMeHTOB BO3-
MOXHOMN Auckyccuu Toil Tpouunl, Ho He 6yAy YKashiBaTh, KOMY IPHHAIEKHT
Kax1oe BhickasaHHOe MHeHHe. IlycTb pacumudposka 6ygeT mepBHM (¥ moka
4TO MPOCTHIM) YNpPaXKHEHHeM J/If BaC CEeTofHs.

5. PASBHOBO! B ONNIPEREJEHUAX

OHUMKIoNneRUK Mo Gusuke usnaTenbcTBa Mak-I'poy-Xunn npososriainaer:
"BonHa (Qusuy.) - BOSMYyIUEHWH, PACIPOCTPaHAIOUINECE OT OFHOH TOYKH
cpens B Apyrylo, 6es cooblieHHS cpefie B IelOM Kakoro-tH6o NMoCTOSHHOTO
CMelleHHs .

OfHH H3 YYACTHMKOB 0GCYX/eHHs 06I3aH BCTYNHTD B CIOP C MECTa B Ka-
pbep. ITO olipeneneHiie CBOAUT BCE BONHOBHE JBH)KEHHE K Tak Ha3HBaeMbIM
PACIPOCTPaHAIOIMMCS MIH OeryliiM BOTHAM: OJHAaKo, [Be MepHONHYEChHX
BOJHEI, IBHKYVILHeCE HABCTPedY APYT ApYyry, 06pasyioT CTOf4YIo (HiIH CTAlH-
OHapHYIO) BOIHY, KOTOpad BoOOILIe HHKYa He pacnpocTpaHgeTcs, H60 ABIf-
eTcs HHYeM MHBIM, KaK pacnpefereHHbiMu koneGaunamu! M naoGopor - gBe
CTOSYMX BOIHH MOTYT AaTh (GYAy“H CIOKEHHHMH, eClIH CIOXeHHe IPHeMIeMo
BooGuie!) cHoBa YHCTO Geryuyio BOIHY.

"), cHe BospaxenHe He €IMHCTBEHHOE”, - MOXeT BagBUTbH IpPYroil u No-
ApyroMy MHcngiui “4denoBeuek”. "SI sHalo, YTO naxe o6HWuHas Gerylas
BOIIHa caMa 1o ceGe NepeHOCHT BROTHh HalpaBleHis PacHpoCTpaHeHHs el
Habop pasIHYHHX QusH4yecKuX (T.e. H3MepIeMHIX) BeIHYHH, TAKMX KaK DHep-
THA, UMIYIbC (KOTH1ECTBO ABHMKEHHS ), MOMEHT HMIIyIbCa M T.I.

HeoxunanHo cBexe-MBICIIMIME HHIMBALYAIHYHK OOHapYKUBaeT OCTPHH
HHETepec £ BOSHHKIIMM pasHornacusM. OH cmpauinBaeT - "HHTepecHo, clo-
COOHBI TH MHBl YCTAHOBHTH, Kakie (HoHYecKHe BeIHYHHH (MIH HEYTO aHalo-
THYHOe, HO Ipyrolf MPKPORK!) MOrYT epeHOCHTbCE GerymuMyu BonHaMH (HIH
BOIHO-TTORO GHHIMH GBIXeHHIMH)".

S nu4HO He BHalO HcyepnwBalouwero kpuTepus. OnHako, yTBepXAeRHe -
ecilii OHO 6yfeT JOKABAHO - BHIIIIOUT COBCEM HEIUIOXO, IIOYTH Kak TeopeMa
Xopoilero Kayecrnal

MoxeT 6HTH XTo-HHOYQb NMONHTaICE 6H CHOPMYIHPOBATH €ro MOAaKKy-
paTHee ¥ naxe NOKa3aTh B HanGonee o6ueM Bune? Ho Torga”qoxasatenu” ne
ROMKHBE 3a0HIBATH O CyLIECTBOBAHHH TAkKHX “4YyNO-BONH” KaK BOIHH CIYXOB
(HanpyMep) MIH CKPHTO-BEpPOITHOCTHHE ¥-BONHH B KB4aHTOBOH (QHU3HKe.

Ho npocnenyem manbume. Mak-rpoy-xumickas neduuuuus uMeeT H Gonee
cepbesHHe HeocTaTki. OHa CBISHIBAET BOMHOBHIE IBHXXEHHE C BOBMYIUCHH-
AMM CpejJ H 'TeM CaMBM HCKi'd4aeT HaHbGoOliee NpeNCTaBHTeNbHHE BONHH B
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MaXpOMacCIITabHOR QHiHKe, a HMEHHO - TPaBHTAMOHHHE H BIEKTPOMArHHT-
HLle BOIHH, XKOTODHE He NONAEPXHBAIOTCE HAKAKHMH CpelaMH, a SBIFIOTCE
BOSMYUICHHSMHE (QHOHYECKEX moiedl ¥ Bce. Bce (axTH, Bce MOMepenHs HOKa
9TO CIyXaT TOMY IOATBEDPXIEHHEM.

B 2TOT MOMEHT OfHOro H3 COGeCeHEKOB OCEHHTIO - Y HEro Ipollia BIOTH
Mo3ra "BOINHAa MBICTH”, H OH SXO6H Halllel THOHYHHH IPH3HAK, YHEBEDCAh~
HHIH 718 BONH Bcex BHAOB (”BOJHA MHCIH O BOIHaX”, fla IPOCTHT MEe CIylla-
Tenb kanaMbypryio Hrpy cios). Ou nposoornacun: ”Sisnenue im'rep(pepemmn
- BOT YTO CBOUCTBEHHO BCEM ABHXEHHIM, KOTOPHE ME MOXeM HHTEpIpeTHpO-
BaTh Kak BOTHOBHE B IPOTHBOIONOXKHOCTH ABMXEHHSM TOYEIHHX OGHLEKTOB
(zacTen)!”

70, wer! Boxe MO# - ckKapan BOSpasHTeNbH 9TO TOXe, YBH, onmboyHo!
Illxoma-ceMuuap, Ha XOTOPYIO CTYACHTH COGHPATHCH BleCh, COCPEIOTOYHBALT
CBOH TEMaTHKH YAaCTHYHO Ha NpoblieMax HeKOrepeHTHHX BOIH CO CTOXaCTH-
YeCKH BoMeHSomuMucE Qpasamu. B oTux ciyvasx unTepdepen nEOHHAL kap-
THHa MOXeT HOIHOCTHIO OTCYTCTBOBaTh, a €CIH rOBOPHTH Gonee o6uIo, oHa
6yneT saBHCeTb OT MeTONOB HaGMIONEeHHN" .

”3aBUCHMOCTb OT MeTOOB HabmofeHr# (unu wsmepenui!)? He pasHo-
CHIBHO JIH 5TO BHHECEHHI0 CMEPTHOrO IPHrOBOpa JiIf YCTAHOBICHHS KOHIEH-
uau Bouu?” ‘

A ne snato. MoxeT 66Th. Ho BooGIe-To 1 yBepeH, 4TO Takad CATyalqus
THOEYHA 1714 Bced (Quouku. Hamnywedt, Hamnpocredmed u Jaxe Haubonee
y6enTeNsHOH qeMOHCTpaNte MOXeT CIYXHTh H3MepeHHe TI060r0 IBHKEHNE
B3 JBHXKYIMXCE CHCTEM OTcYeTa. Tak, XOnMHCTad (HCKOBEPKAaHHAf) NOBEpX-
HOCTh 3eMIH MoXeT "MMHTHDOBATH BONHOBOE NOBeeHHE”, eClnH ee Habmio-
JBaTh MO JeTHllled Haj HeH M BJOIb Hee CHCTeMH oTcyeTra. M Haobopor -
mobasg 6erymas BonHa ([0 KpaiiHell Mepe eCIH ee CKOPOCTh MeHbIle Ipefelb-
HOH CKODOCTH CBeTa) MOXeT GHTh peBpallieHa (B COMPOBOXJAOMIEH CHCTeMe
0TCYeTa) & HeMONBEXKHHI craTudeckuit penbed. (IIpeBpamenne xunopuIbMa
B oTO-CrNal], HATIOPMOPT, B HENOABHXKHYIO XHSHB)”.

Ilepenanka Tpex 4YenoBeYKOB He BaBeplIeHa, HO CTOHT IH €€ NPOJOIXKaTh,
ecl® Ha KaXjoe "jga” crenyeT "Her”, H SHakolepeMeHHad IOCIEOBATENLHOCTD
He CXOUHMTCE HM K KaKOMY OTBETY...

6. "A0O0MAPK” (KOJUIEKIIHMSA) BOJIH

Hy, u 9T0 %e genats? JyMmalo - HUYEro... HIH Clefys noﬁpon AHTITHHCKOH
HO[CKasKe - "XKHTh CAMHM H AaBaTh XXHTh JPYTHM”.

Tlonoxenue HamoMEHaeT "Tynuk” B GHONOTHH, OGpasOBaBHIHHCE OKONO
IBYX C HONOBHHOM CTONeTHH ToMy Hasajd. HamomHio, Torna Toxe GBIIO Habmo~
IIeHO H OTKPHITO OrPOMHOE KOTHYeCTBO PaCTeHHH ¥ XHBOTHHX. Ho mogsuicse B
senun Jiuuuei, u cosgal B 1730 rony ce6e uMf B Hayke, IPENJIOXKHB HEKYIO
6olee HIH MeHee NpPHEMIEMYIO CHCTEMATHBAIHIO, a HMEHHO - OH, pacupefie-
THI BCe XHMBOe Ha 3eMlle, BCe PacTeHHd, BCeX TBapeH, HMEIOMEX INIOTH HIH
IyImy, IO OHpelelleHHHM KTacCcaM, TpyNiaM, OTpLgaM ¥ T.H., PyKOBOACTBYACh
BHeIIHEMH, (MOXHO cKasaTh "PopMansEnME”) fannnME. [loonmee Yapuns
Hdapsun mpuayMman 6oliee ygaiHoe paclpefeleHHe, OTpaxaloliee SBONIONHIO
("muEaMERy”) KIacCHQHIHPYEMEX OPraHH3MOB.
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H BoT i npHoHBaw Bac, MOM ciymaTenH (41M uuTaTenu!), npofenaTsk no-
no6uyio xe paboty B [Japcrse Bonn, nefictBys 1160 no "MeToly CXORHOCTH"
(muuHee-nono6nas cHcTeMaTHKa!), TH60 MO MeTOy "9BOMIOHMOHHEX NpeBpa-
menuit” (napsuHo-nono6uas cucremartnkal). ldymaercs, 4To xnaccupukaung
AONYYHTCE MHOromapaMeTpPU4eckoll H MHOropapHaHTHoH. KcTaTh, MHe xa-
XeTCH, YTO CaMO CIIOBO "BONHA” - PEKOPAMCTCKOE IO YHCAY NPHIAraTenbHEX,
HIR NOSCHHTENBHHX CIOB, KOTOPHE MOI'YT eMy IpufaBaThcd (B QHOHKe - Ha-
BepHIK2); KAKHX TONBKO BONH He 6HBaeT: NPOJONbHEE, IOoNepeYHKe, HOCORHE,

_ ynapHhule, GOKOBHe€, IaBMEHHHE, CBHCTOBHE, BeTPOBHE, IOBEPXHOCTHHIE, yTe-
Xalomiue, CHHHOBLIE, LUPKYIEPHO-NIONIPH3OBAHHEIE ... HECTh UM 4YHcHal

Oprannsaropu lllxonn-ceMunapa Morau 6H O6bIBHTH KOHKYPC Ha Oyd-
IIYI0 CHCTEMATHBAUNIO BOIH (JIy4lIyio - B CMBICTIe Hanbolee yloBlieTBOPHT b~
HYI0 HIH JaXe Haubollee YIUBHTeNbHYO!); B Heil cTaTiyecKHe penhedrl MOTYT
6LITH YyNONOGNeH  PACTEHUIM, a LIeBeNslHecT BONHH - CHOCOGHHM K JBHXKEe-
HHIO XKMBOTHHM. M xax ob6oramaercs 9Ta aHanorus B BONHOBOM HpeACTa-
Bnennn. B otamume ot HapcrBa Pactenwuii B lapcrse Bonn mobue Boano-
BHe pacTeHis” (HeNOJBIKHEIE CYIeCTBa) MOTYT GHITH Cpasy xe (a He myTeM
MHOTONIOKOTIEH1eCKOH SBOMIONNH!) NpeBpallieHH B ”BOTHOBHX XHUBOTHHX" (110
RBHXHEIE CYLIECTBa) H, CIEJOBATENbHO, GOTaHHYECKHE Ca{H B 300NOTHIECKHE
H Ha060pOT, KOHeyHO. McxmoyeHne cocTaBNAOT "BHICIHIHE 0CO6H” - HEOCTa-
HOBHMEE BONIHK, 06Iafalolue NpefelbHEMHE CKOPOCTIMH.

YecTHo roBOpE, I He BHAIO HH OJHOTO COBEPUICHHO YAaYHOrO pPesylhTaTa
no 4acTH knaccupukauun.. ¥ noromy ocobenHo npuBeTcTBOBaX OHI moboi
ycrex B 9ToM fene. PykosonctBo Illkonsl Morio 6K faxe yCTaHOBHTHL HPHIH
nig noGegureneit. Ho ecnu oHO H He cyMeeT pacKOIIENHThCH, HE HANO YHHI-
BaTh: Bellb HHYTO He B CHIAX CPABHHTHCL € PAJOCTHIO COOCTBEHHOrO NOCTH-
xXennsg!

7. OOHU IBUXXKEHUA "BOJIHOBEE” JPYTHUX

HlaB cornacMe Ha BTYNHTENbHYIO NeKUHIO (Mecsll MIM [Ba TOMY Hasaf),
£ OyMal BaKOHYHTbH ee I'Ie-TO BJlech, Iocle NMOCTPOeHHd “B00napka BONH”,
OTKpHITOro Juf myGnnyyoro o6ospenns. Ho notToM noMeHun csoe pelenue.
Y nepBoii, BaliycKalowe KONy, TEKIHH JOIKeH OHITH CHACTAMBRI KOHel,
Kak GH NpenHaB3HAauYeHHBIH el cyan6oii. B ycnomigx, xorpa He oGHapyXHBa-
eTcd HH OHOTO NPUBHAKA, HH OfHOTO CBOHCTBA, 061Uero L BCeX ABHKEHHH,
XKOTOpHIe Hallla MHTYULHE, BooOpakeHHe W NOBCEIHEBHHIN ONMBIT OTHOCHT K
BOJIHAM, J/I4 OPTaHUBAIHH CYACTIHBOrO KOHNA MK MOXeM (M JOMXHH!) HanHa-
YHTH Ha JOMXHOCTH BONHK Kakue-HUGYAb HoGpaHHLe ABHXKEHNUE, T.e. AeHCTBO-
BaTh, KaK TOBOPAT y Hac B Poccui, agMHHUCTPATHBHO-KOMaHAHEIM METONOM.
SHaYHT, HyKHO NOKOGPATh JOCTONHOrO KaHAMAATA Ha CTONb OTRETCTBEHHYIO
HOMKHOCTE.

Buipajomuiics anrauniickuii nucatens OpBemt npuayMal BHalomuiice adpo-
pHOM, Kacalouuiics "npas >XuBoTHoro”. Ou BHABHHYD noayur: "Bce xu-
BOTHHEIEe PaBHBI JPYT IPYry , HO HEKOTOpHE M3 HUX Gollee paBHH, YeM JpYy-
rue!” Y xoTs £ OTKOMAN aHANOrHYHYIO MPHCKABKY B JPEBHHX KHTAHCKAX Ma~
HYCKDHIITAaX, 9TO He MMeeT 6onbuoro sHadeHud, 160 Oppeln BOXHYN B Hero
HOBYIO XHoHb. M BooOGILe Mot mokoHHKI ToBapHll npodeccop JI.Baiinumrrein
mOGHI KOMMEHTHPOBATh Takue KONIH3HH cloBaMu: "He ycneems 4To-HHOYAD
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OTKDHTB, Kak TYT Xe HaberyT npejuectTBeHHuKu!”

TopnaxuBag OpBeIOBCKUH APOPHIM XK CBOMM UelgM, I BRIBHIAIO JeBU3:
"Bce iBHXeHHL CyTh BOIHH, HO HEKOTODHE NBHXeHHH.”BonHOoBee” Npyrux”.

Sajada Teneph B TOM, 4YTOGH NPEIIOXKHTL NMpOCTeliilee H B TO ke
BpeMs HauGolee NPeiCTaBHTENLHOE BONTHOBOE Bl KEHHE B KavyecTBe HTAalOH-
HOM, "NepBHYHOH” BONHHI.

BosHukxaeTt HOBHI Bonpoc. Kaxoli cMBICT MoxeT GHITS NPHAH NOHITHIM
CIOXHOCTH H mpocToTh? Onacaloch, YTO H 2TOT BOHPOC OCTaReTCE 6e30T-
BeTHHIM. BoT, HanpuMep, KONMOTOPOBCKHI KPUTEPHH CIIO)KHOCTH: OH COCTOUT
(ecnu rpy6o ¥ oYeHb NPUMHTHBHO €ro TONKOBATb) B OHEHKe YHCIA ONepalui,
CBOASIIAX AaHHOE yTBepXKleHUe ((I)paay, QYHKUMIO HIH elle YTO-HHOYAbL CIO-
co6HOe HeCTH MH(POPMALUIO) K HEKOeMY IIEPBHYHOMY YTEepXKJeHHIO, BHOpaH-
HOMY B KavyecTBe "9TaloHa HPOCTOTH”. IIpHMEHHTENb-HO X HALIMM ILeISM
BTOT KPHTEepMil 06lajlaeT HBBECTHOH HeolpeleneHEOCTBIO - He TaX-TO Ierko
YCTaHOBUTH, UTO )K€ BCe-TAKH HAJO MOHAUMATH NOJ OTHEILbHOMH, HesaBMCIMOH
onepauuei. Sl ocTaBingio BTy TPYJHOCTh B CTOpPOHe, BepHee, Ha Balie HHTYH-
THBHOe pewenne. Moeil e raBHOI u NpUHIHNHANbHON (KMoyYeBoit!) vagaueit
ceiiyac 6yneT BLI6GOD NepBUYHOW DTAICHHOU BONHH.

Bropag yacTh exuuu MoXeT 6HITh HasBaHa Tak: ”[loxBansHoe CIOBO CHY-
COHAAJIbHEM BOJHaM” WIM 06Gpalaich K FPeiecKOMY S3HIKY "OYIOrHd CIHYCO-
unaM”. IlpuBey HeckonbKO BeCKHX NOBOJOB B IONb3Y BIIONHE BACIYXEHHOTO
BEIIBHXKEHHE CUHYCOMAAILHOH QYHKUMH HA PONb NPOCTEHUIEH NepBHIHON MO-
HENH BONHH.

IIpocToTa Yero-HuGyar Ha cBeTe He MOXeT GHITh JOKa3aHa HIM ONPOBEpT-
HyTa, OHa MOXeT GHTb TOIbKO XOPOUIO apIryMeHTHPOBaHA WK 060CHOBaHa.

8. CTPAHHBIE CBOﬁCTBA HU3BPAHHOTI'O 9TAJIOHA

BceM HOBeCTHa MaTeMaTHYeckas (OPMa IPECTABICHAS cunycouna,nbuon
BonuH (" CHH-BOIHE")

asin(wt - F 7+ @) (1)

OT1a popMyna ONHCHBaAET ONHO-CKaNIPHYIO BOIRY, 6erymyio (pacmpocTpa-
Hgomylocs) B 7, ¢ - npocTpaHcTBe. Ilo COBBY4MIO C AHIIMHCKAM IPOWD-
HollleHHeM oTHX G6ykB 4 MHOrZa (B wyTKy, KOHEYHO) NMPOHBHOMY 3TO, Kak
” apTH-IPOCTPaHCTBO”. Bo3MOXHO, He TONBLKO NO-aHMIMHCKH, HO U HO-PYCCKH
Taxoe ab6peBHATYpHOE CO3BY'UHE OTAaeT HaMeKOM Ha HEKOTOpYIO TeaTpalb-
HocTh Mupa Cero, nogMeyennyio eme Ilexcimpom! 3pecw aj - aMmauryna,
¢ - (asa, w - 4acToTa (JOBONBHO ONHOBHAMHHIN nepeBof| alrTHACKOro Tep-
MHHa " (PpUKBEFCH” HIH COKpallleHHO ”q)pm(”) (w, k) npoctpatcrso (0.K.)-
NPOCTPAHCTBOM (IO COBYHHIO C AHTIHICKMM NPOHBHOLIEHHEeM 9THX OyKB, U B
9TOM ClIy4Yae TOXe NPOCBEYHBaET HaMeK Ha BHICOKoe KadecTso). HHorna g ero
80BY "PpHK-BelBepOBCKUM” IPOCTPAHCTBOM, YTO, PasyMeeTCs, HHOPOJHO I
PYCCKOTO BOCHPHSATHE, BOpOYeM, H 6e3 TOro yxe CHIBLHO H3MyueHHOTo "uy-
XKecTIMHE”, a XOpOIIEr0 PYCCKOro aHalora Iogo6paTh He CIyYHNIOCH, - pasBe
4970 " 9acTOTHO-BONTHOBHEKOBOE IPOCTPAHCTBO”, HO 3TO, IPABO Xe, TIKeIOoBeC-
HoBaTO!
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3pech VMeCTHO 3aMETHTH, YTO GOALIUMHCTBO BOMH, BOBIEYEHHHX B (uan-
9eckne MPULECCH, ABYX-CKAIIPHH (IIOTHOCTh H CKOPOCTH B aKyCTHKe, dlleK-
TpUYeckHe M MarHUTHHE NON4 B DIeKTpORHBaMuke u T.A.). IlpaBpa, ceityac
IS MOHMX T'MaBHEIX Heleil ®TO He Tak K BaxHo: U TeM He MeHee, pad yX &
O6MONBHIICHE, HHTEPECHO CIPOCHTH - a BHaeTe NH Bhl, TOYeMY IByXCKaJlIpHOe
onucanre npeobnagaer? K coxanmennio, § MMei0 BecbMa CKYAHOe HpeNCTa~
BleHye 06 ypoBHe GHaHHMHl CTymiaTenelf (M yX TeM Nave YMTaTenei) B LelIOM
H cpeiiHeM. BoSMOXHO, 4TO HEKOTOpHEe MOM O6pallleHUs MOKaXYTCs TPHBH-
anbHEIMH. Ho, NpHSHAIOCH, IS Mels CaMOro TH BONPOCH OTHIONb He dlle-
MeHTapHH. EcI cpenu ciywaTenedl ecTh MOAH, o6najaouue cTpacTsio (4
napoM) X o6GoOIeHHEM BCEro Ha CBeTe, YCTh NMONBITAIOTCE YCTAHOBUTH 06-
LiMe KPHTEPHH [ YHCI3 HE3aBHCHMEIX CKANSPHEIX BeTHYHH, TpeGyeMbIX IIK
MaTeMaTHYeCKOrO OITMCAHHA BONHOBHIX BHKEHMH B TOM H/MIH HHOM Clydae.
S uny panbme. BaM MoXeT NMOKa3aThCd HEMHOTO CTPAHHEIM, YTO MHI
BOLIH B XayecTBe 9TalOHa BOIHH HeKoTopoe pacrnpefenexue (1), koropoe
He ocymecTBMMC (He peammayemo!) Hu npu Kakux (UOHYECKH TpHEMIEMHX
. o6cTouTenscTBax. Ilpencrasureny usamero lockoMcTangaprta (iaM Bamero
Hauuonansyoro Biopo CranpapToB) MOray 66 NOCIATh BAC Ha MEHIHHCKYIO
DXCIIEPTHBY, MOHLB, YTO BH IPUTAUIMIN HM [/ yTBepKAEHHd B Ka4eCTBe DTa-
nona 6eckonevno(!) mporsikenHoe (Bo BpeMeHu ¥ npocTpaHcTBe!) BoaHOBOE
none! H Bce-takxu »TO He MpobieMa, BepHee, He B 9ToM npobreMa. JecTHo ro-
BOpE, TPe6OBAHNIM XOHEHOH MPOTIKEHHOCTH MOXKHO yIOBIETBOPHTD NOYTH
BCerfia, KPOMe HEKOTOPHX COBCEM Yk HeOpAMHApHHIX ciydaes. Iloxamyiicta,
nonpo6yiTe NPOAEMOHCTPUPOBATE 9TO, NIPHAYMEIBad pasHEle coco6hl IOBIH,
BaxBaTa M yAepxXaHug "Kyco4koB” 4HCTO 6eryiux BoIH (M PU3HYeCKOH H Jaxe
He (Quouueckol nmpupopu!) BHYTpPH KCHEYHOro o6beMa, OXBAaTHIBAEMOTO 3a-
MKHYTGH NOBEPXHOCTHIO ¢ HalIeXallHMHM IPaHHYHHMH ycroBusMH. Ocobo
HHTEpeCHO MOHATH, KAKHMH CBOHCTBAaMH JOIKHA 06najaTh cpeia, BalolHgIo-
was 9T0T 0GbeM, YTOGK BHYTPH HEro CO3[aBalioch YHCTO Oerylllee pelleHHe
Bufa (1), ¥ TeM Golee HHTEPECHO YCTAHOBHTD, KOIia ONHHOYHad BonHa (1) He
BHIleNgeTC, a MoNle MPeICTaBILeTCs CYMMOH (MM HHTErpaIoM) CHHYCOHRANb-
HHX BOoAH. lIpu @ToM 6ynbTe BHMMaTenbHH, H He 3abhiBaiiTe O CyllleCTBOBa-
HAM HeIHHeHHHX Cpel, NHCCHNATHBHHIX M aHTHAMCCHIATHBHHX (aKTHBHHIX)
CHCTEM H, KOHE4HO, 06 HRPOPMANHOHIHIX BOIHAX.

9. CHHYCOHNJOAJIbHAA ®YHKIINA. MATEMATHYECKHE JOBOIBI

HaneceM skBHAKCTaHTHYIO MOCIEIOBATENBLHOCTD TOYEK Ha NPAMYIO X H IO-
NpOCUM cefg COeNHHUTH BCe BTH TOYKH NpOCTelllell aHATHTHYECKOH KPHBOH,
NOHMMas ToJ] MoCIeRHeR nenpepmm{)"m, CO BCOMHM HY)XXHERIMH MPOHSBOTHHIMH,
kpusyo. (IlpaBna, MaTeMaTHK-NypHTaHKH, GHIOCTHTEND BHICOKOH CTPOTOCTH,
noTpeboBal 66l OT MeHE 6ollee aKKypPaTHOTO SHpaKeHHd, a MMEHHO - COeNH-
HEHUE TOYeK TaK HalhbIBAeMHIMM LeNHMM QYHKUHIMH, BCIOAY ROMYCKAIOUNMHK
pasnoxenue B pan Teimopa). Pasymeercs, TPHBHATLHEIM pellleHHeM HBIg-
eTcd caMa X-THHHE, MG eCIIH HCKATh OTKIOHEHHS OT Hee C MHHUMAIbHKMY (HO
KOHeYHBIM#!) BHAYEHHIMH II€PBOH NMPOHBBOJHON, TO MPOCTEHIUHM OTBETOM
6yneT cUHycoMAanbHad KpHBag

asinkz (2)
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T'oToBich K nexunu, g NoIeMY-TO BapaHee OXHAL, YTO JaHHOEe YTBepXie-
HHe He BOBHIMEeT 3aCiyXeHHOro OTKIHKA y GONBIIMHCTBA CIymaTened. A g
orrorty ero x CsoicrsaM Homep Onun! U nocemy oyens 6H xoTen o6paTaTh
Bcex (MiE XoTZ 6H HEXOTOPHX Jo6poBonbleB!) B cBOIO Bepy.

C DoouHEH OpPTOROKCANLHOrO (apBHHHGMA HEPBHH IHar B BOSHUKHOBE-
HHE (M HaYanbHOM PaSBHTHH) elOBEYECKOro MBIIEHHE OLlI CAelaH HAUMMH
IpeikaMy TOTHR, XKOTHa OHHE CTAJlH CONOCTABIATH (B MATEMaTHYECKOM - I'PYII-
THOBOM LIOHAMAHHH, CONOCTABIATH H30MOPPHO) HAGOPH pealbHHX 06HEKTOB
(my, TaM - mepeBbeB, nanbleB ¥ TOMY IOfOGHOE) ¢ aGCTPaxTHOH (PKBHAH-
CTaHTHOH!) NOCHEROBATENBLHOCTHIO H-cel (ONMH, ABa, TPH,...). "BHravane
Bcero 6uu10 JYucno” - TakoBa exonnag Bepcus "Epanrenus ot ananes” - oHa-
MEHHTOrO rpeYeckoro MHcruTens. U torma, ciegoBaTenbHo, rie-To B Hayale
MBIUIeHHS ORTa ¥ IpOCTeHIad aHANHTHYeckad QyHKUHL, ¥ 5ToH QYHKIHeH
OHIa CHHYCOHJA.

Hrak, Bor HaMexHyT HaM OACKABKOI, YTO CHHYCORAANbHAas PYHKIUL H30-
Mop(Ha YHCIOBOMY PANy. BceBHIINHKI co3fal 9Ty QYHKIUIO BHYTPH HAILEro
" M03roBoro npocTpaicTsa”, ¥ ysuaen OH, 4To 8T0 Xopomo. IloToMy ¥ MH
Bcaen 32 HUM JOMXHH YBHIETH, YTO CHHYCOHAA - BONCTHHY Xopoias QyHKIHUS.

10. CHHYCOMJIAJBHASA ®YHKIINA. PUSNYIYECKHUE JOBOIBI

He pasMbmungn mH XTo-HHOYAb KOTHa-HHGYAb, Kakue 3akoHH Ilpmponw
HauGolNee HaleXXHHeE M pacmonarapoiiie X goBepuio! WHHME croBaM¥M - €CThb
nu 4To-To CBaTee CBaTHX B HameM Mupe? Ha Mo# Bornsgp, oTBeT Ha TOT
BOIIPOC BHOOJNHE MOXeT OHTb YTBEPAHTENbHHM:, 1a, €CTh TaKHe BAKOHH H K
HEM 3BaBelOMO MPHHANIEXAT BaKOHH COXPaHEHHd, BHTekalolide H3 CBOMCTB
IPOCTPAHCTBEHHO-BPEMEHHOH CHMMETPHH.

Kaxnmuit 3akoH ¥3 9TOHM PPYNIE MOXeT GHTH NpeiCTaBleH ONpeleleHHEM
npocTednuM (dIeMeHTapHHIM!) « IBHKEHUEM TO4YeqyHOro o6bekTa (KmaccHye-
cxoil Toyeyno# yacTuuu). Hampumep, dacTuuna, ABHXKYyIagcs BOIb NPIMOH
€ IOCTOSHHON CKOPOCTHIO CIYXKUT IPOCTEHIINM JeMOHCTpaTopoM 3akona Co-
xpaHenns MMnynsca. Touyno Taxxe 3akon Coxpanenus Momenta UmMnynsca
("yraoBoro Mnynbca”) npocTeliuM 06paB3oOM MIITIOCTPHPYETCs ABHXKEHHeM
TOYKH N0 OKPYXHOCTH ¢ NOCTOSHHON BelW4vHOH (MOIyneM) ckopocTH. MEe
HEpaBHTCH NepBYI0 MOJ&NL HasHBaTh "IMHeaTOpOM”, a BTOpYIO - "poTaro-
pou”. Ilpoexuus mi060ro poTaTOPHOro JABHXKEHHS Ha HallpaBleHHe Ti060ro
THHEATOPHOTO ONHCHBAETCE CHHYCOMTOH

asin(ut) (3)

TaxuM 06pasoM, cymecTByeT ABa (1o KpaiiHeil Mepe - JBa) IPOCTEHUIAX
nBexenus B Ilpupone: mpamonnneiinoe (d/dtF = const) u BpamaTerbHoe
(d/dt |f] = const). iMeHHO OHH NOPOXIAOT OCUHIIATOPHEE (rapMOHHYe-
ckue) cuHycoufanbubie nBuxKenns (3). Tak yro mobok ocunmgrop (”cunyco-
HAaTOp” ) MOXHO PacCMATPHBATh KaK IPOEKIHIO HEKOTO POTATOPA.

B aToM MecTe "4eloBexa NIHPOXOro MEIIIEHHI” MOXET OCEHHTb HEOXH-
RaHHad, HO BeCbMa NPOHSBOALIIai HOTafKa - a He ABIFEeTCH M MOGOH oCIHI-
ILTOp BCEro NHIIL “HeoCTPOeHHRM” poTaTopoM?
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..

MaTemMATHYECKHH NpHEM, MO3BONLIOUMH BOCCTAHOBHTH DOTATOpP H3 OC-
mumigTopa B oblieM ciydae, KOrja CHHYCH H KOCHHYCH HMEIOT IlepeMeHHEle
aMIUTUTYIH H (asH, ocHOBaH Ha npeo6pasobanuu [uns6epra. f He xouy ceil-
4ac BXOIHMTH B NOJpOGHOCTH DTOH TEXHHKH ¥ NIO3BONIO cebe yNelHTh BHHMaHHe
TONBKO ABYM NPHHOHNHAIBHHM H NOoYTH PuaocodckuM acnexTaM NpoGleMH.

HekoTophie .00 TPakTYIOT TY TEXHHKY KaK YHCTO MaTeMaTHYeCcKyio
npouenypy (# £ TOTOB NPHIEPKHBAThCE TAKOrO Ke MHEHHS, NMpaBia, ¢ M-
BeCTHOH fonelt ckenTuuusMa). J[pyrue ke BepaAT, YTO HalIK MOSTH CNOCOGHH
aBTOMATHYeCKH BOCIPOHOBOAHTL POTATOPHbIE KAPpTHHKH H3 OCUMIISTOPHHIX
(H £ FOTOB DAB3JAEIHTDb 9TOT B3ri4d]l, TOXe, ONHAKO COXpPaHid HEKOTOpYyIO NOII0
HeJIOBEPHE ).

M Benb Gonbiloe YHCIO Kak TeopeTHYEeCKHX 060O6LIeHH, Tak M HpaKTHYe-
CKHX MPHGOPOB (B HEPBYIO OYepelb H3MEPHTENbHHX H NPHEMHKX YCTPOHCTB)
OCHOBaHO Ha "MeTofie poTopusauun” (6olee H3BeCTHOM B Hayke NOJ HMeHeM
MeToJla aHATHTHYECKOrO CHTHAa). .

OnuH MOonyngpHHH PYCCKHI CATHPHK KakK-To BockaukHynx: "[la Gynet nep—
BHYHOE BTOPDHYHHM H BTOPHYHOE NepBUYHHIM!"

IpucnocabnuBaich XK HAlIHM HeNsM, MH MOXeM, Clefyd eMy, IpOBO3Iia-
cuthb: "[la GyneT ocuMIANITOPHKA POTOPHKOH ¥ POTOPHKA OCHHINITOPHEOM!”

11. CHHYCOUIAJIbHAS ®YHKIUS. AHTPOIIHLIN JOBOJ

TpeTHii apryMenT, 1eMOHCTPHPYIOIHH CHHYCOMAAIbHYIO (PYHKIHIO KaK He-
KOTOPYI0 YHMKANBHYIO 3aBHCHMOCTb, MOXeT OhITb OTHECEH K KaTerOpHMH aH-
TPOOHHIX. Boloch, 4T0 112 GONBIIMHCTBA IPHCYTCTBYIOWIMX BTH JOBOIH MOKa-
KYyTCH HECKOIbKO HEOKHIAHHBIMH ,  TO ¥ IPOCTO CTPAHHHMH U3BICYEHHIMHU
#3 HayyHou aHTacTuki. Ho 2 cxioHeH paccMaTpHBATH MX BHONHE CEPHEBHO.

Cospemennag xonuenuus IIpoucxoxpenus Yenopeveckoro Hurennexra
(namBHcmero noctuxenns [omo Cannenc?!) pomyckaer ase "cy6koHuemuuu”
: npaMyio u obpatHyw. (KcraTtu roBops, mouTH Bce SajauH, ¢ KOTOPHIMH
HaM TNPHXONHTCS BCTPEYATHCA W B Hayke M B KHOHH MOTYT GHTh pasjeleHhl
Ha [Be Takde Xke rpynns!).

TpazuuuoHHO MBICISIINN HaydYHHHE mof cyutaeT Ilpupony cosmaHHoH
nu60 BeeBuunnmM, nu6o Urpoit O6¢cTogTenseTs M H3yvaeT 3akoRH lIpuponw,
paccMaTpHBad MX Kak "ChylleHHble CBepXy AHpekTHBH”. THHHYHHI npumep
THNH4HOIl MpaMol sajaun: 3ajaHa Bcenennas ¥ HeoGXonMMO HaHTH OGbBEC-
Herne ?KuoHH B Hell (B yacTHoCTH, HHTennexTa). -

O6paTHas 3ajja¥a NIPOTHBONONOKHA. EHHCTBeHHOe HOHAYaNbHOE YCIOBHE
cocTouT B (pakTe cymecrBoBaiug Hurennexra. U Tpebyercs nogobpaTs nop-
xopguryio BceneHHylo, xoTOpas ynpaBnilach GH MOXXONEIHMH (TOXe MOJO-
O6paHHHIMH) 3aKOHaMM. OTO M €CTh HOBECTHHH AHTpouHmil npunuun. Cy-
mecTByeT BceoGumit AHTpOmMSM, OXBaTHBaOWMI WHPOkuH ((akTHuecku
Becb!) kpyr mpoGilem, cBESaHHHI ¢ cosnaHHeM Bcell "xopomei” Bcenennoit
(im Gro 8 e!). Ho momycTHMO cyliecTBOBaHHe TakXKe H MaJlor0 aHTPONHIMA,
KOTODHIH FapaHTHPYyeT NHUIb YCIOBHE COB3JaHMd MHTelllekTa B "Majol obna-
cTe” Bcenernoii (im Kleine), npryeM MalocTh He 0643aTenbHO N0 MacmTaby
BIHHH, a BooGlle no moboMy napaMeTpy.

Mup, B xoTOopoM Hac nocenniu, 061afiaeT XOPOIIHM YHHBEP CATLHEM CBOM-
CTBOM: ONHCaHHe MI0G0ro mpoluecca, T1060ro qBHkKeHHd, T060r0 IBIeHHL [O-
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IOycKaeT NPHONHOHTENIbHYIO NHHeapuaanuio B MaioM (im Kleine!). Cnegora-
TeNbHO, B NpeieNax Takoro NpHOMHAKenHs cTporo cobmonaercs IIpununn Cy-
nepnoouuun (Ipuuunn Cnoxenus IBuxenuit!). ¥ e npocro cobmopaercs -
on rocrnofgcrayet! BHe aTOro yTBepikieHHs MK He B COCTOSHHH HPeNCTaBHTD
cebe HA apH(pMeTHYecKHe, HH KakHe-HHOYNb OORIYHHE NOrHieckHe ONepaliH.
A cynrao (u He £ ofuH), 9TO "gBNeHUe cynepnoskuiy gBueHHil”(!) gBngerct
Heo6xonuMuM(!) ycnoBueM (1) cospanns Hnremrekral

Koge4Hno, 5T0 yTBep:kAeHHe He OTHOCHTCH HH K paspany A6comoTHux He-
THH, HE Raxe x paspsny Teopem. Opue Mo MOHX TOBapHuled mo paboTe Ha
Bonpoc "YUto TH pgenaeins?” BIOXHOBEHHO OTBeval {BHISHIBAL BeCENylo CyM4-
THIY B PERaX CBOHMX Apyseif): "Yro 1 genawn? i - kpacus!”

Tax BOT B MH MOXeM BHJATh Takoll xe oTBeT! Kak MOXHO OUeHHTH 5TO
npaBxio? Yto oHo genaer? Ono kpacuBo u Bee!

A nanee 1 0cMeTHBAIOCh NOBBONUTH ce6e BHICKABATh COBCEM YX "cMenyio
Joranxy”, xoTopad Temepb YK BHIIAAHT NOYTH kKak TeopeMka. J yTsepxpaio:
onHcanHe ;1060r0 HETHHEHHOTO ABNEHHI MOXET GLITh CBEIeHO K Habopy (ko-
HeYHOMY! MIH JNE CTPAXOBKM - K 6eckOHeYHOMY!) NHHEHHHX COOTHOIIEHHH
(ypaBHeHHH HIH APYFHX allOPUTMHYECKHX NpPeiCcTaBlIeHHH - OTKPHTHX HIH
CKPHTHX [ HENOCPEICTBEHHHX H3MEPHTeIbHHX nposepok). Koe-xTo mo-
CYATaeT STO CBeJeHHe TPHUBHAILHHM, a KOe-KTo HeBepHHM. Iloxamyicra,
olnpefielnie CBOe MECTO MEXAY OTHMH KPAHHHMH MO3HUIHUIMH, a MOXeT GHTh
BaM yJacTCH HaiTH KpuTepuH (IPHOHAKH), ONPeENeNLIOUHe BUAN HeIHHeHHBIX
cBEoel, ROMyCKAIOMKX CBeleHHe K koHeYHHM(!) KOMOGMHAUNIM THHEHHBIX.

Haubonee ¢yHmaMeHTANIbHHM IpHMEpOM B (QUBHKE CIYXHUT IHHEHHOE
ypaBrense Illpenunrepa gns ¥ - pyHxuun: peanbho HabmofaeMas (H3MepH-
Mas) Benuyuna | ¥ |? ne ynomnersopser Ipuunumy CynepnosHuus, a BOT
"cxpHTad OT NpIMHX HoMepenui” P-Qynkuusg stoMmy Ilpuununy ymosneTo-
peert!

51 He 3HaIO HCTHHHOrO aBTOpa BHjalomerocs apopusMa Ha 9Ty Temy. Cam
f YCIRIIAN ero OT OfJHOTO Hay4HOro pabOTHHKa, NMOCEIIaBIIEr0 MOH eXeHe-
penbHbIbie nexkuud. OH roBapuBan: ”Bce nuneitnoe ot Bora, a Henuneitsoe oT
Jykasoro!”

YnoBunk 1 B cBE3H MeX[y MOMM IPOCIABICHHEM NTHHEHHOCTH H CHHY-
COHJAIBLHHIMHA BONMHaAMH? YBepeH, 9TO Qa.

CuEycoMaibHOe BONHOBOE [BMKEHHE, IPECTaBIEeHHOEe Yepe3 OKCIIOHEH-
nHaIbHylo GyHKnmio (ed1H HCIONB3OBATH Barajoynyio popmyny Diinepa)

a(w, k) ezp (iwt + ikr), (4)

ABISETCE YHHBEPCANbHHM pelleHHeM T060ro THHEeHHOTO ypaBHeHu] (a a-
CTO H JPYroro alrOPHTMHYECKOTO COOTHOIICHHH).

TaxuM 06paBoM, eciH B "SHaHHH - CHAA”, TO CHHYCOHAaJIbHag BONHA -
"CHNbHHHA" HHCTPYMEHT NPOIBICHUL SHAHHL.

12. CHHYCOHNJOAJNBHASA ®YHKIIUA.
MATEMATHKO-®U3NKO-AHTPOITHEINA- JOBOJ

¥ nocnenuuii apryMeHT, KOTOPHH MH IpHBEleM, OCHOBaH Ha yAHBHTENb-
HOM CBOHCTBe nmpeo6pasoBannt Pypre. OHO NPHBOTUT BO B3AHMOORHOIHAY-
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HOe COOTBeTCTBHe (NpH HEKOTOPHIX MAaTeMAaTHYeCKHX OrpaHHYeHEIX, (uou-
YeCKH He OYeHb XKEeCTOKHX) 7, ¢ -HpOCTPAHCTBO H w, k -npocrparctso. H B
9TOM CMBICIe 06a NPOCTPAHCTBA OKa3HBAIOTCE HOOMODPHHIMHE H B 8TOM CMhI-
cne TOXJAEeCTBeHHBIMH. X :

Torna BOBHHKaeT BOMPOC, MOPaXKaloUMiA BOOGpaXeHHe: a MOYeMy MH B
Halliell TOBCENHEBHOCTH NPENNOIHTaeM XHTh B "apTH”-npocTpanctse (F, t)?
Taxoe sakIO4YeHHE MOT CHENATH CIHIIKOM YXK Iy6oKo {yMaionidil 1e/loBex, To-
Ifia KaK INOJiH, AyMalolnye IHPOKO, IPEXPACHO BHAIOT, YTO MK XEBEM BO BCeM
MHOXeCTBe U3OMOPQPHHIX NPOCTpaHcTB ofHOoBpeMenHo!! OjHaxo, BeKOTOpHE
TPOCTPAHCTBA KaXyTCd HaM 6oliee IPUBHIBTHPOBAHHHMHE B CMHCIE PealHsa-
ouK 3axoHoB IIpuponu! MH cHOBa BO3BpamiaeMcs X mpobleMe MPOCTOTH H
CIOXHOCTH.

S orpanuyych Tonbko Hambonee BaXKHHM ¢ NosHUNH JloxanpHoro AHTpoO-
O¥BMa apryMeHToM, HHAyuupoBanHuM IIpunuunom IpuunEHOCTH.

B "apTu”-npocTpaHcTBe BeeBnumui Mogan npukas: "mycTh BpeMd TedeT
OJHOHANpaBNeHHO”. A B yCIOBHEX TOTaJIHTApA3MAa HAKTO He CMeeT HpOTe-
CTOBaTh NPOTHB yKasaHHi cepxy. IIpupona (B HOBeCTHOM CMHICHe) NpPHHAJ-
NeXUT XK CHCTeMaM C TOTANHTapHHM pexumoM. IIpaBna, Bcerga ocraercs
BOIPOC - 90 B 9TOM CIydYae €CTh TOTAIHTAPHGM - HABIGHBaHHe BAKOHOB HIH
HaBgoHIBaHHe ABHKeHu#! * Hu ofiHa uo TeopHii B HacTofINee BpeMs He MOXET
O6BACHHTD OPHPOAY OAROHANPABIEHHOro TeYeHHs BpeMeHM pa3 M HaBCerja.
Ho 2 nopospesaw, 4ro oTxas ot Ipunnuna [Ipuunnnoctu (no xpalinei Mepe,
B Makpogusuxe!) Mor 6K IPHBECTH X B3PHBHOI NPUYHHKO-CIEACTBEHHOH He-
YCTOMYMBOCTH: NPHYHHA — CIENCTBHE — MPHYMHA — CIENCTBHE — H falee
HeYTO HempeJcKasyeMoe.

IIpu TakoM abCypaHOM NMOBEIEHHH HHKAKOTO HHTENIEKTa - HH HCKYCCTBEH-
HOTO, HH eCTeCTBeHHOro - He Morio 65 nogBuThCcE Ha CBeT Boxuit. f mourn
yBepeH B 9TOM (XOTH KOe-KaKue OYMINAIOUIHE COMHEHHE BCe-TaKH MeHi IIo-
XYT).

Ho nocmorpure! Npuunun IpuyusHOCTH B cBOel caMoil npocToi popme
BHIpaXaeTci HMEHHO TONBLKO B "apTH”-nmpocTpaHcTBe. B moGoM IpyroM, eMy
nsoMopdroM, oToT Ilpuniun yxpupaeTcs (ynpaTHBaeTct) B le6pax $uanxo-
MaTeMaTHYeCKHX cnoxHocTeir. B wacrsocty, B "0.K.”-npocrpancrse on
NPEICTaBIZeTES HEKOTOPHMH COOTHOMEHHIMH MEXAY w H F , 060 GLAI0MIHMH
u3BecTHHe orpaHnvenus Kpamepca-Kponura-jleonToBH4a M JOBONBHO-TAKH
TPYRHO MO-3TANHO HHTepnpeTupyeMumu. Onnako, ¢ gpyroit croponu "0.K.”-
IPOCTPAHCTBO OTKPHBAaET NPeKpacHie "MPOCTOPHOCTH” ML yYeHKIX Iofel ¢
BOITHOBHIM MHIIUICHHEM, A4 TeX, KTO HOY4YaeT KHHeMaTHKY ¥ JHHAMHKY BOIH,
YaCTHYHO HTHOPHPYS (korja aTo BoomoxHo!) Ilpuunun llprauunOCTH.

Hy, 1 xakag Xe Mopaib BHTekaeT H3 BCeX STHX YMCTBEHHHX HOLICKa-
muit? "Bce usoMopHHeE NPOCTPAHCTBA TOXAECTBEHHH APYT APYTY, HO HEko-
TOpHe H3OMOpPHHE NPOCTPAHCTBa TOXAecTBenHee npyrux!” U xaxpuit mo
Hac BnpaBe BHOpaTh ceGe HanGollee yno6EOe NPOCTPAHCTBO, He BabLIBai Ba-
MAAHBATH H B IPyrde IPOCTPAHCTBA NpPH ClIyYae, o NoTpe6rocTH. M, Hako-
Hell, eme ogHo saMeyanue. "Aptu” u "0.K.”-npocrpancrsa o6pasyioT oau-
TapHYIO (9KCTPaOpAUHAPHYIO) Napy cpelii 6eckoHeTHOro Habopa H3OMOP(HBIX

*Kax rosapusan Boantep: CBo60ja COCTONT B 3aBRCKMOCTH TOILKO OT JAKOHOB”.
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IPOCTPAHCTB 6narofapd TeM OCOGHIM CBOHCTBaM CHHYCOHORTBbHBIX PYHKLHI,
0 KOTOPHX T'OBOPUIIOCH panee. OTO0 - Pypbe-cONpiXeHHHE NPOCTPAHCTBA-
6nusneunt! Ho mioGhe 6nusHenbl JOMAKHH 0061aflaTh KaKHMU-TO OBIUMMH re-
HETHIECKHMH KOMNOHeHTaMHu. IIpocTeiimeii Qynkuuel, coxpaHgiouell cBoi
BHI NOpH npeo6pasoBanuu Pypsve, spngercs pacnpenenenue laycca. B 6o-
nee obuieM clydae ®TY poOlb MOIYT BHIONHATH QYHKUHH OPMUTa pasiny-
Horo mopsnka. Y Beib He 3pf 9TH QYHKUKH HrpaloT GECHPHMEPHO BaXHYIO
poib B Hauux o6bicHeHuiX fAeiicTBuil IIpuponnl: nepBonpuynHa ®TOH BHja-
IOU[HOCTH (MOXHO NIPEINONOKUTh) CBI3aHA C FeHeTHYECKOH POJCTBEHHOCTbIO
Pypre-colipAXKEeHHBIX TPOCTPAHCTB-OIU3HeLO0B.

H BcniomHuTe, noxanyicra. Jio6oi Toyeurwnii o6vext B "ApTH”- npo-
CTPaHCTBe NepeBomioliaeTcd B 6eCKOHeYHO NpoTLKeHHHH o6bekT B "Q.K.”-
IPOCTPAHCTBE H HAOGOPOT, KOHETHO.

Bemuxuit npusuun Ipuponu - Hpunuun HeonpegenennocTn - ocoBal Ha
KYQIBLHOCTH STHX MPOCTPAHCTB-OIH3HEHOB, BOCIPHHUMAEMBIX BOEIUHO!

13. IPOIAJIBHBIE ITOXKENAHMSA

A npubnmxaioch k oGellaHHOMY cyacTnnBOoMYy KoHuny. HecMoTps Ha woo-
6uiMe BOJMH, BOIH, BOIH... MH 06/laaeM OTIHYHHM NEPBHYHLIM DTAJNOHOM , ¥
MOXeM IO3BOMHTH cebe OLleHHBATDH "BONHOBHE KadecTBa” MO60r0 JBHXKEHUL
Yepes GIHBKOE HIIH OTAAJIeHHOe ero CXONCTBO € 9THM BTANOHHHM JBHXKEHHEeM.

9To0 - Bce, a OCTAIbHOE, KAk YXKe TOBOPHIOCH, - oT Jlyxasoro!

SakaH4YuBad CBOIO Gecefly, £ XOMy CKadaTh BaM, YTO HAIMCAHHHIH TEKCT
NeKIHH HMeeT NpeABapsioinii ee snurpad. OH cocTaBnen u3 cBOGOJHOTrO CO-
efHHeHHU clIoB ¥B Bputanckoro MNuMua ¥ MOUX paccTaBaTelbHHX MOXKETAHUIH:

”HpaBbte! IpaBsTe Bonnamu!
Ho He 6yanTe pabamu!

... Pabamu... '

BOIIH, YIpaBIgSeMBIX BaMH”.

M xax ke MOXHO H36aBHTHCE OT pabcTBa WK kaTopxkHocTH? oxamy#, myy-
wuit coBeT faH AnocroinoM Hoannom: U ga nosHaeTe BH MCTHHY, H MCTHHA
chenaeT Bac cBobopuuMu!” (EBanrenne or Hoanna, Nasa 8, cTux 32).

S npuHOLy CBOH MOBMHEHNS 3a OWMHOKH, CeTaHHEIE MHOI B XOJe JeKIUHH
- rpaMMaTHYeCKHe H IPPA3HOIIEHYeCKHe, OCOGEHHO B PaCCTaHOBKE YIapeHHH,
HE roBOpL yKe O NOKHKX HHTOHAIHIX. ‘

” Aber Irren ist menschlich” - ycnoxanBaeT HeMeuxoe uopedense, 6epyilee
CBOe Ha4alo, Kak H MHOToe Apyroe, OT JPeBHHX IPekoB (IPENNONOXHUTEILHO
Peornun, YI Bex go Hamei opkt). "IIpoBupanue - cBolicTBo moackoe”. U Mo-
XeT GHTH TaXOro pofia CHOCOGHOCTD K COBEpPIIEHHIO OMUMO0K TOXe COCTaBnIeT
OIMH U3 NPHSHAKOB Hallledl 3aBHCHMOCTH 0T Masoro AnTponHoro Ilpunnuna.

A odeHr 064BaH BceM, KTO IOHLN MeHf, H OCOGEHHO TeM, KTO He CMOT
HOHATH, - 3a foaroTeprneHne. Cnacubo.

HucTHTYyT npEknajgHoH QusHEKH llocTynuna B pegaxuuio
PAH 3 Hos6ps 1992 r.
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OINHAMUYECKHUE COCTOAHUA
BbHICOKOYACTOTHBIX IMOJIEH B IIJIABHO
HEOIHOPOOHKIX CPEJAX

E.M.I'pomos, B.H.Tasanos

1. BBEXEHHE

UoBecTHO, 1T0 H30TPONHAL MIIa3Ma HeNPO3pavHa ML OIeKTPOMAarHHTHOTO
(9M) wuonyyeHHs dacTOTH w, ecid ee  kouuexrpauus N, > N, =
= (mw?)/(4xe?), rne m — Macca dNekTpOHa, e — ero sapsf. B To e BpeMs
KaBHTOHH B IITasMe ¢ IIOHMXKeHHOH xoHuentpauueir N, < N, MOryT HrpaThb
poib noByiuex OM Bons. Bniepshe camocornacosaiHoe noje B TaKOH JOBYLIKe
nocrpoun Bonkos B 1958 roay [1]. Kaxpag noBymka npefcraBngeT co6oii cBs-
saHHOe CocTOfHHe BhicokodactoTHoro (BY) mons u muskosacrorHoro (HY)
BOGMYIIEHHS IUVIOTHOCTH cpennl (umasMu) (puc.l).

Puc. 1: JloBymrxs OM nons B ofHOpORHOI MiasMe ~ cBa3aHHoe cocTosHne BY noas
# HY Boomyuiéuns xoHueHTpanun cpenn (mrasmut). IyHKTHpHas NMHHA OTBevaeT
KPHTHYIECKOMY BHAYEHHRIO KOHUEeHTpauuy fust OM nons yacToTH w.

HY BosMymenrs, o6pasyiolye niasMeHHEeE NOBYTIKHM, MOT'YT HaXOIHThLCSH
B ABH)XXEHHH, yBlekad sa co6oi ¥ BY OM none. Eciu saxpaveHHoe B no-
Bymxy OM none craboe, TO ABHXKEHHe LETHKOM ONpefengeTcs ypaBHeHUAMH
HY soomymenuz. B cunpHomM BY mone HeoGxonnMo yYHTHBaTh 0GpaTHOe
BOs[eficTBHe NONL Ha cpefly MOCPEACTBOM CTPHKUHOHHOH CHIH

e-1_ -3
= ——V(E*)
f 81 ( ) y
ycpennennoit no nepuony BY mons. CsgsaHuble cOCTOSHHA TOfle — cpefa
npefcTaBngoT cob60H Geryuue CONUTOHN, CKOPOCTh KOTOPHX OTIMYAeTCd OT

ckopocTH cBo6oannx HY BooMymennii [2]. AHanornnag KapTHHa BO3HHKaeT
u npu BaaumopeiictBuu BY u HY BosMyuenuii B apyrux cpenax.
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HanpaMep, npu B3aHMOJEHCTBHH TOBEPXHOCTHHIX H BHYTPEHHHX BOIH B
okéane. HeopgHopogHbie Tevenus, CO3[laBacMHEeE BHYTDeHHell BOINHOH Ha IO-
BepXHOCTH OK€aHa, MOTYT B3aXBATHBATb H IePEHOCHTH IOBEPXHOCTHHE BOTHHI,
MONYNHpPYS HX IpOCTpaHCTBeHHoe pacnpenenenue (puc.2). HY Bosmymenus
FPaHHI BOTHOBONOB (HampHMep, aKyCTHYECKHX) MOIYT MepeHOCHUTH TOKATH-
aoBanune BY nons # r.0. B nnasHo HeogHoponuuix cperax HY BosMymens
TagXke 06pasyIoT NOBYIUKH, KOTOPHIE MOTYT CIYKHTh JUIS EPEHOCa BaXBadeH-
Hex #MA BY noneit, B TOM 1HCie H B CHIBHO BakpHTHYECKHe 06MACTH CpegH
(pnc.3). Ocob6ersocTn nosefenus noneit B Takux HY noBymkax u paceMaTps-
BaoTCs B laHHO# paboTe.

JloxanuooBaHHEE HIH KBa3HIOKaNH3OBaHHHe cocTosHus OM mons B ABE-
XYNIMXCH TOBYIIKaX HadOBeM IHHAMHYECKIIMH COCTOSHUIMH II0 AHANOTHHY € AU~
HaMHYeCKMMH MOJaMH B HEeCTallHOHApHHX pesoHaTopax [1]. Buavane paccmo-
TPHEM JHHAMH%¢CKHE cOCTOSHHE crnabux BY noneii B miaBHO HEORHOPOTHHIX
cpeniax B mpHCYTcTBUH uHTeHcHBHOH HY Bonnu mapamerpa 6es ydera Buug-
mug BY Bonn Ha mapaMeTpn cpenn [3-5]. 3aTeM usy4HM caMoOcoOrnacoBaHHHE
HellHHeHHHe OHHaMuU4YecKHe COCTOSHHA Nofe — IUIadsMa B HEONHOPORHHX cpe-
Bax ¢ MHHEHHHM H napabonuyeckuM 6apbepaMu INIOTHOCTH H CTPHKIHOHHOM
HeluHelHOCTHIO [6-8].

2. JMHAMUYECKUE COCTOSIHUA CJABLIX BY IIOJIENl B
HEOQJHOPOJAHBIX CPEJAX B IIPUCYTCTBHUH BOJIHBI TAPAMETPA

2.1. MexaHuoM nepeHoca HOIyYeHHs NMPOJEMOHCTPHPYeM Ha MOJENbHOH 3a-
Rate 06 sBOMOLNH OfHOMepHOro BonHoBoro nong ¥(z, t) - oruGasolmeit RexkoTo-
poro BY BonnoBoro mpouecca, onuchiBaeMoro B 6e3paauep1{ux TepeMexHBIX
ypabuenHeM THna Illpegunrepa [3],

0% 10%%
io t3am ~U(ENE=0, (1)

¢ MOTEeHIHATIOM s
U(z,t) = ﬂ— +V(z-at),

cofiepXKalllAM CTalHOHApHOE nuHelHoe cnaraeMoe mo z: Vp = z/2 u HY Bos-
MylIeHHe V(z — at), NBJOKYIeecd ¢ NOCTOSHHOIN CKOPOCTHIO @ > 0 B o61acTh
BHCOKHX BHaveHH# Vp(Z). B mBuxyleiics KoOpNHHATHOMN cHCTeMe

E=z~at, t'=t (2)
m;na. HCKOMOH QyHKIHH
_ 2
¥= w(s,t)exp(ias - iaﬂ‘;) 3)
NPHBOJJAT X YPaBHEHHIO
8‘1’ 1% a8 ¢ - e
i tieE [ -8} - V(s)]w =0, (4)
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Maeﬂ’xuocrnu 80AHA

BHYTPEHHAR sn)ma
VY
AnD

TTTTTTII T I T T I T T T T YT Ty Ty rr oy rooor
#

Puc. 2: HeogHopofgHKe Te3enUs, COBLaBaeMble BHyTPeHHel BOJHOH HA OBEPXHOCTH
OKeaHa, MOTYT BaXBATHBaTh H NEPEHOCHTb MOBEPXHOCTHHE BONHH, MORENHPYS MX
OpOCTPaHCTBEHHOE pacnpefeneHHue.

N(z,t)

E(2,t)

o
2

4

Prc. 3: B Heogmopoaunix cpegax HY BooMyweHHS Takxe o6pasyloT JNOBYLIKH,
XOTOpHIE MOTYT CIYXHTb AR% HEPeHOCa,3axBavyeHHHX uMH BY nonen.

H3 KOTOPOro ciielyeT, YTo /g BosMyuieHHil norenuxana V(§) Tena "aM” wuu
"rop60B” BOSMOXHO CYHIECTBOBaHHE yBIEKaeMEIX B B3aKPHTHYECKYIO 06nacTh
z > 0 MeTacTabHIBHBIX COCTOSHHH

2
6,0) = 0a(©)exp it - i + ), (%)
orubaiomas x0TopHx ¥, () onHchBaeTcs ypaBHEHHEM
1d%9, 2 N

rje g, co6CTBEHHOE YHCIIO, ONpefielifeMoe U3 pelliecHHS TPaHHTHOR 3ajadH I
¢ynxnuit ¥,, ¥ saBucillee OT HpoduId NOTEHIHANA f’({). Tax, upu xoHey-
HHIX SHavennsx Boomyiuenus |V(€)| < 400 cnexTp coGCTBEHHHX DHaYeHmI
fin KOMIUIEKCHHIH, YTO OTBEYAELT KBASHIOKATH3OBAHHHM COCTOLHHIM mons ¥,,.
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YacToTa HONY9IEHHHX JHHAMHYECKHX COCTOSHUM
a
wyn = Repn + -éét (N

MOHOTOHHO DACTeT CO BpeMeHeM. DBpeMs XWOHHM JaHHEIX COCTOSHHH COCTa-
Basger |Jm p,|! ¥ MOXeT 6HTHL JOCTATOTHO BENTHKO JIf HHXKHHX Cl1abo3aTy-
XaloNIHX COCTOAHME. IMy6HBa NpoHHEHOBEHMS Zp, BY nons npu sToM pasna
2a)Jm pn| 1. )

Y106H NPOHITIOCTPHPOBATH HE TONBKO YBIeYEHHe, HO H BO3MOXKHOCTH
BaxBaTa YacTH crauuonapHoro BY mong HY BosMyuerneM, pacemorpum BY
1oNle B MOTEHIHAIHHOH IMe C BEPTHKANHLHOH CTEHKOH M HAK/IOHHEIM JHOM:

v _J z/2 npr z>0
V"(z)-{oo npg z=0 ~ (8)

HycTs B o'rcy;rc'rnne HY sosMymeHus B CHCTeMe CYIIeCTBYeT CTaIHOHapHOe
none :
Yo(z,t) = Ai(z + An) exp(—iQot), (9)

rae Ai(z) - pynxuus Dlipy, A, < 0 - ee n-i xopens: Ai(A,) = 0, Qo = |Xol/2.
9710 none noxanusoBaHo B o6macTH 0 < z < |As|. B kadecTBe BOBMymIe-
HHS HOTeHIHalla PAacCMOTPHM BOSHHMKAOUWMA npH ¢ = 0 H Geryumii B +2z-
HAaIIpaBleHHH YCTYI BHJa

~ M>0 mpm 0<z<at
V—{O npy t<0wmz>at>0 ' (10)

Ha puc.4 mpuneieHa saBHCHMOCTh moTeHnEana U(z,t) OT XOOpJHHATH Zz B
MOMeHT BpeMmeHn t > 0.

U(z,t) .

3‘__...
m

Puc. 4: Hlpodmas morennuana U(z,t) = Vo + V B ypasrenun (1) B npuCYTCTBHE
poomymenus V B Buge ycryna (10) B MoMeHT BpeMenu t > 0.

YucnenHoe pelrenHe ypaBreHus (1) 6HIO MPOBeNeHO IPH CIENYIOMHX Ma-

paMeTpax: n = 10, M = |A10|/4 B monoce 0 < z < H = 2|\j0| npn fByx 8Ha-
YeHusX 6e3pPasMEpHON CKOPOCTH JBHKEHHS BOBMYUIEHHS MOTeHIHaTa @ = 1 1
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0,5 va uETepBase BpeMenH 0 < t < ¢* = H/a. Ha prc.5 moxasawn pacnpepe-
neHHS aMiGiHTYAH nond |¥) B cHeTeMe B PadsIHYHBIE MOMEHTH BpPEMEHH NpR
a=1.

¥t L]

0 £, 2 9 zk‘ 2z, Z

Prc. 5: Pacopeyenenne aMnauTyq noas |¥| B cucreMe, onHCEBaEMOI ypaBHenreM (1)
B paniIHYHLEe MOMEHTH BpeMern: [ —t = 0; 2 —t = 2z;/a ~ 24, 2.

BHJIHO, 9TG NPH ABHXKCHHH BOOMYIEHHS V dYepes 06lacTh NMepBofayals-
HOH NOXaNHSanHK NoiNg ¥ NPOHCXONHT YACTHYHHI 0aXBAT IIO/NL B NOTEHUHANb-
HOH e CIPaBa OT Geryniero ycTyna. JHeprus 3aYBaleHHOrO DOIL kK MOMEHTY
Bhxofila $podATa ycTyna H3 o6TacT: NOKAIH3AlMH YBEIWIHBAETCE C POCTOM

¢EOPOCTE BoaMyHIeHHS (pHc.6).
/

Puc. 6: 3asucumocts oHepruu nons Wy NoXaIM3oBaHA CIDABa OT YCTYNA B 064aCTh
2> 2z npE ¢ < zx/a | 2 > at IPE t > z; /a OT Tekyuicil XOODIHHATH yCTyNa z = at
ApH PaSNAYHLIX 3HaYeMHIX CkopocTH a. Kpusas ! oTBeyaeT SHavdeHE®O @ = 1; 2 -
a=0,5.

YBnedenne naxeroB BY mons BOSMOXHO H IPH YCKOPEREO NBHXKYIIHXCE

HY BosMymermax
t

V(z- / a(f)dd). (11)

B vToM cmydae mepexofoM B (1) B cueTeMy oTcdeTa, IBEXYIIYIOCE €O CKO-
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pocTeo HY BosMymenns a(t),

¢
£=z-/a(f)dt°, t =t (12)
H DpeJicTABIEHHEM pelieHHs BHOBb NONYYeHHOTO YDaBHEHHS B BHJe
¥(z,t) = Y(¢,t) exp(ia(t)),

NOTYyYHM
¥ 2 a3 da
ig‘g.+ %% +{ (t) ﬂ/ (t.)dt ( ﬁ) V(f)}

OTcopa crepyeT, YTO NpH pa.saoycxopeuno pexymuxcs HY BosMymenmsx
V', yckopeHHe KOTOPHX YQOBIETBOpPSeT COOTHOMICHHIO

da B
prie —§+A, (13)

rfle A ~ NOCTOSHHAY BeNHYMHA (I[eHT NakeTa B OTOM ClIy4ae B NEPEeMEHHHX
(2,t) nBEXeTcs mo mapabone (pHc.7)), BOBMOXKHH AHHAMHYECKHEe COCTOSHHS

¥(z,1) = §n(£)exp{ - / walt, £)dt},

L ed=~6G - 30+ 5 [t e,
orubaromas koTopHx ¥,(£) ynoBleTBOpIET COOTHOMERHIO
1€ “"‘ Eon | = 2 - V(E)]%0 (14)

B 9acTHOCTH, IpH BOOMYIIEHHIX MOTeHNnMana V(§) THIA yCKOpeHHO NBH-
xyumxcs "aM” V(€) < 0 ¢ yexopenuem

da__6 . (15)

BOBMOXHE HEHBIyJaloUHe JOKAIH30BAaHHHE B OKPECTHOCTH f/({) AUHAMH-
geckHe cocrosand BY nong, orubaomas xotopux ¥, onacusaercs (14) npr
A=0.

Ilpr A # O guBamuveckue cocToshHs BY moned KBasHIOKATHOOBAaHH B
OKPEeCTHOCTH f’(f). Ha puc.8 mpencrasnenn npoduia 5pdexTHBHOIO MOTEH-

nnana Uppp(€) ypaBrenns (14)
Uspa(€) = M+ V(£) : (16)

opE X > 0 (puc.8a), A = 0 (puc.86) 1 A < 0 (puc.8s) z V(£) » BEpe "sun”
NOTeHOHAla.
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A
N\

N

0

Purc. 7: TpaexTOpHH [BHXEHHS NakeTa B IIadMe ¢ THHEHHHM npoduaneM IWIOTHOCTH,
onpegensieMue cooTHoueHueM da/dt = —fF/2 + A, Npy PadAHYHHX DHAYEHHRAX A.
KpuBasz I oTBedaeT sHavenuio A >0,2-1=0,8-1<0.

B nepBouM ciyvae, oTBevaoueM 6olee MeAneHHOMY IO cpaBHeHuo ¢ (16)
TOPMOXEHHIO BOIHH NOTEHIHANA f’({ ) (xpuBai 1 puc.7), wonytenne BY nons
#3 06acTH JOKAIH3ANMH OCyllecTBIgeTcd B HanpaBienuu § — —oo. Bo Bro-
poM ciydae (mps A = (), oTBeYaolieM ABHXEHHIO IO KIacCCHIECKOH Tpaex-
ToprK (15) (xpuBag 2 puc.7), yBiekaeMoe NoONe IOKATH3OBAHO B OKPECTHOCTH
V(¢); moyvenne BY nong B oToM ciydae OTCYyTCTBYeT. B TpeTheM ciydae,
oTBeqanmen Gollee GHCTPOMY TO cpabennio ¢ (15) Topuoxernwo V(£) (xpa-
Bag Ha pHC.T), H3Iy4YeHHe OCyLleCTBISeTcE B HanpasieHHd § — +o00. Bpems
XHOHH KBaSHIOKATHOOBAHHKX JHHAMHYECKHX COCTOSHMKI mpn A # 0 yMeHbIIa-
etct ¢ pocToM |A|. Taxum o6pasom, g BY nonei, onucHBaeMHX ypaBHEHHEM
lpennurepa B cpefile ¢ THHEHHKM NpodHIeM NNOTHOCTH H B NPHCYTCTBHE
HY BonnH napaMeTpa cpensl BG3MOXHO CYIMIECTBOBAHHE IepecTPauBaeMEX IO
9acTOTe NHHAMHYECKHX COCTOSHHH, yBIeKaeMHX BONHOH HapaMeTpa B IUIOT-
HEle ITa3sMeHHHE CIOH.

2.2. BooMoxen mepeHOC B BakpHTHYeckHe OOMacTH B CTYCTKOB Iolei,
ONHCHBaeMHX ypaBHenveM Tuna Knelina - Foppona

oy 9w
W - '5-;; + wZ(z,t)\I' =0, (17)

rie w.(z,t) - xpuTHYeckas HacToTa cucTeMH. K ypasuenmio THma (17) co-
JHTCH, HAIpPHMep, OIHCaHHE NONL BEeKTOP-NIOTEHUHAIA NONePeYHHX BIeKTPO-
MAarHETHHIX BOJH B IIIadMe ¢ HEO[|HOPOAHHMH H HECTAIHOHAPHHIMH IapaMe-
TpaMH. B xadecTpe mpHMepa pPaccCMOTPHM cpefly, KpHTHYeckas 9acTOTa KO-
TOpO# w.(2,t) onpefengeTcd COOTHOMICHHEM

wi(z,t) = Az + B(z - at). (18)
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L 4

a A>»0 U

/
\\\ /
\ \ /7
F .

/ .
Puc. 8: TpaekTOpHE ABHXKEHAR HAakeTOB B MIadMe ¢ THHEHEHM NpodHieM NIOTHOCTH
OpH pa3iH4HEX SHaYeHHAX A (COUOWHAs AMHEA Ha IUIOCKOCTH (t,z)) B OTBevalolHe

BHOpaHHHIM SHaYeHHAM npodunn sddexTupHoro norenunana U.pe = A§ + V(E‘ npu

BOOMYLIEHHER V(f) B BHRe " aMBL"
a) A >0, 6) A =0, B) A < J; BOIHACT2E CTPeAKa OTBeYaeT HAUPABNCHUIO HINYYeHHS

yBnexaeMoro BY ncas.

3nech B(z —at) - BosMyleHHe KPHTHIECKOH YaCTOTH BONHOH apaMeTpa,
ABHXyIeHcs ¢ DOCTOZHEOH ckopocThio a. B (17) mepeiiaeM B gBHXYmIyiocE
€O CXOPOCTBHIO BOSMYlledRE a < 1 cucreMy xoopaunaT (§,7) ¢ MOMOMBIO Ipe-
o6pasoparuil Jlopenna
z—at t—az

E=7,T=7, (19)
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rey=+v1- a?, Jlns ¥ MONYyY¥M ypaBHeHHe

2 2
-t [‘+B(ev)+—r] =0. (20)

Npencrasnis none ¥ B (20) B Buje NpOHOBeNeHHS

¥, = Zn(e)Tn(f): (21)

gna dyuxnuit Z, u T, HONyIHM cHCTeMy OGHKHOBEHHHX AM(pdepeHTHaTbHEX
YPaBHEHHH

T2t [om - 26 BEn] 2 =0, (22)
‘f" [}tu+A—-'r]T 0. (23)

Orciofa ciieflyeT BOBMOXHOCTD CYIIeCTBOBaHAL NpH BosMymenusx B(§7) Tuma
"aM” u "rop60B” MeTacTaGHIbHEIX cOCTOSHUH ¥, = Z,(€)Ta(7), yBuexaeMux
BONHOM mapaMeTpa B(§v), YacToTa KOTOPHX

v
¢

wn(z,t) = \/Aa‘ =22 4 Re(i) (24)

upH Aa > 0 MOHOTOHHO PacTeT €O BpeMeHeM.

3. HEJJMHEUHBIE IMHAMUYECKUE COCTOSAHUA CUIIbHBIX
BBICOKOYACTOTHBIX MOJIEN B IIJIABHO HEOJHOPOJHEIX
CPEAX

3.1. IIpoaranHSHPOBaHHHE BHIIE lepeCTpaHBaeMHe 0 YacTOTe JHHAMH-
q9eckHe cocTogHHA crabux BY noneit B mpucyrersun HY somun mapamerpa
B HEOJHODONHHIX CpefjaX, CMocoGHLle MepeHocHTh aHeprHio BY Bonn vepes
BaKpHTHYecKHe OGIacTH HEONHODOAHHX Cpefl, YKashBAalOT Ha BOSMOXHOCTb
CYLIeCTBOBaHMS IEpecTPaHBaeMHX N0 YaCTOTEe HEMHHEHHHX NHHAMHYECKHX
cocTosSHHA cHIbHHX BY moneil, Taxke cnocoGHNX NepeHoCHTh sHepruio BY
BOMH Yepes BaKpHTHYECKHe 0ONacTH HeONHOPORHHIX cpefl. I[poummocTpupyem
9TO Ha IpHMepe GespasMepHoro ypaBHerns Illpenunrepa (1) ¢ HenmuHeHHEM
HNOTEHIHAIOM

U(z,t) = ﬂ% ~ g2 (25)

Ilpeo6pasopanug, aganornyune (9),(10) npu ycnosuu (12) upusonst (1)
X BHAY
0% 16%°%¥

Bt t 2o
Ilpu A # 0 pemennem (26) FRNLIOTCE HecTAUHOHADHHE (IHCCHIATHBHLE)

conuToHH. Tax, NpH HOIyYeHHH HelMHEHHHM BONHOBHIM makeToM BY mons
B HanmpaBileHHE §{ — —o0 "A[po” BOTHOBOTO NakeTa TOPMOSHTCA MeJlieHHee

- (X -1gf)2 =0 (26)
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(A > 0) mo cpaBHeHHIO ¢ HeHanyvaowuM conntToHoM (A = 0) [6]. BTo npu-.
BONHET K BOBMOXHOCTH IPOHMKHOBEHHS [HCCHIATHBHBIX CONHTOHOB, H3IY4a-
OUEX Hasaj, B 6olee MIOTHHE NINa3MeHHHE CIOH 1O CPABHEHKIO ¢ FIyGHHOR
HPOHHKHOBEHHS Ge3HCCHIATHBRHX connToHOB [6]. IIpH Honyuenuu Bmepen
B HanpapieHu# { — +o0o "SAPO” BONHOBOrO NakeTa TOPMOBHTCE GHCTpee MO
CPaBHEHHK H HEH3IYaIOUIHM COTHTOHOM.
3.2. YBnevyenne HemHHEHHHX nakeToB MHTeHclBHoro BY noig Bosuoxuo
% IpH 6oliee CIOXKHOM NO CPaBHEHHIO ¢ (25) THIle HeTHHEHHOCTH, B YACTHOCTH,
HOHHO-GBYXOBOM. [l HIMIOCTPAUMH PacCMOTPHM OBOINOLHUIO OJHOMEPHOrO
BONHOBOTO NONL ¢(2,t), ONHCHBaEMOro B 6e3pasMepHHIX NEPEMEHHHX ypaB-
nHenneM lllpenmurepa B cpefie ¢ THHEHHBIM NWIH NapaboruveckuM 6apbepaMu
INIOTHOCTH H HeIHHeHHOCTHIO uouno-onyxosoro THINA 8],
8so 8%

3{’!’3—“ nip + (~z)Pp =0,

(27)

3navenne p = 1,2 oTBevaer HEOJHOPOHEIM CDeflaM COOTBETCTBEHHO C IH-
HeliHHM E NapabonHYeckEM 6aphepoM MIOTHOCTH. YpaBHeHHZ (27) samenoif
HeSaBHCHMHX NepeMeHHHX (9) # HckoMol PyHKIHE

o= 8(6.1) exp{ it - i"‘;”} (28)
IPH CKOPOCTH JBHXeHHE a(t), onpenenseMoll COOTHOMERHIMH
opH p=1: ' %+1=0, (29
npE p=2: %—a:ﬂ, (30)

CBOJISTCA X CHCTEMe ypaBHEHHH
2 .
—2:593 + %f? + {-—n +§ ,3€z}§ =0, (31a)

8n 8 3(an) _ (|2}
G 1)39 Y58 "% " oo - o8

rge 8,3 — cumBon Kpouexepa.

B cpenax ¢ nuneiiHHM npoduneM WIoTHOCTH (p = 1) pemerne (29) a = —
OTBEeYaeT OTPAKEHHIO NAKeTOB OT INIOTHHX cloeB. MomeHT BpeMeHH t = 0
B 9TOM CllyYae OTBeYaeT MPOXOXKIEHHIO IIeHTPOM NakeTa TOYKH IOBOPOTa. B
cpefiax ¢ napabonuyeckuM 6apbepoM IOTHOCTH (p = 2) CKOPOCTH ABHXKEHHL
nakeTa yAoBIeTBOpgeT ypaBHeHHO (30), ORHO U3 NMHHEHHO HESABHCHMHIX pe-
meHHH XoTOpOro a; = c¢ht oTBevYaeT MPOXOXMNEHHIO, Apyroe — a; = sht -
OTpaXeHHIO IakeToB OT 6apbepa. B nepsoM ciyyae MomenT Bpemenk ¢t = 0
COOTBETCTBYET HPOXOXKACHHIO HEHTPOM NakeTa BepUIHHH 6apbepa, BO BTOPOM
~ TOYKH HOBOPOTA.

(316)
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B pexiiMax oTpaxeHus, Al1f XoTopuix a(t) = —a(—t), ypaBnenus (31a),
(316) MHBAPHAHTHH OTHOCHTENILHO O{HOBPEMEHHOR BaMEHH

t— -t u $— &, (32)

rae $* — none, XOMIIeKCHO-conpakenHoe ¢, OTkyna cnenyeT cymiecTBOBalue
ANS BONHOBHX nakeToB (31a),(316), omichBaeMEX B MOMEHT IPOXOXJCHHS
IHEeHTPOM HaKeTa TOYKM OTpPaXkeHU: AelcTBHTenbRnIMHM Pyuxunsmu $(€,0) =
= @*(¢,0) conpikKeHHHIX pelleHHiH

B(&,t) = 27(&,-t), n(€,t)=n(, 1) (33)

B sToM cnyvae napaMeTpH MakeTOB O M NOCTe OTPAXKEHHL OTIHYAWTCE DHA-
xoM Qasu (puc.9).

Pemenns (31a),(316), ynosneTBopsiomue (33), HasoBeM CONPIKEHHHIMH.
B 4acTHOCTH, IPH [BHXXEHHH MakeTOB B cpefe ¢ IHHEHHNM 6apbepoM IUIOT-
HOCTH (p = 1) W IpH NOCTaTOYHO Mankx cxopocTix |a| < 1 B peoynbraTe
uATerpupoBanut (316) no § or —oo no € npr yenosru n(§ — —oo,t) = 0 &
®(§ = —oo,t) — 0 cucrema (31a),(316) npumer BHR

0% 08*3
—233}- + '8—6'2- -n® =0, (348)
on _o(|8)?)
~% +n= ~% (346)

HenoxanbHHHE XapaxTep HENHHEHHOCTH NPHBOJHUT, B YaCTHOCTH, K CYINECTBO-
BaHHIO JHCCHNATHBHHX CONMTOHOB B mong B oTiHYMEe OT PacCMOTPEHHHX B
[6] comnToHOB Gen HunyyeHHS.
B pexrnMe TpoxoxpeHHd, inf xoToporo a(t) = a(-—t), ypaBuenus (31a),
(316) HEBapHAHTHH OTHOCHTENbHO ONHOBPEMEHHOH BaMeHH
N

t——t, £— —£(8(46), &— @ (35)

Orciona crenyer, ¥To A% BonHOBHX maxeTos (31a),(316), none & & xoHueH-
TpanmHg n XKOTOPHX B MOMEHT HPOXOXKCHHI LEHTPOM NakeTa BepIMHH Ga-
pbepa YIOBIETBOPSET COOTHOMEHHIM

§(f) 0) = §’("f, O)a ﬂ(f, 0) = n(‘f,O), (36)

(1aHHHM COOTHOWIEHHIM YAOBNETBOPSIOT, B YaCTHOCTH, YeTHHE JeHCTBHTENb-
Hbie QYHKIHNA), BOBMOXKHO CYLIECTBOBaHHE PeleHHiH

@(&t) = Q‘(—f» "'t), n(fa t) = n("f, 't)’ (37)

CBIOHBAIOMMX aMITHTYRH A mnong & = Ae'® H BoOMymIeHHS XOHIEHTDANHM
n MaxeToB Iepej K 3a 6apbepoM B3epKalbHEIM COOTHOINECHHEM

A("fr "'t) = A(fv t); n("f) "t) = n(& t)’

IOPH XOTOPOM nepenHue GpoHTH ornGaiomel makeTa H BOSMYIIEHHY €ro kOH-
HeHTPANMH Nepe]l, 6apbepoM OTBETAlOT HX BafHEUM (POHTaM Ba 6apbepoM;

E.M.I'pomos, B.H.Tasaxos 611
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) A,
wt a).t0<0 i 4
VAR
P d
o S ——— —P=
0 3 -~ 0 L
//
— — —to
6) t=0 ‘A»%
\1 _A/_s;—‘
//o "z — 0 3
8) t°>0
$n
— to \\ .
. N
\4 VAL
/40 : " g
N
\
\

Puc. 9: Ilpmmep pacmpefenenus orubaioutei A u (paoh X BONHOBHIX NakeTOB
® = Ae'T (coOTBETCTBEHHO chNOWHA# M HYHKTHPHad NMHHH), OTBEYalOWMX
CONpPAXKEHHHM COCTORHHIM (35) NpH OTpaXeHUH OT 6apbepa NIOTHOCTH.

a) oTBe4aeT MOMEHTY —tg < 0 {BHKeHH: LEHTPa NakeTa (eMy COOTBETCTBYET TOYKa
Ha TPaexTOpHHM NakeTa B MAOCKOCTH (t,z)) k TO4Yke NOBOPOTA Z,; 6) MpOXOXJEHHE
TOYKK 2z ¢ t=0; B) [BUXeHHe 0T z, : o > 0.

(asH makeTOB 2 Nepef| K 32 6apbepOM B 3TOM CIyYae CBIBaHH 3E€PKATbHO-
CONpsKEHHHM CoOTHomeHneM (pHc.10):

&(f,t) = ‘e(’fr "‘t)‘ (38)

Pemenns (31 a), (316), ynommerBopsiomme (37), HasoBeM DepKalbHO-

CONpPSACHHHMH. B
Mopensunie ypaBHenus nond (27) 1 ypaBHeHHs ABHXeHHi makeToB (29),

(30) npHrogHH THUIL NMPH JOCTATOYHO MATKIX H3MEHEHUIX YaCTOTH HelHHeH-

612 E.M.I'pomos, B.H.Taaanos
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)

HHIX BOIHOBHX NakeToB Aw < w. Ilpu gBMXKeHHE NMaxeToB B INaBHO HEOXHO-
POj{HOM NMIasMe ¢ 6ONBIINM M3MeHeHHeM 9NeX TPOHHOH KOHIeHTPAlHH, BOSHH-
KaeT H SHaYHTelbHOe HOMEHeHHe YACTOTH MMHyibca Aw ~ w [8].

0-ty<0

Puc. 10: Ilpumep pacmpegenenus orubamomeii A ¥ $asH X BOJHOBHIX NAKETOB
& = Ae'® (COOTBETCTBEHHO CMIOWIHAA M NYHKTHpHAL numm), OTBeYaIIHAX
3epKANbHO-CONPAKEHHHIM COCTOAHMAM (39).

3) COOTBETCTBYeT MOMEHTY HaXOXJEHHA LEHTpa nakeTa mepef 6apbepom: —ig < 0;
6) Ha ero BepunHe ¢t = 0; B) 3a 6apbepoM tg < 0.

PaccMoTpuM 9TOT odpekT Ha mpEMepe CHILHHX JHHEHHO MONSPHBOBAH-
HHX OM BouH B INOCKOCIOHCTOH H3OTPONMHOH NNasMe C HelTHHeHHOCTHIO
HOHHO-OBYKOBOTO THHa. B cpejle ¢ HeBOOMYILEHHOH KOHIEeHTpanHeH

N(z) = No [1 - (if)‘] , (39)

ypaBHEHHNA A14 BekTop-NoTeHnuana OM mong A u Bocuymenml KOHIeHTPalHH
N, B GespasMepHHIX mepeMeHHHX

£ _ Zpaou ‘ wp(0)Apacu
tu N Atpm’ mEx 0 A= a\/16xNoT,’

(40)
w(t) Ns
t)= —=
wﬂ( ) wp(O)’ n= N )
(uHpexc "H” B fanbHeHIEM ONMYCTHM) HMEIOT BHJ,
924 8’.4 o
3;;- 5 [1 (—z)"+n]A 0, (418)

E.M.I'poxos, B.H.Taaanoe * 613
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(,_t_’fz &n 1 82
82 922 T atéz?

%—’}r) , (416)

rae w;(0) = (4xe*No)/(m.), a = (w5(0))/(c)A, ¢ =c/cs, T - Teunepatypa
BlleKTPOHOB. Ilepexois B CONPOBOKAAIOMYI NakeT CHCTeMy oTciera (12),
npeHeGpeXeM BO BHOBb NONYYeHHHX YPaBHEHHIX WieHaMH mopsaxa 92/0t?
9TO COOTBETCTBYeT AOCTATOYHO MeJIeHHOH NepecTpOlke NapaMeTpoB ma-
xeTa. IIpencrabnM pemense (41 a), (41 6) B Buge

Az, 1) = 2E:) { / a(e, t)dt} (42)

,_(_7 exp
rae

1 2 d w
n(s,t)=a[w- 5(1%?5'%'52 (f:i’;;)} (43)

'-Ia;c'ro'ry W H CKODOCTDb [IBHXEHHX NaKeTOB @ NOJYHHHAM YpDaBHEHHIM

W) - 20 = 4, o
p=1 ‘"é’; (I—‘f—";;)+%=o, (45)
p=2: “’% (T‘;ﬁcﬁ) —(t) = 0, (46)

rae wp(t) = /1 — 23(t) - DHaYeHHe HEBOGMYIERHOK MNTADMEHHOK YaCTOTH B
IeHTpe BOTHOBOTO NakeTa

Z(t) =z + /V(f)df
[}

Torga ypaBHeHHS gng oruGalomei nakeTa ¥ H KOHUEHTpaUHK n GyLyT clegy-
JOINHeE:

(1- a’)%g - 2tawi;§ + (¢ -n)d =0, (47)
(¢~ )5 - 22 an®) = o llol) (48)
3{ n ot .

3nech, kak ®H IPH MAlHX OTCTPOHEAX YAaCTOTH BOIMOXHH CONpPLKEHHHe H
BepKallbHO-CONPIKEHHHE IHHAMHYECKHe COCTOSHUA None—cpena. JacToTa ma-
xeToB w(t) IBISeTCH NpH OTOM YeTHOH (PYHKUKEH BpeMEHH OTHOCHTEIBHO MO-
MEeHTa OTPaXXeHHS MIH MOMEHTAa IPOXOXJEHHI NakeTOM BepIIMHH Gapbepa.
AHanus ypaBHeHHIH (44)—(46) NOKa3HBaeT, 4TO npu g > 0 TPaeKTOPHH Na-
KeTOB JOCTHIAIOT I'PaHHENH NIadMH, a NpH p < 0 — NOKaIH3YIOTCE BHYTDH
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nnasMennoro ciog |z} < wa < 1, He pocturas ero rpasnn. Ha prc.1l npube-
IeHa pasoBag NNOCKOCTH ypaBHeHKH (44)—(46) mpr p = 2.

Pac. 11: ®a3oBag MIOCKOCTh ypaBHeHHA (43), ONECHBAIOUIEro BRXEHBE NAKETOB B
naasMe ¢ napabonudeckHmM 6apbepoM INMOTHOCTH.

‘a) p > 0; 6) 4 < 0. Kpusnie I OTBe4alOT NPOXOKAEHHIO NaXeTOB Heped 6apbep

HIOTHOCTH, § ~ OTPAXEHHIO, a Padfle/iAloNan 9TH PeXHMLl cenapaTpuca £ oTBedaeT
"SaTArHBaHKIO” GaKeTOB NOAA Ha BepuMHy 6Gapbepa H "CKATHIBAHHIO” C Hee.

Kpusuie 1 oTBevaloT npoxoxpenuio naxeroB OM nons vepes 6apbep nnoT-

HOCTH, 2— OTpPaXeHHIO OT Hero, 3 — pas[eldiolHM peXXuMaM "BaTITHBAHUL" B
”cKaTHBaHHL” IAKeTOB C BepiUHHH 6Gapbepa mioTHOCTH. Iofpo6uwi ananrs
HOMyYeHHHX ypaBHeHHH B IpHO6IHKeHHH a < 1 mpuBefien B [8]. Howmene-
HHe NIapaMeTPOB NAKeTOB IIPH HX ABHKEHHH IO PasOBHM TpaekTopaiM (43)
omucHBaeTcE ypaBHeHnsMu (41 a), (41 6), (42). B wacTHOCTH, HpH CKOpO-
CTEX HBHXKEHHS HakeTa, Kak MHOI'O MEHBIUHX, Tak H MHOT'O GONBIINX CKOPOCTH
HOHHO-BBYKOBHX BOIH, SBONIOLHS NAKeTOB MOXET GHTH IPOAHANASHPOBaHA B
6esabeppalHOHHOM NPHGIMKEHHH. B sakmoYeHHe OTMETHM, YTO C JaHHEIMH
HellHHeHHBIMH BONHOBHIMH NAaKeTaMH MoXeT GHTb CBI3aH IEepeHOC BHEpPrHH
HHTeHCHBHOro DM mous Yepes sakpuTHYeckue IIasMeHHHEeE CPelH.

-

bl I A
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I[I/ICIDPAKD;I/Iﬂ BOJIHOBBIX ITYYKOB
B ILNTABHO HEOJTHOPOIHBIX CPENAX

H.I'.Koxdpamves, I'.B.Iepmuumux, A.H.Crupros

IIpE pemerss Bafat pacnmpocTpadeHHs H NTHQPaKIHH BOIH B INTaBHO He-
ONHOPOJHLIX CpeflaX BOSHHEKAIOT BeChbMa BHAYHTeNbHHE TPYAHOCTH, CBE3aH-
HHe ¢ OTCYTCTBHEM AHANATHIECKHX METOJOB DEINIeHHY BOIHOBHIX ypaBHEHUEK
B JaCTHHX HOPOHSBOJHHX ¢ IePEMEHHHMH Xoo(pPUUHEHTaMH H ¢ rPOMO3Ji-
KOCTBIO H Hed(PEKTHBHOCTHIO THCTICHHHX. CyIIeCTByeT HeCKONBKO CIOCO-
60B COBMECTHOroO ONHCaHHi PePPAaKIHOHHHX H AUPPAKIEOHHHX >{PEKTOB B
OKPeCTHOCTIX KayCTHEK H (POKAIBHHX TOYeK, OHHDAIOMMXCI Ha reoMeTpHYe-
cxywo ontaxy (I'O) ¥ spagionmxcd ee BOTHOBHMEA OGOGMEHAIMH, TAKHX KAk
MeToR sTaloHHHX ¢yuxnud Kpasnosa — Jliogsura, Merog MacioBa. Opnnako
OHH He IPHTOAHH [ YCTPaHeHHS HHTErPalbHHX (KBasHAHOPYSHOHHHX) Ha-
pymeru# 'O, npuBOISIMMX K IOCTeNeHHOH NMOTepe He TONBKO ee NPEMEBHMO-
CTH, HO X HHPOPMATHBHOCTH Ha IPOTIKEHHHX TPaccaX PacHpOCTpaHeHHsi. B
oTnHYHe OT NEPPAKTHOHHHX KaTacTpod, HHTErpalbHHe (THXHEE) nnq)paxlm-'
onHHe >ppexTH HeoOHApYXHMH "H3HYTpH” npubimxenus 'O, 4To genaer
HX OCOOEHHO ONACHHIME IPH KOPOTKOBONHOBOM RCHMITOTHYECKOM ONHCaHHH
IoJIex.

B orcyrcTBHe pedpakimHH, B OGHOPDOTHHEIX CpeflaX H B BaKyyMe, Hao6o-
pPOT, HETEerpalibHHe IHQPAKIHOHHEE 3PPEXTH OTHOCITCE X KIaCCHYCCKHM.
Ux gocraTodHO mMORpPOGHOE KOMHYECTBEHHOE ONHCaHHe OLLIO OCYINEeCTBIEHO
dpeHeneM eine B Te BpeMeHa, ROTa He GEUIH HOBECTHH BOIHOBHE YPaBHEHHS.
MeTon PpeHens ocHOBaH Ha IPENCTAaBICHHA BOIHOBOI'O HOIL B BHfe Cymep-
HOBHIOHE HHTepQEepHPYIOIHX BEHPTYAIbHHX 06bexToB (cepHIecKEX BOIH),
14 XKOTOPHIX BCIOJy COpaBeliHBa reoOMeTpHYeCcKad ONTHKA. OTa Hied NpHMe-
e 'O He B xadecTBe MPUGIHXKEHUS K HCKOMHM BOTHOBHM HONAM, a A1
pacYeTa HapaMeTPOB MX HHTErpallbHHX DaslOoXeHHH NONYYHIa PasBHTHe B
nudpaKIUOHHON TeOpHH abeppalMit ONTHYECKHX TMHBOBHX cucTeM [1]. B (2]
6o mpeaokeno o6g6uenne TeOpHH abeppaluii Ha INTABHO HEONHOPOLHHE
cpenn. B [3] none BonnoBoro myvxa GHNO MPECTABICHO B BHJe PaslOXeHHE
IO KOPOTKOBONHOBHM aCHMITOTHKaM (QYHKIHH TOYEYHOrO HCTOIYHHKA B Ma-
noyraoBoM npubnmxkenud. B [4] monmydeno npubnukenHOe 0TOGpaXKeHHe NONL
Iy4Yka B BaKyyMe B Iolle IyYka B HEOJHOPOAHOH cpefe. B [5] pacnpocrpanenn
Ha NIIaBHO HEOJHOPOAHHKIE CPERH NOHITHA XapakTepHHX 80H fudppakmun. [e-
IBI0 HacTofIed p26OTH IBIgeTCE O6helHHEHREe PedyIbTaToB [2-5] Ha ocHOBe
€IHHOTC HOAXOHA.

1. KBASHOIITHKA IIJIABHO HEOXHOPOJHBIX CPE][

PaccMaTpuBaeTcs Bafada o AEQPaKIHE B INaBHO HeONHOPORHOH cpene
MOHOXPOMAaTHYeCKOro BolnHOBOro myyxa U(F) exp(—swt), moBeileEne KOTOPOro
ONHCHBAaETCS CKAIIPHHM ypaBHeHHeM embMronbua:

AU + E¢(A)U = 0. : (1)

616 H.I'.Kondpamves, I'.B.ITepuumun, A.H.Cuupnoe
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CHuTaeTCs, YTO BCIOJY IO Tpacce pacCHPOCTPaHeHHE NMYYOK OCTaeTCH YSKO-
HaNpaBIeHHHIM M HMeeT Malble IO CPABHEHHIO ¢ XapaKTepHHM MacmTaboM
HeonHOpOoRHOCTH cpefit L, ~ ¢/|Ve| nonepeynnie pasueput A . JIpyrumu cio-
BaMH, B Bajlade eCTh {Ba MalbiX HapaMeTpa: XapakTepHas HIHPHHA YIIOBOTO
ClleXTpa nydxa v u oTHowenwe p = A/L,. Hamel uenso 6yner mocrpoenue
aCUMIITOTHYECKUX IO IapaMeTpaM v H j pemenuii ypasuenus (1).

MokHO noxasaTh (K BTO CieflyeT W3 HOIOXKEHHOH HHXe TEOpHH), YTO OpH
v € 1% p>> 1 BonHOBHE NyYKH PacHpOCTPAHIOTCE BAONL FeOMETPOONTHYe-
CEOro 7y4Ya, BHXOJ{IIEro B3 LeHTPa HOIyYaiolero packphiBa B HAIPABICHHH
MaKCHMyMa ero IXarpaMMH HalpaBIeHHOCTH. YpaBHeHHe Takoro ny4a (6ynem
HaSHBaTh ero "ONOpHHM”) HMeeT BHJ

7 1
dr? 2

fo(r=0)=0, 7o(r=0)=/¢0) .
3necs 7o(7) — pajHyc-BeKTOP TOYEX Ha ONOPHOM NydYe, OTCYHTHBAEMHEH OT
HeHTpPa ABIYYaloero packPHBa; Zp — eIHHAYHHE BEKTOP B HAIIDABNEHRH MaK-
CEMyMa QHArpaMMH HANPaBIeHHOCTH HOIYYalolero packpHBa; NepeMeHHad T
CBEOaHa C IUIMHOM KYTH ONOPHOTO NyYa s cooTHoumenneM dr = ds/\/e(7p).
Npu onncaruy CTPYKTYPH NONL My4YKa YNOGHO NepedTH B OPTOrOHATBLHYIO
KPHBONHHEHARYIO CHCTEMY KOOPAHHAT (T,§,7), CBABAHHYIO C ONOPHKIM 1y9OM:

= o + £ d(r) + n ¥(r), (3)

e (I a, b) - op'roroxanbmn 6anHC, IOBEPHYTHH OTHOCHTEIbLHO eCTeCTBEH-
HOT'O TPeXTpaHHHKA (I #i, M) Ha yron (), MeRsonMiics BIOIL ONOPHOTO MyYa
B COOTBETCTBHE C 3aKoHOM PHTOBa™: © = V€/T , rne T - pagayc KpydeHHs
onoproro nyda. KoodpunuenTn JlaMe XpHBONHHEHHOM CHCTEMH KOOPAHHAT
PaBHHI:

Ve, (2) .

cos© + nsin®
rAe ¢ - MNIABHHN Pajiyc KPHBHSHH OIODHOTO Iy4Ya.
IIpencraBuM none U B BHpe ‘

U(r,&m = (eolr) 4 Wir6m) exp(k [ao()dr),  (4)
0 .

rie W - mnaBeo (B MacmTabe \) MeHSIOmaicd aMINETYRa Ok, €(7) — oHa-
deHHe JHONeKTPHIECKOH NPOHHIAEMOCTH Ha onopHoM nyde. IlopcraBnsx (4)
B (1) u npene6Gperag nenamu nopsaxa ¥*, uy3, monyvaeM crexymomee yxopo-
4eHHOe ypaBHeHHe: .
0. h, o /]
g+ 2 (o (wa%) + 3 ()]
57 o 15 5% ) o (57 )|+

+k? (e—; e(r éyn) - 6o(‘r)) W =0. (5)

*32K0H YCTaHOBIER AN BPAINEHKS HIOCKOCTH NONLPHOAUME 3MeXTPOMATHETHOIO M3IyYe-
HES B NPHGIHXEHHH Ie€OMETPHYECKON ONTHKN.

‘
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Ypasecrue (5) cIpaBeNTHBO B KBaSHONTHYECKOM NPHOGIHXKEHHE JIS NIPO-
HOBOILHOH TpPEeXMepHO HEOJHOPOAHOH cpednl. OpHako B RalbHEHINEM MB
OrpaHHYEMCH PACCMOTPEHHEM TOIBKO AByMEepPHO HEOJHOPORHHX IONed ¥ Cpex
(8/8y = 8/8n = 0), nabH He meperpyXaTh TEKCT I'POMOSJKEMH BHKIAJKAME.
OcraBuzs B (5) TonbKO KyGHYECKHe IO ¥ H j4 ClHaraeMble, HOMyYaeM

2tk—8-W + —‘?-z-W - k*3,(7)E*W -
ar 8¢ 2
( 2¢ ;;,W + k’@s(r)e*w) =0, (6)

B¢ 1 8%
s = 35~ 15,

18% 108% 8¢ 1 [8¢\°
o= [t i g (5)

3nech ¢ — pafAayC KPHBEGHH ONOPHOTO myda:

YpasHenze (6) samrcaHo B (popMe, NO3BONIIONIEH CONOCTABHTH ABYMEPHO
HEOJJHOPOJHOH cpefie 9KBHBANEHTHYIO ONTHYECKYIO IMHHIO H3 PacHpeleleHHRIX
KBaJIPaTHIHHX B KyOHIHEX (asoBrix koppexTopoB. OrcyrcTeue B (6) 1uHek-
HHX XOPPEKTOPOB (IPH3M) CBHAETENLCTBYET O TOM, 9TO HYYOK JOKATHIOBAH
B OKPECTHOCTH OIOPHOTO Iy4a. B okBHBalleHTHOM ONTHIECKOH THHHE KBajpa-
THYHHE KOPPEKTOPH COOTBETCTBYIOT HI€albHHM IHHBAM, a KybHyYeckHe (H
60llee BHCOKOI'O MOPANKa) KOPPEKIHH NPHBOMIAT K aGeppamHiM.

2. BEBABEPPAIIHOHHOE INPHUBJIV>KEHUE

Ecru B (6) npere6peTs aGeppanuIMu (ocTaBETH TONBXO KBANPATHIHHE IO
£ WneHH), TO NONYYHM YpaBHEHHe KBASHONTHKE B HJI€AlbHOM THHBONONO GHOMH
cpene [6]:

W; 8*W;
2tk——
*or t e

rge Ws — xOMIeKCHa® aMIIATYAa Nolg B 6e3abeppanHONHOM NPHOTHXKEHHEH.
Pemenue (7) ¢ nporsBonbEEME "HadansHuME” ycrosaamu (Ws(r = 0,§) =
Wo(€) ) MoxHO BanmHCaTh B KBaf[paTypax, eCllE HOBeCTHa (yHIaMeHTalbHaZ
cHcTeMa (07, 032) YPaBHeHHS ay4deil, fuddepeEnHaNILHO GIHBKHX K ONOPHOMY:

— k23,(T)E2W;s = 0, (7)

G+ ®3(7)o = 0; ‘ (8)

- a1{(0) =1, 61(0)=0;
a2(0) =0, o2(0)=0.
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Ilone B 6ecabeppanHORHOM NPHONHXEHHH HMEEeT BHJ:

Wi = [ WolQ)Gi(r, 6,0 &, )

..!/ k N, (€ N
Gs = 2tw’exp{dc 20’1f +2¢3(0’1 )]}’

rpe G5 — Gynxuns I'puna ypasrenus (7).
IIpsumoe cpaBrerne G5 ¢ pynxnmed I'pHEa XBaDHONTHYECKOrO YpaBHEHHS
B OJHOPOQHOI cpefie (BaxyyMe),

G = zmetp{ i 02} (10)

NOKa3HBaeT, YTO B paMxax 6esa6eppa1monoro IpHGIHXERHL TONe MyiXa B
BaxyyMe oTo6paXxaeTcs B IOl Iy4ka B IIIaBHO HEORHOPOHNHOM Cpejie C DOMO-
MBI 3aMeHH:

‘2z R=03/0y, 2§/,
‘ws(r,e)=.\,-—f;_;exp(:k§;—le’) WO R(r), £/0,); (11)

rae W(°)(z, 2) - mraBmo MeHSOmMa%cs aMINTHTYNA TIONS MyIXa B BaKyyMe C TeM
Xe CaMHIM "HadanbHHM” pacupefiencireM Wo(z); R(T) — pan#yc XpEBEHOHH
(pasosoro ppoHTa BONHH, pacxofsmeiict &3 TouxH (7,§ = 0), B HeRTpe Homy-
9alomero packphiBa. ,

Hpusenennoe npeo6paaona.nne xoopnHEaT M noneir (11) * mooBonser
0606IHETH Ha NIABHO HEORHOPORHHE CPeH NOHYTHE BOHH reoMeTpPHIeCKOM
ON'THKH H XapakTepHHX 30H REQpakuun Ppenens u Ppaynrodpepa. Pous Ppe-
HeNeBCEOTO IapaMeTpa IPH 9TOM HrpaeT Bemwimna p = /[R[Ao/Ao, rue Ag -
IIHpHHEA Ny4Ka B ONOCKOCTH T = 0. B oTaHYEe oT RH(PAKIHH BOIH B BaKy-
yMe, rie (peHeNeBCKHH NapaMeTp MOHOTOHHO YBeIHYHBAeTCs NPH yNaleHHK
OT HCXO[[HOH allepPTYPH, B INIaBHO HEONHOPOAHKX CPejaX OH, B 06mEeM crydae,
gBngeTcd HEMOHOTOHHOH (yHKIHeHd 7. B caay sToro, mopgnox YepeoBaHES
XapakTepHHX BOH JHQPAKIHE B ECOJHOPORHHX CpefaX MOXeT CymeCTBEHHO
OTIHYAaTHCL OT KJIaCCHYECKOro:

soHa 'O (6mxEs3, mpoxexTopHats) — BoHa PpeHens — BOHa
®dpayrrodepa, '

HMemero MecTo IpH AEQPAKIHK NIOCKOH BONHH Ha IIENH B DXpaHe.

B medoxycupyiommx cpenax (83 < 0) ob6macts I'O (p € 1) MoxeT mpocTs-
PaThCE OT HOIYYalOHIero PacKpHBa 0 6eCKOHEYHOCTH. B ¢Qoxycmpywonmx
cacreMax ** (€2 > 0) YepeoBanue 30H, H3060POT, ycXOpgeTcs, H AUPpPAKIH-
OHHaf xaprTHH2 (PpayHrodepa ycTaHABIHBaEeTCE Ha KOHEYHOM PAaCCTOIHHE B

*Io cyrx peaa, (11) sBasercs o6o6UICHNEN Na NEABEO HECORHOPORMEE CPEIH NOBPECT-
Boro{7,4] mpeo6pasoBAENS HJEATHHOR TOHKOK ENHOH.

**Kax smpmo us (6), amwboe mCxpxBrenme umytell zpagsercs GOXYCHPyOIIMM (GAXTOPOM.
Kpoue Toro, GoxycupynmmMR SAILI0TCS CRON € MAKCHMYMOM HOKAOATEUS NPENOMECHES.
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OXPEeCTHOCTLX, ”(POKaNbHEX NIOCKOCTER”, Fie p — 00 (T.e. BOAMBH TOYEX Ea-
CaHHH OIIOPHOTO JITy4a ¢ KayCTHKaMH M3HAYAJIbHO MIOCKOH BONHH). 3aTeMm cie
AyeT, Xak IpaBHio, 0OpaTHad CMCHA BOH, ¥ BHOBb YCTaHaBIUBaeTCI 06GIaCTh
FO (p << 1) B6IABH KAYCTHKH HONS TOYEYHOTO UCTOYHHKA, MOMEIEHHOro
B HEHTpEe HONy4dalolero packphiBa. Ilo aHAJNOrHM ¢ THH3OBHIMH CHCTEMaMH
CeveHHMd Iy4Ka, IjJe BOCCTaHaBIHBaeTcE BoHa 'O, MOXHO Ha3BaTbh IIOCKO-
CTEME HBOOpaXKeHHd (MHOIJa MX TakKe HaohBalOT BOHAMH KOHBEDIeHIHH).
OnucaEHas CMEHA HANPABIEHHH YepelOBAHHE XaPaKTEPHHX BOH TUPPAKUKK
MOXeT IPOHCXONHTH, B IPUHIHNE, MHOro pas. Ha GecyoHeuHocTn (T — o0)
MOXeT YCTaHOBHTBLCH MI00ad M3 XapakTepHBIX BOH, a He o6g3aTensHO QpayH-
ropepoBa. '

CrnegyeT OTMETHTH, YTO B OTAHYHE OT ONTHYECKHX IHHBOBHX CHCTEM,
aneMeHTH KOTOPHX JOCTATOYHO GINGKH X HAEalbHHM KODPEKTOpaM, B IIpo-
H3BONBHEIX INIABHO HEORHOPOJHHIX Cpefax o6nacTh HIPEMEHAMOCTH Geaabep-
pallHOBHOro NpHOMHXKEeHKHS BeCchbMa OrpaHHieHa, a abeppalli¥ NIPHBOXET He K
IOHpaBKaM, a K CyIIeCTBEeHHHM H3MeHeHHSM CTPYKTYpPH IOIeH.

3. ABEPPAIIMOHHBIE MCKAZKEHWA II0OJIA IIYYIKA

B pudpaxnuHoHHOH TeopuH abeppaluii IHCKPETHHX ONTHYECKHX CHCTEM
[1] pasBuT MeTOm, OCHOBaHHHI Ha HpEICTABICHUH BONHOBOTO HONE HA BH-
Xofe CHCTEMH B BHJEe CBEepTKH HIealbHOro "MooOpakeHHE” ¢ Tak HaSHBae-
Mo pyBxuued nponyckauug. 06061ad 5TOT MeTO] Ha IaBHO HEOHOPOZHEIE
cpellH, IPeJCTaBHM KOMIIIEKCHYIO aMILTMTYAY Nong BOGIWGH ONOPHOTO Iy4a B
BHJe

Wne) = [WlrOK(E- ¢ medc. (12)

SAnpo mETerpansHOro npeobpasosauns K(x,7,£) HasoBeM PyHKIMeR mpomyc-
KaHHS NIaBHO HEOJHOPONHOM Cpelbl; IPH MalHX abeppanHiX OHa OCTPO No-
Kal[HBOBaHa IIO NepEeMEHHON X BONMOH Hyld K SBISeTCE IIaBHOH IIO IHepeMeH-
HHM 7 ¥ . PyHKIMS IPONYCKaHHS HMeeT BeCbMa HArISAHHHE (H3HYecKH¥
CMEICH; OHA ONMCHIBAET HONe B CEYEHHH T =const, CO3JaBaeMoe HCTOTHUKAMHE,
pacHpefleleHHEIME B IIOCKOCTH T = 0, HMeNUIMMH NOCTOSHEYIO aMIUTETYLY
H EBaJPaTHYHYIO (PasoHylo BaABHCHMOCTS,-06eCIe nBaoNyo POKYCHPOBKY B
touky (7, + x). B cBoio ouepens, (12) sBIfeTcS paslOXeHHEM IO TAaKHM
BHPTYaJbHEIM BONHAM IIONS NPOH3BOILHOTO BONHOBoro mydka.* Hapagy c
¢yHnkmuel npomyckanus B JUQPAKUUOHHON TeOpHH abeppalHii BBORLT Kod(-
(HEOMEHT HPONyCKaHHd, IBILIOMUiICE ee Pypbe-o6pasoM:

f(n, €)= /K(x,r,.f) exp(tkxx) dx . (13)

' *Cucrema dyuxnnit K apuseTca momnoi ¥ oproronamsHoi. JledcTBETeN HO, ecIn B ce-
9YeHHE 7 = 0 NOCTABHTH iBa XOMIEHCHDPYIOUMX APYT APYra HAEaIbHWX KBAPATHYHHIX da-
SOBHX XOPPEXTOPa H B NPOMEXYTZe MEXAY HMMH PasIoXHTh NOJe HO MIOCKHM BOIHAM, TO
Ha BHXOje MH OyfieM MMeTh pasnoxense (12). B wacTHHX cayvasx jus ceveHHN MydKa, rje
o3(r) = 0 s 01 () = 0, (12) nepexogHT B pasuOXKeKKe NO GYHKIUAAM TOYETHOTO HCTOYHHEA
HIH E3HaYalbHO IUVIOCKHM BONHaM. '
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TlpuMenss  (12) TeopeMy o cBepTke, IIOIyYaeM ellie ONHO NpeICTABICHEE Jif
nong mydka:

W(r,§) = -2%/717'5(1',&) f(n,f,r);xp(-skx{')dn , ' (14)

rge W’;(r, k) — ®ypre-o6pas nong nyika B 6esabeppalHONHOM NPHOIHKECHHH.

Iloppo6HocTH BHYMCIeHHE QYHKIHE B EKOo(pPHUHEHTOB HPOMYCKAHHL
MOXHO HaiTH B [2]; Biech MH NpHBeieM BHPaXeHHE I HHX JIS CIy4aes;
Korga aGeppaliyH YeTBEpPTOro HOPAAka (M BHINE) He CyINeCTBEHHH:

K =exp (-tk i %6”"‘""‘) ; (15)

m=0

KGum8) = 2=V ((+A0)/Aw) e (ke),  (16)

¢ = ((a3/27a3) - as) € + (a1/300)é(x + BE);

rae V(z) - dynxuns Diipy, B = a3 — a?/3ag, Ag = (3a0/k?)*/® - xapaxTep-
HBH abeppalHOHHHH MacinTab. Bxopsurue B (15) u (16) mapaMeTpH am(T)
YHBOBIIETBOPHIOT CHCTeMe OGHKHOBEHHHX AH(pepeHIHalbHEX yPaBHEeHHH:

do = ay, @y = 2a3 — 3®3a0 - 1/,
@amn
a3 = 3ag — 2%,4;, ag = —$3a; + 0,5%;

K HaJalbHHM YCIOBESM Gy (7 = 0) = 0.

Kax sugno ms (12) - (16), cTPyxTypa nyIxa DaBHCHT OT JOBONBLHO GOIb-
moro YHcia mapaMeTpoB. O[HaKO OCHOBHHM MapaMeTPOM, ONpeReNdioumM
CyNIeCTBEHHOCTDh abeppallHOHHHX HCKaXXeHMH, fBngeTcs oTHomeRKe Agp/Ag,
rie, HalOMEHM, Aj; - IIHpHHA Ny4ka B Ge3ab6eppalHOHHOM IPHONHKEHHH.
MOXHO BHIETHTH JBe CleNyiolHe peleibERe CHTYAIHN:

2)As > |Aal: W(r,€) = Wilr, £+ %) exp (—tkas(r)E®) . (18)

AGeppanMoOHHEE HCKaXEeHHS B TaKHX 06IaCTIX CKaSHBAIOTCS IHIIL Ha aMIITH-
TyRHOE H (a30BOH CTPyXType mepH(pepHHHOH HacTH HyHka, Ijie aMIIHTYHA
nONs Maja. B6IHOR ONOPHOro yYa Iole JOCTATOYHO XOPOIIO ONMHCHBAETCH B
6esabeppallHoHEOM npHGImKeHHH. Heo6xoguMo OTMETHTH, YTO BHpaXeHHe
(18) cupaBegaHBO A1 ONHOMACIITAGHHX (KONOKONOOGPABHEIX) PacHpefieNe Hn i
W;, 1160 B Tex ciyTagx, XOrfla Bce XapakTepHue MaciTabu Wy Muoro 6onbine

Agp.
6) As << |Agp|:
W(r,€) = (1/vTAw)V(€/Aab) Wi(7,0), (19)

B oToM mpepene xy6uyeckHe abeppanuM IPHBOALT X OPMHPOBAHHIO THIHY-
HOH JIf OKPeCTHOCTEH I'Tafikoil KayCTHKH SHPH-CTPYKTYPH IIONL BOIHBE ONOp-
Horo nyda. OpHako popmyna (19) HeBepHO ONHCHBaeT aCHMITOTHYECKOE HO-
BeJleHKe HOIS Ha GONBIINX PacCTOSHHIX OT ONOPHOro Ty4da (e OHO Mano) —
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3aKOH CHaJaHHK ONpefeNgeTcd He aCUMITOTHEOH QYHKLUEH OHDH, a YTIOBHM
CHeKTpOM ny4dxa B 6e3abeppallHOHHOM NPHOIMIKEHHH.

Ilng pacvera moneifl BONHOBHX HYYKOB B HEONHOPONHHX cpefiaX Ohla co-
cTaBlieHa rpajieckad IpOrpaMMa; pesyIbTaTH PacieToB (/I YACTHOTO CIIy-
9af NapabONHYEeCKOTO CIOS AHANEKTPHYECKOH NPOHHIAEMOCTH) HITIOCTPHPY-
orce Ha puc.l, 2. Ha mepBoM uso6pakeHH ONODHHH Iy, I'PaHHIH IIy4YKa
00 ypOBHIO cHafjaHMs l/e M CTPYKTypa HETEHCHBHOCTH HONE B HECEKONBLKHX
XapakTepHHX CedeHHIX B GesabGeppaunonuoM npubmmxenuu. Ha Bropom -
TO XKe caMoe, HO C YYeTOM CHIBbHHX KyOHYeCKHX abeppamui.

»

Puc. 4. Puc 2

ABTOpH BHpaxaloT npEsHaTenbEocTh A.JI.IllapoBok u A.B./Iunarosy 5a
IOMOMb OPH COCTABIEHHH IPOrpPaMMH.
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BOJIHBI B HECTAIIMOHAPHHIX CPEIAX"

H.C.Cmenanos

1. PUSNYECKHWE MEXAHHN3MbI HECTAIIHOHAPHOCTH CPE]
H X OCHOBHBIE OCOBEHHOCTH ’

Hoyyenne oco6ennocTell pacupocTpaHeHHd BONH B HECTAHOHAPHHX (T.e.
C HOMEeHSIOIHEMHUCS BO BpeMeHH MapaMeTpaMH, HiIH "NapaMeTpHYeckHXx”) cpe-
JaX H CHCTeMaX, HayaToe enfe B koHue 50-x (cM. 0630pH [1-3] # npHBeleHEyD
B HAX JHTEPATYPY), NPORONKAET OCTABAThCL ONHHM M3 aXTYAIbHHX HAIpa-
BIeHHH COBpeMeHHOH "BOMHOBOH” (PHIMKH, NPHMEHHTEIHHO K BOTHAM PallIuy-
HOH (pUBHYECKOH MPHPOAH H PABHOrO YaCTOTHOrO AHaNasoHa (B dNEKTPOAHHA-
MExe ¥ QUSHKe ITaSMH, ONTHKE, aKYCTHKE, [PYTHX MEXaHHYECKHAX CHCTEMaX).
Huxe, nns onpeneneHHOCTH, MH B OCHOBHOM OTPaHHYHMCE CBOGOJHEIMH dleK-
TPOMArHATHHMH BOIHAMH B HENPOBOASUIHX HIH CNaGONPOBOAMINHX Cpefax,
XOTH MHOT'HE COOTHOIIECHHS, IpeX]e Bcero — KHHeMaTH4YeCkHe, OKa3HBaIOTCS
CHpaBEIMBHMH H [If APYTHX BONHOBHX cHcTeM. [lng unmocTpanuy dame
Bcero 6y[lyT paCCMAaTPHBaThCH B XapaKTepHHE MOJelH cpejj — He[HCIepri-
PYIOIEro AHONeKTPHES C IEPEMEHHKMH IPOHHUAEMOCTIMH £, fb K, B Ka4ecTBe
CYIECTBEHHO AMCIeprupyioleH cpeinl, NasMH ¢ H3MEeHIIOeHcs BO BpeMeHH
xoHmeHTpanxeil snextponoB N. Haxowel, xonkpeTHHe pacieTH yRo6GHO NpH-
BOIHTDH JIf THIHYHOTO CIy4ad, KOrja H3MEeHEeHHe apaMeTpOB NPOKCXONHUT IO
sakoHy 6erymel Bonuu: p = p{z—V't); npu aToM npefien V — oo (koHEpeTHee,
V >» v, rie v - CKOpPOCTH PaCHPOCTPaHEHHS BONHH B CHCTEMe) COOTBETCTBYET
9HCTO BPEMEHHOMY H3MEHEHHIO IapaMeTpOB.

YxaxeM Telepb OCHOBHHE MeXaHW3MH IOA0GHOH HeCTAHOHADHOCTH BOJ-
HOBHIX CHCTeM, BOBMOXHHIE Kak B eCTeCTBEHHHX, Tak M HCKYCCTBEHHHX (B
TOM 4HCle nabopaTopHHX) ycinosusx. Ilpexpae Bcero, BpemeHHHE BapHAlHK
napaMeTpOB MOI'YT GHTbH 0OYCIOBIEHH ABH)KEHHEM NPOCTPAHCTBEHHHLIX HEOJ-
HOpojHOCTel cpens (xak B pesynbTaTe Apeiida ee xax Henoro, Hanpumep,
B pesynbTaTe B3PHBHHX IPOIECCOB, Tak H IOKAaNbHHX BONHOBHIX IepeMe-
meHH#H). 3aMeT4M, YTO NPH BTOM CKOPOCTh V MoXeT GHThH CPaBHEMaA CO
CKOPOCTBIO CBeTa ¢ (HalpuMep, B dIeKTPOHHHIX H MITa3MEHHHIX NOTokax). Jla-
niee, HBMEHEHHe BNIEKTPOHHAMHYECKHX MTapaMeTPOB BO BpeMeHH BOSMOXHO M
B OTCYTCTBHE MaKPOCKONMHYECKHX IBHKEHHH B Cpejle HO-3a ee HOHUBAIHH, Ha-
IpeBa, PEKOMGHHALMH H JPYT'HX PelakCallHOHHHIX IIPOIeCCOB; Blech, B HPHH-
nHne, BosMOXxHO ¥ V 3 ¢. HakoHen, 66cTpHe BapHaOuH NapaMeTPOB BOIHO-
BOM CHCTEMH MOTYT GHTbH AOCTHTHYTH IpPH NOMOIM BHEIUHHX YNPaBISIOIIHX
nolied — BIEKTPHYECKOro, MarHHTHOTO, WIH IO BO3AEHCTBHEM CIEHHaNbHOH
BOJNIHH "Haka4iKK", KOTOpas MOXeT HMeTh HHYIO (PMOHYECKYIO HPHPOJY MO OT-
HOWIEHHIO X "CHUI'HAIBHOW" BONHe (HampuMep, SleKTPONHHAMHEIECKHE NapaMe-
TPH CpeIH MOT'YT H3MEHSThCd IOJ| BOG[EHCTBHeM YNMPYTHX BOIH, H HaoGo-
poT). B mogo6HEX ciyyagX, CTPOro roBops, pedb HIET O HETHHEHHOM B3a-
HMOJEHCTBHE BOIH, OJHAakO B CIy4Yae OTHOCHTENbHO CIAGHX ”CHIrHANBHHX"

*Hamate C.H.Apepropa noceauman.
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BOTH MOXHO NpeHeGpeyb OOpaTHHIM BIHTHHEM UX Ha CpeRy. MaTeMaTH4eckk
OpH DTOM Dajaya CBOJHTCA K NHHEHHBIM YPAaBHEHUIM C NEpeMeHHRIMH Kood-
dUUMeHTaMH; HMEHHO TaKOHl Klacc Bajai MH Bjech 6yieM pacCMaTpHBaTh.

IIpexkfie YeM mepeiiTH K KOHKPETHBIM BajaqaM, NO[4epKHeM JBe OCHOBHEIE
0cOo6eHHOCTH NapaMeTpHyieckuXx cucteM. SlcHo, Bo-NepBHIX, YTO pelleHHd BH-
ey NOMEHY THIX JHHAMHYECKHX YPaBHEHHIl ¢ MepeMeHHBIMH Koo(duineHTaME
He MOTYT GBITh CTPOro rapMOHMYeckiMH Bo BpeMeni. Ilo aToll npuvune aHa-
7H3 OPOLECCOB B HapaMeTPHIeCKUX CHCTeMaX CYlLeCTBEHHO CIoKHee, 4eM Uil
CTAallHOHAPHRIX CHCTeM, B YaCTHOCTH, MeTol Pypre 3jieck He cTonb ddPex-
TuBeH. B ¢usmiecxoM ke mname To ke camoe QakTHYECKM O3HaqaeT, YTO B
HeCTaLHOHAPHHX CHCTEMaX YaCTCTa BOIH He OCTaeTCd NOCTOIHHON, T.e. Ipo-
HCXOTHUT MpeoGpasoBaHHie ¥X BPEMEHHOTO CIeKTpa, 1eM OHM, Ipeie Bcero, u
HATepecHH. Mccnenosanie BakoROMepHOCTEl TapaMeTPUIECKOroO ipeo6pano-
BaHHH CHEKTP2 BOMH — OJMH U3 IEHTPAIbHELX BONPOCOB, 06CYKRaLMHIX HIKE.

BTopasg 0co6eHHOCTH HECTAHMOHAPHEIX Cpell CBI3aHA C dHEpPreTHYEeCKUMH
COOTHOILEHUEMH: a MMEHHO, B O6lljeM CIydYae BHEUIHUE CHILI, H3MEHHIOUHe
napaMeTp CPefH, COBEpPIIAIOT ONpeleleHHYIo paboTy Hajx noneM (TOro HIiM
HHOTO BHaKa), NOPTOMY BHEPruE PacCNPOCTPAaHAIOUIHXCE B TAKOH Cpele BOMH He
OCTaeTCH OCTOLHHOM faXKe B OTCYTCTBYE OORYHBIX MEXaHHOMOB JIUCCHIIALHH.
Jlerve Bcero 9T0 NOKadaTb Ha MPUMepe HEQUCNEPLHPYIOUIETo NHANEKTPHKA,
ONMHCHIBAEMOr'0 MaTePHAILHKEMH YDPABHEHUIMHU

D=¢Ft)E, B=pFt)H, 7I,=cF1)E, (1)

rje, kak 06nHo, B, H — HalpfXeHHOCTH 5HeKTPHYECXOro § MarHHTHOTO MO-
neit; D, B - cooTBeTcTBYyIOMME BeKTOPH HHAYKIKH, j, — TOK IPOBOIHMOCTH;
€, §4 — OUONEKTpHYecKag M MarHHTHad NPOHIIAEMOCTH; ¢ — NPOBOJHMOCTH
cpennl. Mo ypaBuennit Makcpenia HeTpyJHO NOIYMHTD TeOpeMy IoitnTHHrA,
060061eHHYIO Ha CIy4all NepeMeHHHX &, 4 U O

8w - 2 35 -2 a,u 2
5 + divS = -cE* - 1/2(&1& + Bt H?), (2)
Ille, XaK O6HITIHO, W 1/2(5E2 + pH?) - ONOTHOCTH BHEPTHE dNEKTPOMAr-

HKTHOrO mONE, § = [E I-I] ~ Bektop lloinTnHra. Takum o6Gpasom, kpoMe
o6uruHOrO nena — o E2, onucuBalomero [)xoyneBr NOTepH, B HECTALHOHAD-
HOH cpefle HMeeT MeCTO flapaMeTpHYecKuil dReproo6MeH OIS CO cpefoit (mo-
ciefuuii yneH B (5)); Hampumep, mpu g = const, 8¢/0t < 0 mMmeeT MecTo
"Hakayka” SHePruH MOmio. B pesynbTaTe BOBMOAKHO NapaMeTpHYeCKOe YCH-
NeHHe PAcIPOCTPAHRIOUIHXCS BOMH (a B HEKOTOPHIX CIyYaiX — IeHepalus).
Ho-BupuMOMYy, Ha DTO OGCTOZTENbLCTEO BIepBHE GHUIO OGpallleHO BHIIMaHHe
C.h.ApepkoBuM (cM. [4]). B caykae xe pgucneprupyiolux cpef SHepreTH-
9eCKHé COOTHOLICHHS OKasHBAIOTCH CIOXHEe, 3TH BONPOCH 06GCYXAalOTCI B
nocnefiHeM paspene. IIpH 5TOM MB OTpaHHYHMCHE HEPESOHAHCHHIMH HapaMe-
TPHIeCKHMH SBIEHHIMH, KOIfla XapaKTepHhle NPOCTPAHCTBEHHO-BpPeMEHHEe
MAaCIITAaOH H3MeHeHHS mapaMeTpoB p(F,t) He CBEBAHH C COOTBETCTBYIOUIHMHE
HeprofilaMy BONHOBOro nong (Bapuauuy p(7,t) MoryT 6HTHL, HalpHMep, ale-
puopuyeckuMu). B MaTeMaTH4YeckoM acneKTe aHAJN3 OKa3HBaeTcs HaH6onee
NPOCTHM B ABYX NpPeJeNbHHX CIY4aiX ~ Pe3Koro (CKa4koo6pasHOro) H IaB-
HOT'O H3MECHEeHHS NapaMeTpPOB, KGTOPHE MH HHXe B OCHOBHOM H 06CyanM.
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2. IIJIOCKHE BOJIHBI B IH3JIEKTPUKE C IAPAMETPAMMH,
CKAYKOOBPA3HO USMEHAIOIINMHUCA BO BPEMEHH

B xayecTBe npocreinnei "oTaloHHOH” BajayH, kOrga ylaeTcs HAHTH TOY-
HH€ BHIPaXKeHHS Kak JJf CHeKTPANbHHIX, Tak H.9HepreTHYeCKHX XapakTepH-
CTHK BOJIHH, HaYHeM C OJHOPOJHON B NPOCTPAHCTBE HBICKTPHYECKOH CpeaHl,
OPOHHIAeMOCTH KOTQPOH £, # CKaYKOM HOMEHFIOTCE OT HaYalbHBIX BHAYEHHH
&1, Npu t < 0 fo €3, 42 Aax ¢t > 0; npu 9ToM TepMHH "cxayox” mapa-
MeTpPOB OGHa4YaeT, YTO HX XapakTepHoe BpeMs ioMeHenus At, € T, rae

T2 = 2% /w3, w1,2 — YaCTh BONHOBOIO NOJH O M Nocie ckavxa (puc.l).

)
¥
|
|
(
I

= e

at,

Puc. 1:

B aT0M npenene paxTHYECKH He MPHXORHTCA PelIaTh BHIIEYNOMIHVTHX
YPaBHEHH# C MepeMeHHHMH kod(pHUHeHTaMH, a IOCTATOYHO CIIHBATD petme-
HHY, HalJleHHHe A% NOCTOSHHHX NapaMeTpoB ang t < 0 u t > 0, npu noMoux
HEeKOTOPHX HavaJbHHX ycnosuil npd t = 0. Ilockonbky; O4eBHIHO, KaK caMu
nong E(i’, t), )1 (7,t), Tak ¥ POTOPH OT HHX BAeCb OCTAIOTCS KOHEYHBLIMH,
TO M3 ypaBHeHHS roth = —-aﬁ/& cnenyet, uro npupaumenne AB na Bpems
CEKadka CTPEMHTCS X Hynio npu Atp, — 0; aHanoruixo AD - 0; oHaYeHMs Xe
E, H, cornaco (1) uomensiorcs cxauxoM. Takum 06pasoM, IPH NPOUBBOND-
HOM Pe3KOM HOMEHEHHH BCex Tpex MapaMeTpos £(t), u(t), o(t) BunonnmoTCs
yCIOBHS:

o . E ¢ H.
D = const, B = const, 2= i (3)
E, ¢2 ﬁl K2

B pesynbTaTe CkauykoM HOMEHAIOTCE H NIOTHOCTH SHEPrHH DIEKTPHYECKOro
(we = €E%/2) u maruutHOTrO (W, = pH?/2) noneit, a Taxxe pextop Ioiin-

tuura § = [EH):

wEg2 — E}_ w“z - !ﬁl_ :93. - &1 (4)
wp1 € wa  p2’ §  Eapa’

HpHYEM IDH £3 < £; B COOTBeTCTBEY C (2) wgz > wE), B T.4.
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PaccMOTpHM Teneph HPOCTPAHCTBEHHO-BPEMEHHYIO CTPYKTYpY Iolel.
Ilycrs o = 0 u npu ¢ < 0 Gbina BajjaHa NIOCKad NePBHYHAL BONHA:

Di(2,t) = Doe't=%2)  Bi(z,t) = p, Di(2,1), (5)

olech u faiee p = (/ufe - umnenanc cpens, n = /ep/(copto) - MOKazaTENH
npenoMNnenHs, Tak 4To vpy = w/k = ¢/n. Ilpu t > 0 pewenue 6ynem HCKaTh B

BHjie

ﬁz(z,t) = D'; gilwt=kz) D. ev.i(vt-rkz)'

(6)
By(z,t) = pa| Dyei@t=42) 4 D__gilutthe))
Hcnonsays ycnosus (3), nerxo Hality
'Y ny - Pl
k=ky, —=.[=, Dp=1/21%>)D. 7
O o= Vmy Pe=1AELID (7)

WHEMH clOBaMH, OHaYeHHe BONHOBOTO YHCI3 Ha YHCTO BPEMEHHOM
CKaike DapaMeTpOB He HOMeHSeTcd, YaCTOTa Xe w HoMeHfeTcd O6GpaTHO-
IPONOPIHOHANLHO BHAYEHHIO [I0KasaTelld NpeloMIeH s cpefn n ~ /Eu. Iipx
9TOM, 33 HCKIIOYeHHeM cay4ad p =const (T.e. u(t) ~ £(t)) mosBagerce oGpar-
Hag BONHA C aMIDIATYHOH D._, T.e. BpeMeHHHe BapHAalHH IIAPaMETPOB, Tak
Ke Kak M IPOCTPAHCTBEeHHad HEOJHOPONHOCTD CPeibl, BH3HBAIOT OTPaXKeHHe
BOITH. .

OTH pesyIbTaTH HeTPYAHO O606IMTE Ha ClIy4ad KBadHMOHOXpOMaTHYe-
CKHX HMIYTbcOB (BONHOBHX nakeToB). IlycTb HavwanbHag BonHa B Buue (5)
saHuMana oTpesok 0 < z < ly; Torna pemwenue (6) cpasy mocie cxauka B
cooTBeTCTBY: ¢ (3) Takke CymlecTByeT B TOH ke 06HacTH, a BaTeM BOIHO-
BOe Hole pacnajaeTcd Ha NPSEMOH ¥ OGPATHBLIH HMIYIbCH, MMEIOUIHE TY Xe
NIPOCTPAHCTBEHHYIO NJuTenbHOCTh Iy = lo. BpeMeHHas Xe NIHTEILHOCTDH
HMIYJIBCOB IIDH 9TOM MEHAeTCHE M3-3a H3MEHEHHI CKOPOCTH pacinpocTpaHe-
HUL BOIHH: T = l/u, rjie u — IPYNNOBag CKOPOCTH, TaK 4TO T2/T1 = uy/us.
B pesynbraTe M3MeHfeTCS H LIMPHHA CIHEKTPa BONHOBOrO MakeTa; Ais "Of-
HOPOAHHX” CHrHalOB Aw =~ 2x /7 ~ u(t). OTHOCHTeNbHAE LIHPHHA CIEKTPa
Aw/w Torna BapbHpyeTCcd IPONOPUHOHATBHO OTHOWEHHIO u(t)/vpn(t); B cpene
xe 6e3 nucnepcku u(t) = vpa(t) ¥ Aw/w = const.

Harnagro TpaHcopManyus HMOYyNbCHBIX CHTHAIOB Ha CKadké IIapaMeTpOB
MoXeT OHTh NPOHIUIIOCTPHPOBaHa Ha IIOCKOCTH Z,t, eCliM, Kak OOLIYHO B
MaTeMaTHYeckoll (UBHKe, Ha Hell MB06PaKaThb XapaKTePHCTHHYECKHE NTHHHH
(unu, B TepMHHOJOTHH TEOPHH OTHOCHTEIHLHOCTH "MHpPOBHE” THHHH), COOT-
BETCTBYIOIME OTHeNbHHM TPYyHNNOBHM (POHTaM HMIYiIbcoB ( B YaCTHOCTH,
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AepefHero K BajHero, puc.2).

i |

)

Puc. 2:

!

Ilpr t = 0 mepBHYHHeE XapaKTePHCTHKH PAacUICINLIOTCS Ha MpIMEEe H
o6paTHHe, HMEIOIIHe IPYTOH HAKIOH, B Pe3yIbTaTe T+ # To-

3. TPAHC®OPMAIINA BOJIH HA IBHN2KYHEMCAHA CKAYKE
NIAPAMETPOB

Cornactxo (4), (7) Benuanusl napaMeTpuyeckix sGQPeKTOB, Kak DHepreTH-
4eCKHX, Tak M CIHeKTPAIbHHX, J/Id ONHOKPATHOTO CKayKa IapaMeTpoB OKa-
3HBAIOTCE TCI'O XKe NMOpHAKa, YTO INyOHHA HOMEHEHMS CaMHX NapaMeTDOB
e . CHTyanus ¥uoMeHseTcf B cOy4ae IBMXYLUIMXCE CKaYkOB NapaMeTpa
p = p(z — Vt). PaccmMoTpuM npocTemuii ciy4al, XOrjia H NOBEPXHOCTH
CKayka IapaMeTpoB (ABHXKYyUladcs IPaHMNa), H Najaiollilas BONHA IBILIOTCH
nnockuMHu. I'paHnyHHe ycnoBus [ TaHIeHUHAIBHEIX KOMIOHEHT BEKTODOB
31ech MMeT Bu]

(E +[VB)), = const, - (H - [V D)), = const. (8)

3aMeTHM, YTO B MpEeNbHOM ClIyYae HeNMOABHXKHOM rpanunn, V — 0, orcoga
CNefyIOT XOpOIIO H3BeCTHHE YCIOBHS HenpephBHOCTH E,.  H,, a npy V — oo
- cooTHomrenus (3).
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Iycts ¢ = Q u nepBHYHag BONHA MafjaeT cleBa {CM. puc.3);

Pl Pl
OM . M——
LT Y
® @ ®© @
viclwl @ ¥ Vivie, 1 6)
Puc. 3:

HCKOMO€ pellleHHe JIs ﬁ(i’, t) B o6nacTax B0 M HOClIe CKadka B CIy4ae
V] < |us| MoxHO BanucaTs B BUae

. L4
Ey(7,t) = Eoel(ot=hef) | Fleilert=ke?) By(#,t) = B2, (9)

rje MHAexcH 0,r,t COOTBETCTBYIOT Najalomel, OTPaXeHHOH H Mpomeque
ponHaM. Eciu xe V < 0 1 |V| > |u,|, oTpaxeHHOH BOXHH GHTH He MOXET, a
HMEIOTCH [iBe npolieflMe BOIHH ) H ts.

B mo60M cryvae, opHaxo, ycioBHs (8) MOryT 6HTh BHIOIHEHH THIIb, €CIH
9aCTOTH H BONHOBHE BEKTODH BCeX BONH YAOBIETBOPSIOT COOTHOMEHHIO Pa-
BOBOr'0 CHHXPOHH3M2 Ha NOBEPXHOCTH CKayKa:

wi — BV = wo — koV. (10)

B cnyvae mopManbHoro naferns us (10) cuenyioT RomnepoBCKHe COOTHO-

HICHHS:
w, 1-V/y w 1-V/u (1)

wo 1+V/v,' wo 1-V[v'

rae v; = w;/k; — (pasoBHe CKOPOCTH BOIH. B YacTHOM clyYae BCTpEYHOro
napenns (vp > 0,V < 0) yacToTa w, > wo ¥ yBenuunBaercs npu |V| — |v.|; B
otauiue ot (7), sHavefine w, /wo BOOGIIE He BABHCHT OT BEIHYHEN Niepemaja
IapaMeTpoB CPelHl Ha ABHXYyllelcs rpanune. DPdekTuBHAE TpanchopMauus
npomieniieil BONHH, HANPOTHB, BOSMOXKHA HPH NOMNYTHOM ABMKEHHH I'DaHHI[
(V- v).
CymecTsenso, 410 npH BuBofie (14), (15) He GHIM MCIONL30BAHHE KOH-
‘KpeTHHe MaTepHalbHHe ypaBHeHH: (Hampumep, B Bufe (1)), MosTOMy OHH
CIpaBeIHBH B 06IeM ciIy4ae — [l TPOMSBOJbHEX JHCIEPIHPYIOMHAX, B TOM
qHClie — ABHXKYIUXCE CPefl, TONbKO IPH DTOM caMiu SHaveHus v; B (11) sBns-
JOTCH .ONpefieleHHNMH (PYHKIHIMA COOTBETCTBYIOLHX YacTOT (IpHYeM BOD-
MOXEO v < 0 ang vo > 0).
B cryvae HMIyIBCHHX CHTHANOB, Kak H BHIIE, MOXHO HaiTH peo6pasoBa-
HEe HX ATHTeNIbHOCTEH, PacCMaTPHBas XapakTePHCTHKE I'PYyHNNOBHX (POHTOB
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Ha INIOCKOCTH z,t {cM. pHC. 2); SCHO, YTO TeNepb HOMEHFIOTCH Kak BpeMeH-
HEe, TaK M NPOCTPAHCTBEHHHE JIHTENLHOCTH HMIYNbCOB. AHATHTHIECKHe
BHpaxeHus 1L 7;/To ynobuo nony4uts, auddepenuupys (10) o we u ydn-
THBad, 4T0 To/T; ~ Aw;fAwp =~ dw;/dwy, dw;/dk; = w;; B pesynnTarTe
HaxonuM [1): .
I:_I+V/u, &”I—V/u. (12)
 1-V/iu' T 1-V/jug
TakuM 06panoM, CHIbHOE HOMeHeHHe (CKaTHe) RIKTeNbHOCTH H, TeM CAMbIM,
yiHpeHie CneKTpa HMNydbcoB Aw; ~ 2% /7; DPOMCXORKT NPH OPHOIMIKEHHH
V x rpynnoBoH CKOPOCTH COOTBETCTBYOIUHX BOINH.

PaccMOTpHUM Teneph KOHKPETERIL NPHMEP BHCOKOYACTOTHHIX DIEKTPOMAr-
HETHHEIX BOJIH B INIadMe, XOIfla HCHEPCHOHHEE COOTHOMIEHHS HMEIOT BHJ

¥ =uwl-u), n= E:- =ew), e(w)=1-wifwt (13)

rae wp, = (e2N/meo)/? ~ nnanmennas (nenrmioponckas) vacrora, N — KoH-
HEHTpaliid BIeKTPOHOB. 3aMeTHM, 4TO pakeHcTBa (13) cnpaBenauBH Aas no-
MepevYHBIX BOIH KaK B HENOABHKHOM, TaK H ABHXKYlleiicq MIasMe, IOBTOMY CO-
OTBeTCTBYIOLIHE PesYIbTATH CHPaBEJAUAR JIL PasIHYHKEX MEXaHHIMOB CO-
apaHud "BonHH KoHucHTpamuu” N(z — Vt). Hycrs V < 0 u B obracTu 1
KOHIEHTpPallHd paBHa Hymo, T.e. &1(w) = 1, TaK vuTo0 |vo,| = |ug,] = ¢. He-
K1i04as wy ¢ M3 NpaBhIX YacTel (11), (12), HeTpyaHo HaHTH IBHEIE BHPaXKEHHE
1s wi/wo, 4/ uo, i/ To, koTOpHE fig B = [V/e| < 1 imeror BHA [1]

w, T _1+8 w _1-pn

=

wo T 1-p w 1-B°

(14)
n _n'(l-8) u n'-p
0 W-B uw 1-pn"

rae n' = /e(W), e(w') = 1-w?/w?, w? = w(1+P)/(1-B). Ho (14) Bunso,
YTO NpH BCTPEYHOM NajJeHHH YacTOTH O6EHX BTOPHYHHX BONH CMEIAloTC
BBepX (wr,w; > wp), mpuyeM oToT dPdekT ycunupaercs npx § — 1. llpu
B > n' BHaxH t,7; CTAaHOBATCE OTPHUATENbHHMH, T.e. NPOUIENIIAL BOMHA
pacnpocTpaHseTcd BROroHKY QpoHTy miasmu. YcuoBue £(w') = 0 onpepe-
nfeT YacTOTy oTcevkH; npH €(w') < 0 (T.e. || < wp) mpolenmel BOTHN
HeT H NIPOMCXORHT NONHOe OTpaxeHHe nuasmu (" ABiEKYymeecs sepxano”). He
npuBOAg BhpaxeHu# jng B > 1, BOBMOKHOrO B ciyyae PpOHTa HOHHBAIMUH,
yKaxKeM JHILIb, YTO NPU DTOM YK€ TOMYKH OTCEYKH HeT H B NIAOMeHHOH o6na-
CTH BCerjia OXaoHBAIOTCA [{Be MPOefiie BONHH, pHyeM npK wi > wi(1+4?)
06e oHU GeryT BROroHKY rpaHiue. Bolee mogpoGHHE aHAIHD MOXHO HaHTH
8 (1, 3, 5].

OTMeTHM, YTO NOBHIIEHHE YaCTOTH SNEKTPOMATHHTHEIX BONH IIPH OTpa-
XeHHH OT ABHAKYyillerocd ppoHTa NNasMH (WIH SNEKTPOHHOIO CIyCTKa) Heof
HOKPaTHO NMOJTBePKAANOCh dKcnepuMenTaiblio. HanGonsmmnii sddext (6onee
5 pas Ha yacrorax nopgaxa 40 I'Tu) 6bUI JOCTHTHYT B HEMABHHX DKCHEpH-
mentax Y.xocu u ap. [5], B koTophx pemsTuBHCTCKHH (B — 1) QpoHT
HOHMJALHMK COB[IABATICS NPH NOMOLIM MOLIHOTO Ta3epPHOro MMIYNbCa.
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4. IPEOBPA3BOBAHHE CIIEKTPA BOJIH B CPEJIE C ILJIABHO
MEHAIOWMMHACAH TIAPAMETPAMHU

- TlepeiifieM Temeps X HPOTHBOMONOKHOMY CIYy4alo, KOT1a HapaMeTpPH Cpefsl
p(F,t) EBAKIOTCE MPOHSBONBHHIMH, HO IUIABHBIME QYHKLHEMH BpeMeHi H, BO-
o6ie roBoOpL, IPOCTPAHCTBEHHHX KOOPAMHAT. YIOGHEM H OBONLHO yHHBED-
CalbHHM MeTONOM aHAJIHBa NPH DTOM SBIIOTCE PABIHYHHeE MORHPHKALHE
npubnuxenus reoMerpuyeckoii onruxu [1-3]. Ilons mpescrasnsiorcs B Bufe
E = E(r, t)es, B = ﬁ(? t)e’” u T.1., rie aMIINTYQHEe MHOXHTenn E, B
- WraBHHe QYHKOMH, Tak ke Kak MPHOBEHHbe DHaYeHHS YacTOTH w(Ft) ¥
BOTHOBOTO BekTOPa E(F, t), BEIpaKasMue yepes o(F,t) Kak
(42
8t ’

Ilponenypa BHBORa ypaBHEHHH reOMeTPOONTHYECKOIO NPHONLIKEHHS CBO-
HAEUTCE K PpadlOKEeHHIO pelleHHs 1[0 CTelHeHEM Maljoro HapaMeTpa
x ~ |(wp)~1(8p/3t)| ~ |(wE)~Y(OE/8t)|, onnako unTepecyomme Hac BHeCh
BaKOHOMEPHOCTH Hpeo6pa3oBatii CIEKTPa BOIH MOXHO NOTYy4YUTh Gonee po-
cThM cmoco6oM. IlycTh HpH NOCTOSHHHX HapaMeTpax p JHCHEpPCHOHHOE
ypaBHeHHe HMeeT BHJ

w= E=-Ve. (15)

k? = wPn?(w, k,p), (16)
rjie BaBHCHMOCTb 1 OT W H k O3HaYaeT COOTBETCTBEHHO Y4eT BpeMeHHOH H
NPOCTPAHCTBEHHOH AMCIEPCHH, a TakXKe aHH3OTPOINHH; 9TO Xe YpaBHEHHe C
TOYHOCTHIO /IO NONPaBOK NOPEAKa X GyAeT CHPaBeNTUBO K NPY IIaBHOH BapH--
annn p = (7,t), w(F,t), k(7,t). Muddepennupys (16) no ¢ ¥ yuTHBag, 9TO
cornacuo (15) dk/t = —-Vw, HeTPYHHO nony'm'rb ypaBHeHHe IepeHOoCa i
w(F,t) [6, 1-3]:

dw 8 dnw ™! 9n dp
E'(E*T"V)“’“ (aw) ap ot . am)

rie # = dw/dk - rpynnoBas ckopocTh BoNH. AHANOTHYHO, B3fB NPOCTDAH-
CTBeHHHH rpajuerT oT (16), HMeeM
dE 8 -
#=(m )= (%) &
YpaBnennx (17 a, 6) osHavaioT, BO-IIEPBHX, YTO BOSMYIIEHHL
w(f,t), k(r, t) mepexoc4TCs B NPOCTPaHCTBe C IPYNNOBOH CEOPOCTHIO
t(w, k, p) CoorpercTByomas (17) xapakTepHCTHYeCcKad CHCTeMa ypaBHe-
Huil (di = @dt) onpenenger YeTHpexMepHHE (IpOCTPaHCTBEHHO-BpeMEeHHEE)
Ny4YH, ONHCHBAIOINNE SBOMIONHIO CTPYKTYPH BOIHOBOrO MoAf. B YacTHOCTH,
cornacuo (17a) HecTanHoHapHOCTH cpefH (Op/0t # 0) BHBHRAET BapHAIHIO
9aCTOTH Ji1f (PHKCHP OBaHHOTO FPYINOBOTO PPOHTA, & NPOCTPAHCTBEHHIE He-
opHopopHocTH (Vp # 0) — x BapHanusiM BOTHOBOTO BEXTOpPa k(r, t), B ToM
9qHCe — HCKPHBICHHAIO TPaeKkTOPHH IPYNHOBHX (POHTOB B HPOCTPAHCTBE.
IlpEMepH HETerpMpoBaHKs ypaBHeHni (17) 411 KOHKPETHHIX CyYaeB NpH-
BefieHH! B [1,3,6-8]; oneck MH orpaHMYEMcE gByMs npuMepamu. Tk, Ang He-
RECHeprupymomeil cpeisl HHTerpuposanue (17a) gaer

w(s,t) = woexp (-%l:»ds) (18)

-1
8nw) 8nv (176)
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(18) rpe ds = |iidt| — oneMeHT ANHHH BAONb TPYNNOBOH TPaeKTOPHH, KPH-
BONHHEHHI 'H HHTerpan Oepercd Mid (PUECHPOBaHHOrO rpynmnoeoro QpoHTa.
O1cwopa crenyer, 9To B obnactu 9n/6t < 0 NMPOMCXOTHT CXaTHe CHTHANA
BO BpPeMEHH, CONPOBOXJaoleecd NOBHUIEHHEM YacTOTH. BTopoi mprMep -
TuranMa ¢ koruenTpanneit N (t); ecm VN = 0, vacTHoe pewenne (176) MoxkHO
BoETH B BHJIe k = Fg = const, TOrfa W3 (13) cnenyer

wi(t) = k3 + wi(2). (19)

Cornacuo (19) B 061acTH ¢ pacTyuiell KOHIEHTpPalHeH NIadMH 1aCTOTa Bllek-
TPOMarHHTHHX BONH BOBpacTeT, H HaoGopor. PaccMaTpHBamEChH TakXe
BONHH B MarHHTOAKTHBHOH IIanMe, KOTJ|a HOMEHEHHe YaCTOTH MOXeT GHTh
BHOBaHO BapHaUWIMH kax N(t), Tak H BHeIIHero MarEMTHOro nons [7,8].

3ameTruM, 4TO cornacHo (17) HakannmBaloumleecs BO3MYIEHHE YaCTOTH
CATHa/la BOBMOXHO, eC/IH BOIHA napameTpa p(z — V) CHHXPOHHA C IPYINOBON
CKOpOCTBIO BONH #. B camom pene, ecnn p = p(€), ( = z — V¢, 10 pang cTa-
nHoHapHLIX BonH (w = w(()), s (172) cnexyer dw/d{ = p.[u(¢) — V]2, rne
P = Vw(8nw/8w) (dn/8p)(dp/d(), n npu u({) — V umeem dw/d{ — oo.
Ha »roM npHHUHNe 6HIN NpENIOKEHH NapaMeTPHYecKHe MONYILTOPH Ya-
CTOTH € Gerymieifl BONHON HakKa4yki, B TOM YHCIe B ONTHYECKOM [HalladoHe,
npH oToM "Hakayka” ocymecrsisnack CBY-ponnoii. B sakmouenue Takxe
OTMETHM, YTO CyHIECTBEHHOE BIMSHHE Ha SBONIOLHIO BONH B JHCIEPIHPYIO-
meil cpefie okashiBaeT d6QHQPeKT AUCIePCHOHHOH NeperpynnHPOBKH YaCTOTHO-
MOJlyTHPOBaHHHX BOJIH, CBS3aHHHH C BaBHCHMOCTBIO IPYIINOBOH CKOPOCTH H
OT YaCTOTH, HMelolell MecTo # npu p = const [1-3].

8. SQHEPTETHYIECKHE COOTHOIIEHNA 1 OCOBEHHOCTH
MATEPHAJIbHBIX YPABHEHUN

M HECTAUMOHAPHBIX CPE][l C AMCHHEPCHEN

Ilpx sagaBHBIX MAaTePHAILHHX yPAaBHEHAIX CPeIH HeTPYRHO HAHTH TakXke
aMINIHTYAH M APYyTHe dHepreTHYeCKKe XapakTepPHCTHKH BONH Kak JIf PESKHX
I'PaHHI, TaX H 14 [NIAaBHOTO H3MEeHEHHE NapaMeTpoOB. Ta.x, B4 HEeRHUCIEepTH-
PYIOIIEro JHANEKTPHKa C MATEPHATLHHMHE YpPaBHeHHIMN B BuJe (1) ma rpa-
HEYHHX ycnorsiit (8) npH |V| < u1 2 ¥ 0 = 0 crenyer

P2 = P1 Wy 202 we
=E, E, = =
o P2+leo ¢ Eon-H’xwo’

(20)

I'Jle IOMIEPOBCKHE MHOXHTENH W, /Wy, we/wg cooTBeTcTBYIOT (11). PaBencTna
(20) moxasHBalOT, YTO AMIVIHTYAH BOIH XOPPEIHPOBAHH C MX JaCTOTAaMH.
Bonee npoopavHoii 5Ta CBIGH CTAHOBHTCS, €CIIH NOJACYHTATH DHEPIHH BOIHO-
BEXx nmaxeToB (W;) ¢ yyeToM HOMeHeHHS HX nnn'rensnoc'ren cornacuo (12); B
pesyinbTaTe OKashBaeTcs (1, 3):

21a
wo W w (212)

T.e. HOIHOE YHCIO KBAHTOB NIPH pacnane\nanwméi BOJIHH Ha OTPAaXEHHYIO
H Ipomienumryyo CoXpaHfeTcs.

H.C. Crﬁenauoe © 631
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Aunanornunsii pacyer ausg "csepxcerosoro” caydas (|V| > |uyql), xo-
rfia OTPaKeHHOH BONHH HeT, HO HMEIOTCE JBe KPOoUiellliye BONHH, JaeT Kade-
CTBEHHO APYroli peayibTar:

—_ = — - (216)

T.e. YHCIO KBaHTOB 3JieCh NPH B3AHMONEHCTBHE BOTHH C IBHXKYIIEHCS FpaHH-
ueit yBennduBaercs (|Wy /wy > Wo/we).

Yro xacaeTcs NIRBHOTO HOMEHEHHS NapaMeTpPoOB, TO B NPHONIDKEHIN reo-
MeTDHYeCKOil ONTHKH, XOIjJa OTPajKeHHeM BOMH MOKHO NpeHeGpeds, B OTCYT-
CTBHe JXKOY/eBOH RMCCHUIAIMH YHCIO KBAHTOB B BOIHOBOM NakeTe OKasHBa-
eTcs HiuabaTHIECKMM MHBapHaHTOM [1-3):

- W)
w(t)

CooTHomexnte (22) nonesHo, B 4aCTHOCTH, T€M, YTO OHO NO3BONLET HaliTH
9HepreTHYecKHe XapakTEPHCTHKH BONH MO H3BECTHOMY BHAYEeHHIO ,4aCTOTH
w(t) 6es ONMONHHTENbHEX BHYUCIEHH. B 4acTHOCTH, NOBHILEHKE YaCTOTH
BCerjia CONPOBOXAAETCE YCHICHUEM, H Hao60pOT. '

Jing gucneprupyiounx cpex, B TOM YHClAe — INIa3MH, KapTHHa 6olee CIOK-
nHag. O6cynuM a1d nmpHMepa cnydaif ckaikoo6pdsHoro nosnimenus N(t) Bo
Bpemenn. Ilycte Ny =0, Tax 4to B (13) nmeem €3(wp) =1, €2(w) =
=1- w’ /w2 < 1; xoHxpeTHee, npu dToM k = const m corzacko (19)
w? = wd + 2, nooToMy (POpMalbHad NMOJCTAHOBKA B paBeHCTBa (3) Aaer:

= const. (22)

Ez &1 :
B ) 1+w > 1 ‘wpm w > wi. (23)

Ha oTOM OCHOBaHHMH NpENIaraloch HCIONL30BATD MIABMY C Guc'rpo pacTymei
KOHUeHTpalKel (B TOM YKCHe 3a CyeT HOHH3auMi) 1% 5PPeKTHBHOIO HOBH-
IIeHHS YaCTOTH DIEKTPOMAarHHTHHIX BOJNH C ONHOBPEMEHHHIM HX yCHICHHEM.
Ha camoM pene, 0jHaKO, DTOT BHBOJ HeBepeH, YTO ICHO yiKe H3 DHePreTH-
YeCKHX COOGpaXeHHil: eCclM B IBHAYIIEHCS IUIasMe ellle B NPHHUHLE MOKHO
ykasaTb HCTOYHHMK DHepruH (9TO KHHeTHYecKad DHeprus MOTOKa), TO IPOIece
HOHH3ALMH B OTIHHIHE OT (2) He CONPOROKAAETCE COBeplIeHHeM PabOTH Haf
noneM BOTHH. C MHCTO BNeXTPOAMHAMHYECKOH TO‘{KM SpeHMs OWIMGKa NpH
BHBOJle paBeRCTBa (23) sakmouaeTcd B TOM, YTO "KBadHCTalMOHapHOe” CO-
oTHomenne D(t) = goe(w)Eoe™t, rpe e(w) =1 — w?/w?, nenpaBoMepHO U NpH
t > 0, Xorja KOHIEHTPalHd NepecTaeT UIMEHIThCH. 3jech NPHHIHIHATbLHOM
ABISETCS HENOKAIBHOCTD CBISH BEKTOPa ﬁ(t) (Taxxe xak BekTOpa NONIPHIA-
unH P(t) = D—¢oE wnu "nonspusaiuonnoro” toxa J = §P/8t) co onaveniem
E(t) B TOT XK€ MOMEHT ¢; HHEIMH CJIOBaMH, B BHILENDHBENEHHOM NPHMepe Nois
"noMusT” 0 ckauke N(y) n nmpu ¢t > 0 1o 3aBeplueHHS peNaKCalHONHBIX MpO-
reccoB. B (peHOMEHONOrHYeCkoil TeOpIH MaTepHaIbHbeE YPaBHEHHS /IS CPeHl
€ BpeMeHHOH RHCHepCHell OGHYHO BaNUCHBAIOTCE B HHTETPATHHOM BHJeE:

Bt) = / &(t -t )E(t)dt, 7(t)= / et =t ) E(dt',  (24)

-00
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rie AnNf HeCTaUHOHapHOH cpenn snpa &(r,t), (r,t), rae r = t — t/, gBHO
BaBHCAT TAKXKe OT BpeMeHH t; Ierko NOKadaTh, YTO ONEPATOPH & M & CBIBaHH
cooTHoulcnieM (T, t) = d&/dr + 82/at [10].

B o6weum cnyuae gppa é(r,t) Rau 2(7,t) OAHOSHAYHO MOTYT GHTH HaHJEeHH
N¥IbL B paMKaX MHKPOTEOPHH C y4eTOM KOHKPeTHHIX (MOHUECKHX MeXaHH3-
MOB BapHallHH NAapaMeTPOB CPelH; CYLeCTBEHHO, YTO NPH OJHOM H TOM XKe
saxoHe HoMeHeRus N (¥,t) Tu oniepaTOpPH OXa3HRBAIOTCE PABHBIMH I/ ABUKY-
mieficd IIasMBl MK HOHHBALHOHHO-PEKOMGHHAIHOHHOTO MeXaHH3Ma BaDHAIHM
KOHUEHTPAIHH.

B nepsom cnyuae (npu oToM, KCTAaTK, B OTHHuHe OT (24) cymiecTBenna
TakKXe MPOCTPAHCTBEHHAS AHCIEPCHI) pacieTH NOKasHBAIOT, YTO B OTCYT-
CTBME CTONKHOBHTEILHOH RHCCHNALHM 9Heprus cooTHomenns (21 a,6) ans
peskux rpauun (cootsercTBerHo npu B < 1 ® f > 1), Takke Kak HHBa-
pHaHT (22) Ang NNABHOrO HOMEHEHH: KOHUEHTPalMH, COXpaHsIoT cuny [1-3, 7,
9, 10).

NpuseneM opiech ABHHE BHIPAXEHHS N4 & H & B CIyYae HOHHBALHOHHOTO
Mexanuama nomenerus N(7,t). llycts ON/0t = pi(F,t) 2 0, Tax wro N(t) =

f pi(f)di. Ms ypaBHenns npiKenns snextponos mdv/dt = eE — mv¥, rne

-0
v — opPexTHBHAZ YaCTOTa CTONKHOBEHHH, CIERYeT, YTO BICKTPOHH, POXKIEH-

Hele B MOMeNHT £, nipH ¢ > £ HMeloT CKOPOCT

#(t, 1) = %e“;‘ / e B(t)dt', (25)

2 HaBelleHHH NoJIeM TOoK Bcerja 6yner pasen
t
b - g
0 =c [ mdie . (26)
-0

Mloncrasnss (25) B (26) ¥ MHTerpHpPys MO JacTIM, YYATHBaL, 4TO U(¢, 1) = 0
npu t = f u N(t) — O npr ¢t — —oo, HeTpyRHO npxBecTH (26) k BHAY (24) c
anpamy [3,10):

’(t 7)

202D e =

PaxTHYeckH A1 CkatkooGpasHoro pocra N (t) oTciona BMecTo (23) cie-
LyeT HempepmBHOCTD oHavennit E(t) u 8E/8t, a BhcoKoOYacTOTHaZ dHEprHE
yMeHbUIaeTCH HAMONOBHHY (NONOBHHA e MePEXOfHT B KHHETHYECKYIO SHEPrHIO
NOCTYNaTelbHOTO IBH)XKeHHS BHOBb 06pasyeMEIX 21eKTPOHOB H CO3JaBacMOro
TpH BTOM CTaTHYECKOTO MarHHTHOro nong [3,10]. Yo xacaeTcs ABMXymHXCH
C KOHEeYHOH CKOPOCTbIO POHTOB HOHMBALMH, TO 3hech IpH ¥ — 0 BMecTo (21
a,6) COOTBETCTBEHHO HMEIOT MECTO COOTHOMIEHHS

Wowo = W + Wow; (B< 1), Wowo = Wywn — Wegwea (8> 1), (28)

é(rit) = 2" Va-e. (@)

a IIPH NIaBHHIX BapHALULX

W (t)w(t) = const. (29)
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M5 (28) u (29) creryer, YTo MoNHasg BIEKTPOMArHHTHAL DHEPrHE BO BCEX CIIy-
4agx y6HBaeT. B sakmoueHne OTMETHM, 4TO B INTEPAType PaCcCMATPHBAIHCDH
H Gonee obuHe COyYaH, KOrfia ONHOBPEMEHHO HAYT NPOLECCH HOHUBALWH X
pexombrHanwK [10], MarnuTOoakTHBHONK NnasMH (7,8, ocobenHocTH Npeo6pa-
BOBaHHE MPOJOIbHHX (MTasMeHHBIX) BoaH [11] u T.4. Teu me menee, pan
HHTEPECHHX BONPOCOB XAET CBOHX-HCCAEfOBaTeNeH.
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9P PEKT JOIIITEPA U ABEPPAITUOHHBIE S®PEKTHI
B IUCIIEPI'HPYIONIEN CPEJE

FO.M.Copoxun

SBnsgcy MO CymeCTBY YHCTO KMHeMaTHYeckHM, adpexr [fonnepa nMeeT
MecTo JIf cHcTeM Tobolt (PUoHYeckol NPHPORAH K BAKMOYaeTCi B HoMeHe-
HHH 4aCTOTH HEKOTOPOro NEepHONHYECKOro Npoiecca, HabloaaeMoro B ABYX
PasIMYHHX HHEPUHAIbHHX CHCTeMaX oTcyeTa. Kak McTOpHYeckH mepBoe Ha-
6moienue [1], Tak M XHOHEHHBIH ONHIT acCOUMUPYIOT STOT 3PdpexT ¢ aky-
CTHYEeCKHMH BONHaMH. B TO e BpeMf TecHO CBZ3aHHHH ¢ HUMU BPPerT
HOMEHEeHHS OPUEHTALMH Iyqa HIH BOMHOBOrO BeXTopa (pelnITHBHCTCKUN abep-
pauMOHHHH BPQEKT) TPANKUHOHHO ACCOUHKPYETCH € ONTHYECKHMH BONHAMH
B BakyyMe [2-4]. MeHee 3BeCTHH 3aKOHOMEPHOCTH YKaBaHHHX 3(PPexToB B
BHCHEeprHpyIOIKX cpejax, rae o6a spexTa HACTONLKO TECHO CBIBAHH, ITO
MOTYT 6HTh IOHATHH JHUIL IIPH COBMeCTHOM aHankae. Takxo ananns nug cny-
9ag BIEKTPOMAlrHUTHHX BOIH B CIUIOUIHOH OJHOPOJHOH Cpelie H NIpefnaraeTcs
HEXe BallleMy BHHMAaHHIO.

1. OCHOBHBIE ®OPMYIJIbI 1 9PPEKTH

IlycThb cucTeMa oTcyeTa K cBE3aHa €O cpeloil, HMeloLIell okasaTelnb Npe-
nomnenxs n(w,d,¢), a cicrema K' JBHXeTCE OTHOCHTENbHO BTON CPelH €O
cxopocTeio V. Torjja Ho HHBADHAHTHOCTH (PadH NOKAIBHO IIIOCKOH MOHOXPO-
MaTRYeCKOil BOIHH B HEKOTOPOH MHDOBOH TOYKe HMeeM

’

w =7w[l-pn(w,0,p)cosb], (1a)
wn'(w,0,¢)sinb =wn(w,b,p)sind, (2)
wn'(W,0,¢) cosb =y[wn(w,8,p) cosb - fw}, (3)

¢ =9 B=V/, 7=(1-p"

3necs n'(w’,8',¢') - HOKasaTeNs MpeNOMICHHT CPEAi B CHCTeMe K R
6' - yram Mexay CKOPOCTHIO V u BonHOBHMH BEKTOpaMHE Euks i@ H @ — aoH-
MyTambEHe yriH B cucreMax K u K' cooTpercraenno. CooTHomeHHe (1a),
CBIBHBalOlllee JACTOTH TIOCKOH BONHH [IS ABYX HabmonaTeNneH, IBHXYIIHXCE
EPYT OTHOCHTEILHO JpYra, HpeacTasigeT cobok popmyny Hommepa B cayvae
AHHBOTPONHOH Cpelhl ¢ BpEMEeHHOH AHCNepCHeH.

Caaob Mexqy yrnamu 0 u 8 (GopMyny mng abeppanuit) nerko MOTy4HTS,
paspnenus (2) Ha (3):

n(w, 6, p) sind

! a1
tga =7 n(w,ey(f’) cos&-—ﬂ'

(42)
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PasyMmeeTcs. B COOTBETCTBHE C HPHHLUHKIOM OTHOCHTETHLHOCTH POPMYIH
(1a) - (4a) nomyckaiT 3aMeHy Bcex HITPHXOBaHHBIX BeTHYMH Ha HEel'TPHXOBAH-
Hble, 3 HEUITPHXOBAHHEIX — Ha IUTPHXOBaHHEIE C ORHOBPEMEHHHM HoMeHeHHeM
oHaxa B (oTy omepauuio GyneM ganee o6osmauaTh (K — K')).

Ecau B cucreme K oajai ABHXYIIHICE CO CROPOCTHIO V MOHOXpOMaTHYe-
CKHil HCTOYHHK H CHCTeMa oTcyeta K cBgoana c HEM, To Qopmyna Jomepa
(1a) mosBoNfeT HAXOGHTH YACTOTY W KBaBHMOHOXPOMATHYECKMX BONH, NMPH-
HEMaeMHX HOJ Pa3HHIMH yriaMH 0, MOKOLNMMCI OTHOCHTENBLHO CPelH Hablio-
nareneM Bo QpayHrodepoBoil soHe ucTounHKa. Ilockonbky B PopMyny (la)
BXOJHT MOKadaTelb NpeloMueHus cpeini n{w, b, p), caM saBucaupii, Boobute
TOBOPH, OT JOINIEPOBCKOMH YaCTOTH W K yria HabmofeHus ¢, cooTHomerxe (1a)
I8 QHCHEPTHPYIOIIMX Cpel IpeacTanngeT coboil 1o CylecTBY HEKOTOpPOe He-
IHHeHHOe ypaBHEHHe OTHOCHTEIBHO YacTOTH w. JlooToMy nmpu 8 = const aTo
YPaBHEHHE MOXeT HMeTh HeCKONbKO PaBIHYHLIX KOPHEH W, COOTBETCTBYIOIHX
OJHOMY H TOMY Xe DHaueHHIo w . B nocienneM ciyuae, Clelys TepMHHONOTHH
pabor [5,6], roBopsaT o cnoxroM sdppekTe Jlonnepa Ji1s MOHOXPOMATHIEChOrO
HCTOYHHKA, ABHXYIerocs B mpenoMigiomeii cpege. OpnHako ¢opmyrna (la)
caMa 1o cebe ellie He NO3BONEET BHACHHTD HY (PUBHYECKYIO IPHPORY CIOKHOTO
adpexra [onnepa, HE yCIOBHSE ero HabMOJEHHE, IOCKONBKY YIOl HaGIIOAeHHE
6 spech He SBIIETCE HEBABHCHMOH BEIHYMHOI, a onpeflenseTcs Gopmynoi (4a).

Jing BHISCHEHHS DTHX BOIPOCOB HeOOXOMHMO O6PATHTHCE K HCCIEHOBAHHIO
¢opmynH (4a), omuCHBalOLIel PeNSTHBHCTCKHE abeppalii BOIHOBHIX (poH-
TOB NIpH mepexofie B3 cucTemu K B cuctemy orciera K. Eciu momoxpoma-
THYeCKMH HCTOYHHK moxouTct B K ', 6onee ypo6Hoili oxasHBaeTcs Popmyna

n'(w',ﬂ',lp') siné’

nl(wt’ 0’,?’) cosel + ﬂ, (46)

tgd =471

nomyvalonrascs #s (4a) B pesynbraTe onepanuk K — K ‘.

Yxe us (46) BHAHO, YTO B HpeloOMIfIOMEH cpese MHTEpBAT HOMEHEHHI
yraa  MoxeT okasaTbct Gonee YOKXHM, ey yrya ¢'. HeiicTBETEIbEO, eCiIH
B > |n cos'| pns BCYBOBMOXHBIX ¢, go,' TO yron § npuxofia BOAHH B CH-
creme K He MOXeT IpeBHINATh HEKOTOPDOTO MaKCHMAIBLHOTO BHadeHHS Ompay.
IpyraMH clioBaMH, IPOCTPaHCTBEHHHH CIEKTP K3NY4eHH IPOU3BONLHOTO HC-
TOYHHKA OKaBHBAETCd OrpaHHYeHHHM B K KOHYCOM OCTpPHIX YIIOB, OPHUEHTH-
POBAHHHIM BHONb HANPABICHHS [BHXKEHHL.

Kax croxuuii sdpdexr Homnepa, Tak H 5(xpeXT OrpaHMIeHAd MPOCTPaH-
CTBEHHOrO CIeKTpa B cEcTeMe K HaxoldT ecTecTBeHHOe O6biCHEHHE, €CIH
BaBHCHMOCTD 0(0’) HMeeT DECTPeMyM IIpH w = const [7]. Ilpu aTom jus yrios
6’ Moxer HMeTh MecTO a(pPeKT B OIpee/eHHON Mepe aHATOTHYHHHT aq)q)eny
Ilonnepa giIf 9aCTOT w: ABe INIOCKUX BOIHH C onnon H TOi e JacTOToN w ,
HCHyIUeHHKe B K' non PasSHHMH yriaMH 01 H 0, X HaIpaBIeHHIO ABHXKEHHS,
MoryT 6HTH NpHEASTH B K mop ofnuM K TeM Xe yrinoM 8. Cnenys [7], B aToM
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cydae 6vieM TOBOPHTb O CIOXHOM abeppannonnoM addexte (puc.1).

4

-7

i

A

4 I

| i

Lo

|

: | |

1 l' 1 1

0 Y bt sV

Puc. 1:

Mo ckasaHHOro OYEBHAHO, YTO HAIHIHE CIOXHOrO afeppalHOHHOTrO o¢-
(dexTa EBNgETCH JOCTATOYHHM YCIOBHeM IOSBIeHH: cioxHoro sPdexra Ho-
nnepa. HejlicTBUTENBHO, NIOCKHE BOJHA, COOTBETCTBYIOULHE PAdHEIM YIiaM
01 H 03 ¥ uMelouHe B cucreMe K OJHY H Ty Xe YacTOTy w , IpHOGDETYT
cornacHo gopumyne

w=qw(1+8n(Ww,0,p)cos8) (16)

PasHHH fAonnepoBCKHi cABHT B K, 9T0 ¥ GyfleT HHTEPIPETHPOBAHO KAK CIIONK-
BHit odexT [Jomnepa.

BuscHenne aGeppallHOHHOM IPEpPOAH cioxHoro sddekta Jomnepa [7] no-
KasHBaeT, YTO YCIOBHS NPOIBIEHHUE NOCIENIHEro ONpe/leNFloTCH He TOMBKO IHC-
IePCHOHHHIMH XapaKTePHCTHKAMH CPell, KaK 9TO HeSBHO IPENNONaraioch B
paborax [8,9], HO CymeCTBeHHHM 06pa30OM 3aBHCHT OT NPOCTPAHCTBEHHOIO
CHeXTPa H3IyYeHHS HUCTOYHHMKA, a CaMa IIOCTAHOBKa 3ajayM MMeeT CMBICI
IHIUb JIS ONpEReNeHHOrO MHTepBala yrioB HabmiofeHus 6. Buusuue npo-
CTPAHCTBEHHOTO CNEeKTPa MBIy4YeHHS HCTOYHHKA CTAHOBHTCI 0COGEHHO Ha-
IISHEM, eCIH y4ecTb, YTO Ald BaJaHHOH (PODMH [NHCIEPCHOHHOH KPHBOH,
Jonmyckalomei B cooTBeTCTBHE C (la) Hanudme cnoxHoro addexra Jomnepa,
BaBHCHMOCTH w(f) MoxeT GHTH CAelaHa ONHOBHAYHOM, €CIH JHAarpaMMa Ha-
IPaBIeHHOCTH Moly4eHHs B K OTIMYHA OT HyIf NHIIb B TOM HHTepBalle
yrios, rie saBrcHMocTh 8(8') ocTaeTcs MomoTOHNOI (cM.pHC.1). *

Ecnu anusorponHoii spaseTcs cpefia B cucreMe K, TO NIOHITHE CIIOXHOTO
spdexta lomiepa HyknaeTcs B HEKOTOPOM yTouHeHHH. MMemmo, cienyet
paBIMvaTh PACCMOTPEHHHH BHIlle CIOKHHH apdexT onnepa 1o BOTHOBOMY
BekTOpy K If CHOXHHIK opEKT N0 Ny4y, T.e. N0 BeKTOPY IPYIIOBOl CKOPOCTH
(nocnennuit 06¢cyxpaancs, HanpuMep, B paboTax [9-11]).

AHanns abeppallMOHHNX 0COGEHHOCTEN, CBABAHHKIX €O CIOXHHM 5ddexk-
ToM [lomnepa 1o ny4y, B IHTEpaType JO HACTOLIErO BpeMEHH He IPOBORUICK.

*Ctporo rosops, Taxoe NpeAnonoXenHe HealekBATHO CBOHCTBAM PeATBHHIX HaNyYaTeleH,
OfiHAXO C YY€TOM KOHEYHON MYBCTBHTEIBHOCTH NPHEMHOK CHCTEME H HAIRYHA HOMEX MOXET
6HITH BNOAHE ONPaBRAHHLIM.
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2. CJO>KHBIN DPDEKT HOIJIEPA H CJIOXKHBIN
ABEPPAIIMOHHBIA SPPEKT B UBOTPOITHON NJIA3ME

OTMe4eHHRE BHIIe OCOGEHHOCTH DEISTHBHCTCEOrO Npeo6pasoBaHus Ya-
CTOTHOrO H YIJIOBOIO CHEKTPOB JBHXXYUIETOCS MIIy4YaTeldd DACCMOTPHM Te-
nepb Gollee HOXPOGHO Ha HpHMepe HSOTPONHOH INasMH, I'ie B IpeHebpe-
JKEHHH NMPOCTPaHCTBEHHOR RHCIEPCHedl H JBHXXEHHEM HOHOB NUCNEPCHOHHOE
YpaBHeHHe [jIif BHICOKOYAaCTOTHHIX NONEePeYHHX BOMH OKal3HBAETCA BeCbMa
HpPOCTHIM,

e Y (5)

H BMeCTe C TeM JIONycKaeT cymmecTBoBarHe cioxHoro sdderra Jomnepa.
3lech wp — MIaBMeHHad JacToTa, onpenenxeua.s KOHIeHTPalHeH BIeKTPOHOB
N., a Takxe HX Maccoit H napgioM: w? = 4x e? N./m.

HucnepcHoHHoe ypaBHeHMe BHOa (5) NPHBIEKATENbHO IS HCCICHOBaHHS
ele H TeM, YTO €ro BUJ| PeNETHBHCTCKH HHBapHaHTeH. TakuM o6pasoM, 31ech
B HamGonee gBHOH popMe MposBIZeTcE abeppauuoOHHas NPHPORA CIOXKHOTO
spPexra Jlomepa: 6es mpuBleYeHHS aNNapaTa PENSTUBHCTCKHX abeppauui
Hanmu4Hue cloxHoro odpexTa lommepa cienoBano 6K MHTEPIPETHPOBATH KaK
nosBiIeHHe HOBHX BOIH (0TCYyTCTBYOMWMX B K ') B cucTeMe oTcieTa K, cBasaH-
HOH C HabIIONaTeneM, YTO NPOTHBOPEYHT HHBADHAHTHOCTH AMCIEPCHOHHOTO
ypaBHenus (5). Jug ananuoa xe abeppallHOHHHX 3aKOHOMEPHOCTEH BaXHYIO
pOIb HTPaeT TO 06CTOSTENbCTBO, YTO abeppalluu cornacHo (4) onpenengiorcs
napameTpoM f/n(w) 1 B Mofienu (5) MOryT 6HTH SHAYHTEIbHKIMH AaXe IpH
Maihix §.

JIng BHECHEHHS NOTHOH XapTHHH CIIeKTPa HOMy4YeHHS [BHXYIIErocs MORO-
XPOMATHYECKOrO, B CONPOBOXAAIOLIEH CHCTEME OTCYeTa, HCTOYHHKA CIEfyeT
Opexfje BCEro HCCIENOBATh (PyHKIHY O(w', 0') H w(w',O') [7], Tax xax uMeHHO
w',6' IBNFIOTCE mepeMeHHHIMH B paccMaTpHBaeMoil safaye. * B mmockocTH
nepeMeHHHX (w ,w) ONTy4aeM KapTHHY, H306PaXeHHYIO Ha PHC.2a.

Bce xpuBnie B 06ueii Touke N (w,, Ywp) EMEIOT BEPTHXAIBHYIO KacaTelb-
HYIO, ypaBHeHHe aCHMIJIOT w = Jw (14 B cos 8') mmeet BHA (I)opuyzm Homnepa
B Bakyyme. Kaxpmas nnaBHag xpusa.x w(w ) cocTonT Ha ABYX ‘yacTeit, co0T-
Bercrylomux yrmaM 8 u x — 6. Tpagur Qymkmus w(w') Qnf pasiIHYHHX
sHaYeHHHl yria HabmiofeHHd § Nerxo mOIYYHTh, NPUMEHES K OGO3HAYEHHEIM
Ha puc.2a BenniHHaM onepanmio K < K'. HlocTpoenHoe TakuM 06pasom ce-

" MelicTBO rpapukoB H306paxkeHo Ha PHC.26, OTKy[ia, B YaCTHOCTH, BHAHO, YTO
B MHTepBalle YacTOT wp < W < 7 Wp DABHCAMOCTb w(#) AIL OCTPHIX yrioB &
neiCTBHTENbHO IBNgeTCE NBysHauHOH (cnoxumi sddexr Homnepa) (7, 12,13].

*AHalIHO OHOM IMIUL 3ABHCHMOCTH u(w',B), xax 9TO cenaHo B paborax [5, 6, 8-10, 12,
13] paer cbeuouenonéru'lecxyn xapTHRY cnoxxoro sddexta [onnepa. Ero aSeppanuonsnas
HNPHPOR2 K 0COGEHHOCTH, CBA3aHHNE C H3IMEHERHEM YIIOBOLO COEKTPa HCTOYHHEKA, OCTAIOTCE
HPH 3TOM BHE NIOIf 3PEHHSK.
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Puc. 2:

dursHveckad NPHPOJa OCHOBHHX dPPekTOB, CBI3aHHKIX C PeNITHBHCTCKHM
npeo6pasoBaHHeM CNEKTPa HBIy4YeHHs ABHXKYIIErocs  MOHOXPOMATHYeCKoro
HCTOMHHMKa BHicHZeTcs [7] npu paccMoTpenun pabicuMocTH 8(w',6'), Hao-
6pa>xem{ou Ha pHc.3, OTKYJia BHJHO, TO HOIyIeHHe axe HIOTPOIHOrO B CH-
creme K' ucTounmKa ¢ w' < 7w, MOKET HAGMONATHCS THAIb B ONpEeleHHOM
HHTepBalle OCTPHX YIIOB.

Puc. 3:
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MakcrManbHOE 3HAYEHHE yriia npHeMa paBHO:

1
w2\ ¥ /4202 - ]
Omaz = arctg 1-—-—% 7 ,29—-1 . (6)
w w

Ilo oTHOwennIo X xopowo uspecTHoMy B CTO appexry "dapu” B BakyyMe
[2-4] cry4ait mrasMBl HMeeT No kpaiiHeil Mepe TPH OCHOBHHIX OTNHYHL:

1) spPexT "hapu” MoxeT G6HTH CHIBLHO BHpPaXeH Aaxe npu B << 1, ecan
w' 61HOKO K Wp; -

2) MoI[HOCTD, HBIy4aeMas B 3ajHiol nomycdepy (TOTHee B KOHYC
0 > Omaz), IPE W' < 7 Wy B TOYHOCTH PABHA HYIIO, TOTiA Kak B BaKyyMe OHa
uMeeT NOpEAOK [3,4]

PO (1o gy oy

3) imarpaMMa HaIpaRIeHHOCTH HaoTponHoro B K manmydarens B Baxyyme
B cHCTeMe OoTc4YeTa K #BIfeTcE MOHOTOHHO cnajampouiel QyHKuved yria; B
ITasMe Xe IpH w < v Wp, KaK MOXHO NOHATh H3 PHC.3, DTO 3aBeNOMO He Tak,
HOCKONBKY B YSKHH KOHYC BOIHSH Yria 6 = O,,,, NOCTYNaeT H3-8a abeppauuit
6onbilee KONHYECTBO H3NYYaeMOH SHEpruH.

HuTepecHo OTMETHTH, YTO MpPH BHIIONHEHHH YCIOBHH JIf CIOXHOTO (-
(dekTa [Jomnepa MOXeT IPOUCXONHUTH He TONBKO CyKeHHe, HO H CylLIeCTBeHHOe

yIIHpEeHHe fHarpaMMH HalpaBIeHHOCTH g HabmonaTrend B K. 3'1‘0'1' spexT
MoxeT GHTb BaMEeTHHM [JIf OCTPOHANpPABIEHHHX (B CHCTeMe K ) oIy YaTe-
neif, pabOTAIONHX B KOHEYHOH IONOCE YaCTOT, cOfepKalliell TOYRY w = 7 Wp.
,Heuc'mnfrenwo, KaK BHAHO H3 pHC. 3, mIockas BonHa, HcnyllenHas B K mop
yriom 8’ ~ x Ha wacToTe w < 7 wp, GymeT mpuHATa mop yrioM 6 =~ 0, a
Takad Xe BOIHA Ha 9acTOTe w > 4 wp — 1o yriioM @ =~ x. J[IpyruMu croBaMu,
OpHEHTHPOBaHHAS HAa3a]l y3Kas AHArpaMMa HANPABIEHHOCTH HOCTATOYHO IHIH-
POKONONOCHOTO HCTOMHHKa MOXeT He TONbKO YHIMPUThcA B K, HO M NPHHATH
8lleCk Ka4eCTBEHHO HOBHIH BUJ[: B 3aBHCMMOCTH OT TOTO, BOIHMBH KaXOr0 KOHIa
TO/OCH MBIYYaeMHBIX YaCTOT Aw NeXHT TOYKa Ywp, B JHArpaMMe HalpaBleH-
HocTH B K MoxeT mogBHTHCE Gollee HIM MeHee BHpaXeHHHH MepelHMH Nelre-
CTOK.

3. PEIATHBHGTCKOE IIPEOBPA30BAHUE AUATPAMMEI
HAIIPABJIEHHOCTH

Ionpsyscs nonydyeHHnMH BHule popMyrnamu (la), (4a), MOXHO MBYHHTH
f14) o61une 3axoHOMEPHOCTH PENFTHBHCTCKOrO NPe06Pa3OBaHHE HHTEHCHBHO-
CTH B aHHOOTPONHON NUCIEPrUpYyollell cpejie Kak Jid LIHPOKOMIONOCHOTO, TaX
H [l MOHOXPOMATHYeCKOro B CONPOBOXJAIONIed CHCTeMe OTCYeTa K' ucros-
HEKa. 37lechb AIf KPaTKOCTH OCTaHOBHMCE Ha NOCTeTHeM caysae. Murencus-
HocTh (6, ) onpenenny o6LIENPHHITHM 06pasoM:

dE = (8, ¢)dQ dt, (7)

rie dE — monHas oHeprus, HoNyJaeMad BHYTPH TenecHoro yria dfl sa BpeMs

dt. AHalOrH4HOe PaBEeHCTBO [JIf IITPHXOBAHHHIX BeIHYHH ONpefendeT HHTEH-
! ! 7 ’

cuBHOCTD S (8,9 ) B cucreme K . IlepecunTniBas Bxopsmue B (7) BETHTHHE
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U ~
IPH YCIOBHE w = const [14], MOXKHO NONYYHTH CliefyIOHA 3aKOH Ipeo6paso-
BaHH4 HH 1eHCHBHOCTH:

g = Snyt R':(H n,ﬂ) X
x|F(w,8;8)(1 - ﬁncos@)"l[l ﬂcosO—-—(nw)]"], (8)

rge
F(w,0;8)=[1-8 cosﬂb%(nw)][n’-ﬂ b%(n sin 0)] - B%w sm0§—— 5 —(ncosé),

R(8;n,B) = (ncosf — B)* + (1 — B*)n?sin? 4.

B vacTHOM ciyvae BakyyMa uo (8) cienyer uoBectHat [3,4] popmyna & =
= 8'7“(1 — Bcos8)~3. IlopuepkueM, YTO BHYHCICHHE XapaKTEPHCTHK KOH-
KpeTHOTro Haly4yaTeld B cHcTeMe oTcyeTa K mpefcTaBnser coboii caMocTo-
aTenbHyIo sagady. Hac e celivac HHTepecyioT nHiub opPexTH, CBEIBaHHbE
C OTHOCHTENBHHM JBHXKEHHeM HablofjaTens M McTovHuka. [lns BmpgeneHus
yKasaHHHX o(pPeKTOB B CIyYae MOHOXpoMaTHueckoro B K' womyuaTens ue-
1ecoo6pasHO BBeCTH (YHKIHIO PEILTHBHCTCKOTO Npeo6pasoBaHHd HETEHCHB-
HOCTH

$(9)
S'[6'(0)]
H PAacCMOTpeTh CBOHCTBA oTol PpyHrunn. Dynxnuio G(0) MoXHO HHTEpNIPETH-
POBaTh, OYEBHIHO, KaX HEHOPMHPOBAHHYIO JHArPaMMY HaNpaBIeHHOCTH H30-
TponHoro B K' MOHOXpOMATHYECKOrO HCTOMHHKA.
Kak BugHo uo Qopmynn (8), PysEnus npeo6pasoBaHHs WHTEHCHBHOCTH

G(8) nMeeT 0cOGEHHOCTD IPH BHIIONHEHHH OJHOIO HO ClIEAYIOIUX TPeX ycio-
BHH:

G(o) =

1-pBncosf =0, (9)
R(6;n,B) =0, (10)
1 - Bcos 0-5%(11«:) =0. (11)

CooTrouerHe (9) HMeeT BUJl YePEHKOBCKOTO YCIOBHS ¥ NIpH w' # 0, w < 00
cornacHo (1a) BHNONHATHCA He MOXeT. BunonHenune cootHomenus (10) coor-
BeTCTBYeT ocoboMy cnyvaio 8 = 0, n(w 8,¢) = B,n’ =0, xorga co6cTBeHHNE
xone6annsg cpennl B cucteMe K' ¢ & = 0 nepeHocsT XOReWHYID SHEPIHIO BAOTH )
HanmpasneHHs § = 0 c Toyku SpeHus HaGmogaTens B K.

Yenosue (11) ecTb ycuoBse Ha IPYNNOBYIO CKOPOETh t PacHpPOCTPaHAIO-
HIHXCH BOMH: '

ucos(tp—0) =Vecosh, o= (17:17). (12)

IIpyrHMH COBaMH, PACXOJHMOCTH (DYHKIHH NPO6PABOBaHNS EHTEHCHBHOCTH
BOGHHEaET TOIJ|a, KOTfia BIOTb HEKOTOPOrO HANpaBIeHH: k BONHOBag dHeprud
H HONYy9alOMIHH ee HCTOYHHK [BHXYTCE C ONMHAaKOBOH ckopocTh. C apyrok
CTOPOHH, H3 a6eppPalHOHHHX COOGpa)KeHHH ICHO, YTO PACXONHMOCTb QyHK+
nur G(0), cooTBeTcTBYOUaI BHIONHEHAIO ycnoBus (11) MoXeT BOSHHKHYTH
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b TOR yrioM § = fpay. B aTOM caydae npeo6pasoBaHHBIH B CHCTEMY
orcyera K sneMenT Tenecnoro yria d{} sBnseTca HeckoHeYHO Maloil Golnee
BHICOKOTO TIOpSQKa Ho cpaBHenuio ¢ dfY’. I'py6o rosops, LelHi makeT mioc-
KHX BONH, HcOyleHHEX B K' B61uou HexoToporo yria 6’ TpancopMHUpYeTCE
BCIEACTBHE abeppalluii B eHHCTBEHHYIO HIOCKYIO BONHY € @ = 0.y B CHCTEME
orcyera K. Kak u ciefyeT oXugaTh, 0CO6EHHOCTH 9TOrO THIA — HHTETPUPY-
eMad. .

Kak Bugno u3 pHC.1, npH 8 < fp5x AOTKEH HaGNIORATHCE CHOXHHIH 2QQexT
Honnepa. Takum o6pasoM, xonyc ocobennocts Gynxuuyu G(0) orpannuuBaeT
o6nacTh onpefenenns cioxHoro addexra Jonnepa, rae pyuxuus G(8) gomxua
6HTH [BYSHAaYHOH.

4. IPUMEP. HCTOYHHUK B U3OTPOIHOM NMNA3SME

Bonee geranbHoe HCclefoBaHHe MOTYYeHHBIX BHle o6umx GopMyn pens-
THBHCTCKOTO NPeo6panoBanisi HHTEHCHBHOCTH MH NPHBEJeM HIEXe Ha IpH-
Mepe MOHOXPOMaTHYeCKOro HCTOYHHKa B HOOTPONHOH miasMe [14], uTo mo-
BBONZET B JOCTaTOYHO NMPOCTOM H B TO Xe BPeMi PealbHOM IPHGTHXKeHHH
ydecTb BIHSHHe GHCIepcHH cpenn. Ilomaras n’ = (1 ~w:/w'2)‘/ 2 us (8), (1a)
HMeeM cleflyiolliee BHpaXKeHHe Anf (PyHKUHH NMpeo6pasoBaHHE HHTEHCHBHO-
cTH:

2\ -}

GO;w',B) = 74(1-B%cos?8) 3¢ {1~ 3,% .
w
- (1% Bgcosb) (Bcosh + g)?, (13)

rae ¢ = [1 - y2w2(1 - g2 cos? 8)/w'2]1/2‘

Ha puc.4a nocrpoeHo cemeiicTo rpaduxos Qpyuxuu G(8) npu 8 = const
[ PAasIHYHHX YacTOT w > YWp.

KayecTsenno ¢pynxuus npeo6pasoBaHus HMeeT 31eCh TOT Xe BHI, YTO
H B BaKyyMe; IO Mepe MOHIDKEHHS YaCTOTH « YBeTMYHBAETCH IHINb NOTL
SHeprHH, H3JyYaeMoil B HalpaBleHHH Bliepel.

AHAJOTHYHOE CeMeACTBO IPapHKOB s ciyyas w < Ywp MOCTPOEHO B NO-
NEPHHX XOOpAUHaTaX Ha puc.46. [BysHaynocTs Qynxuun G(w) opu
0 < Opax cooTBeTCTBYET COXHOMY QdexTy Honnepa. Ha o6Gpasyrommx xo-
Hyca @ = Omex MOKBIFIOTCE CBOCOGPAnHHIe "yCH” UONyYeHHd, I'fle HHTEHCHB-
HOCTH B PACCMaTPHBAEMOM NpHOGIHKeHUH GeckoHeyHa. B peanbHRX cucTeMax
Tako# 0COGEHHOCTH, pasyMeeTcd, He BOSHHKAeT B NMEPBYIO OYepelNb H3-3a KO-
HeYHOH IMMPUHH NONOCH H3Ty4yaTend. KpoMe Toro, NpHHIMNIHAIBHBIM OKa3H-
BaeTCd ycpejHAolllee NefCTBHEe JHATPAMMK NPHEMHHKa: B M060# KOHEYHHIH
yron usiydaeTcs KOHeYHad Heprus. llpeoGpasoBaHue ClleKTpalbHOM IUIOT-
HOCTH MHTEHCHBHOCTH LIHPOKONOIOCHOIO HCTOYHHKA B TOMH JKe MOJEIH Cpelh
nogpo6Ho o6cyxnaeTcs B [14].

Jlng paccMOTpeHNOro BHIIe CIYYas H30TPONHON MIA3MH CIOKHEI odderT
Jonnepa mogensercsd IHIIb B NepeHel nonycdepe i uMeeT 37eCh HOPIROK He
BHle BTOPOro. B MarHMTOakTHBHOM NIa3Me BOBMOXEH CIOXKHHIN dddekT

642 . I0.M.Copoxux



Tou XXXVIN 7 Hse. BY306 PAJHOPH3HKA 1993

Jlonnepa B saguiol monycepy [15], a mopspox cnoxnoro adppexta onnepa B
nepepHIolo nonycdhepy MoxeT 6HThH Bhille Broporo [11,15).

412(105‘) R

)

Push

Puc. 4:

5. CPEJIA C IIPOCTPAHCTBEHHON NHCNEPCHUEN. U3IIYYEHUE
PEJISITHBHCTCKOTIO AUIIOJA B TEILJION MJIIABME

Ilng onpejgesieHus NPOCTPAHCTBEHHOrO H BPEMEHHOTO CNEKTPOB PeanbHHIX
HCTOYHMKOB B NaGopaTopHOH cucTeMe K Heo6xoiHMO, NOMKMO (PyHEIUH pe-
NZTHBHCTCKOrO Ipeo6panoBaHHE MHTEHCHBHOCTH, BHATh JHarpaMMy Hallpa-
BICHHOCTH HCTOYHMKA B coMpoBoxpaaiomeii cucreme K . IIpn aToM B cBs3H ¢
abeppalHOHHON NpHPONOH croxHoro sddexra Jonnepa BosHUKaeT N0 Xpak-
Hell Mepe iBa Ka4eCTBEeHHHX BONPOCa: 1) NPHBOAUT MM OCO6EHHOCTD QYHKLHK
nepecyeTta K ‘HabmiofaeMuM 3dpexram B K, To eCTh MOXeT IH GHThL OTIHY-
HEIM OT HYN4 IPOCTPAHCTBEHHHI CEKTDP PeaTbHHX HCTOTHHKOB, 061yBaeMHX
JHcneprupyomei cpenoi (B cucreme K ') noj TeMH yriaMu @, [g XOTOPHIX
HMeeT MeCTO abeppallHOHHOe HaloXeHMue; 2) ycToH4yuB nu odpexT abeppauu-
OHHOW PACXONHMOCTH MO OTHOLIEHHIO K NMPOCTPAHCTBEHHOH AMCIEPCHH CPElH
(BBemenne XOTOpPOH, Kak H3BECTHO, YCTPaHEET OCOGEHHOCTH B Pifie Bajiay Te-
OpH¥ MBIy4eHHH).

OTH NPHHIHOHANbHEE BONPOCH NpOlle BCErO BHACHHTbL HA KOHKPETHOM
npuMepe, korfa B cucreMe K' 0ajaH rapMOHMYecKHi [MIONBHBIN OCHHIIE-
Top (E o exp iw t'), a cucreMa K cBEBaHa ¢ MaKpOCKONHYECKH HMOKofuieHcs
HarpeTol usorponsoi mrasMoi. Kak noxasano B [16], nansree mone Taxoro
OCHMIISTOPa B cOGCTBEHHOM cucTeMe oTcyeTa K’ npencraBngeT co6oi cyMMy
BOIIH TpeX THIOB. BONHH NMepBOro THNa yJOBIETBOPAIOT HHBAPHAHTHOMY NHC-
LepCHOHHOMY COOTHOWeHuIo BHfa (5), B conpoBoXnaminei cpely CHCTeMe OT-
cieta K SBISIOTCE YHCTO NMONEPEYHLIMH M NMOPTOMY Jlalee OyIlyT HaB3HBaThCK
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BIIEKTPOMATHHTHOH BETBbIO. BONHE BTOPOTrO THIIA B CIydae YMEPeHHHIX TeM-
nepaTyp, KOTfa CpefHLd Tel/NoBas CKOPOCTb IBHXEHHML MacTHL vr << ¢, YAO-
BIETBOPAIOT AHCIEDPCHOHHOMY yPaBHEHHIO

=w - wf,, (14)

2
v k

B CONPOBOXAAOLIEH cpeRy cHcTeMe oTcyeTa K ABIFIOTCS MPONOILHHMHE M
HHXe 6GYIyT HasHIBaThCS MIIAOMEHHEIMH BOAHaMH. BoiHm Tperbero THna pac-
IPOCTPaHAIOTCE BIOIb CKOPOCTH Cpennl (—v), SKCIOHEHIHAIBHO 3aTYXalOT B
IofiepedHOM K V HaIpaBIeHHH H ONpeRendioT pelueHue THOa "cnena”, koTOpoe
B CHCTeMe oTcHeTa K, CBASaHHOH €O CpeloH, HPHHAJNEXKHT BEeTBH IUIAOMEH-
HHX kone6anmil (w = wp, k? = 0).

IlockONbKY HMCIEpCHOHHOE COOTHOLIEHKE /I DIIEKTPOMArHETHOH BeTBH He
OTAMYaeTCd OT HCIONLB3OBAHHOrO BHIUE [If CIyYad XONOAHOH IUIaBME!, TO JIL
BOMH 9IEKTPOMAarHHTHOTO THIIA B TeIUIOH MiIa3Me COXPAHAIOT CHIY BCe Pe3yiib-
TaTH pasph.2,4. IlosTomy manee paccMorpum cuenys [17] ofdext Homnepa u
penSTHBHCTCKHe abeppallMi IHUIb [A/d BOIH HiasMeHHoro THma. C yveToM
AHCHepCHOHHOTO cooTHoweHns (14) PopMyny nns sppexra Homnepa (1) Ha
MIa3MeHHEIX BOIHAX MOXHO IpPENCTaBHThb B BHJE

2
w=qwll-M 1-%(:080,M=—Y‘. (15)

®Popuyna (15) nosnongeT H3y4uTh ocobenHocTH apdexra Jomnepa png
Me[IeHHHX BONH, HOCKOABKY AL ABHKYLIKXCE HANyYaTeNneH Ierko MoxeT GHTh
obecnevyeHo xax ycioBne M < 1, Tak ¥ MpOTHBONONOXHOe ycinoBue M > 1.
I'paguk sapucumocTs w(w') npk § = const g " JOBBYKOBOro” MBIKEHHI HO-
nysatens (M < 1) xavecTBeHHO aHAJOTHYeH MOCTPOEHHOMY Ha PHC.26 Jif
BHICOKOYaCTOTHHIX BOMH B XONORHOMH NnasMe (CM.CIVIOWIHKE KDHBHE Ha puC.5).
KonnyecTBeHHHEe OTIMYMS CBESaHH C pacliMpeHueM OGIACTH OIpefeleHHS
dyHxuuK w(w') B CTOPOHY HHOKMX acTOT.

Ilpu "cBepxoBykoBoM” iBuXeHHH uanytatend (M > 1) sdpdext Jlonnepa
Ha IUTasMEeHHHX BONHaX Npuo6peTaeT BCe Ka4eCTBeHHHe YepThl aHOMAIbHOTO
addexra Jlonnepa, paccMOTpeHHOro paiee Jif ”CBepXCBETOBOIO” NBMKEHHS
HCTOYHHKA B JHOIEKTPHYECKOH Cpelle ¢ HOyasaTeleM MNpEIOMIeHHE n > 1
[5,6,18]. Mmerorcs, ogfiako, ¥ JONONEHTEbHEE O0COGEHHOCTH, CBE3aHHHE C
HaJNH4HeM Juciepcuu B cpefle. PopMyna Jlomnepa B oToM caydae

<

2

' Wy
w=qwll-M 1-—;;coso (16)

IPHBOMHT K BABHCHMOCTH w(w' ), KOTOpag IPH §, IOCTATOYHO GMADKEX K HYTIO,
KaveCTBEHHO OTIMYAETCI OT ciydYas "JO3ByxoBoro” HBIKeHHS (IITPHXOBaf
kpuBag Ha puc.5). Kax BugHo w3 puc.5, ”cBepxsBykoBOH” HCTOYHHK CKOIb
YTOJHO Maloll YaCTOTH w BOSGYXKIAeT B TellIoH M1asMe MPORONbHHE (B CH-
creMe K) BOIHH C YacCTOTaMH w > Wp. B COOTBETCTBHH C H3BECTHHMH
IpeCTaBleHUIMH, aHOMATbHHY dPdexT Honnepa (BHyTpH koHyca 6 < 6,)
ABlIgeTCd CIOKHHM, OPHYEM C yBeluieHHeM yria § sjech MMeeT MeCTO BO3-
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pacTaHHe YacTOTH JNg obenx AOIINIEpPOBCKHX KOMIIOHEHT (nﬂl 60nee BHCOKO-
YaCTOTHON -- Heorpa}m‘lem{oe).

@
Q
|5=9° ) //8’0

Puc 5:

CnefyeT o6paTHTh BHHMaHHe Ha TO, YTO B OTIHYHe OT Cy4as HeJucIep-
rEpylomei cpenn addext Jlomnepa ocTaeTCI CIOKHHM H BHE Y€PEHKOBCKOTO .
KOHYCa, I'Jle OIIEPOBCKai YacTOTa w 6onee BHICOKOYACTOTHOH KOMIOHEHTH
napnaeT ¢ pocroM yraa 8. Konyc cymecrBoBanus cioxsoro apdexta Jonnepa
OKasHBaeTC LIHpe YepPEeHKOBCKOrO M BaHHMaeT BCIO NMepefHiolo nonycdepy B
npejiene w' — Ywp.

Ing Toro, YTO6H BHAENHTH 3P PekTH, CBIBaAHHHE C fHCepCHeH CPelH, K-
creoBanne abeppankonHoi sapuckmoctk 8(4') mpn w' = const mposeem g
Cly4vas HepelniTHBHCTCKOTO AABHXKeHHI HcTo4YHHKa (B << 1). Haubonee xapax-
TepHHe abeppallHOHHKEE KPHBHE, paccinTanibe Ha IBM no popmynam (4a),
(14), (15) 1 cooTBeTCTBYIOIHE PABAHYHEM COOTHOLIEHHIM MEXNY TpeM 6ea-
PasMepHHEIMH MapaMeTpPaMHu: pennusuc’rcxuu v, mnasmenuuM (£, = wp/w')
u MaxoBckuM (A = [y]1 - M | ]7!), npusenenn na puc.6. CemeiicTBO KpH-
BHX I1-5 MOSBONSET NPOCNEHTh OCOGEHHOCTH NpPOLBIEHHI abeppalMOHHBIX
odpexToB mpu "pooBykoBoM” (M < 1) ABMXKEHHM HCTOYHHKA 1O Mepe CHH-
XeHHA ero CO6CTBEHHOH 4acTOTH (POcTa InasMeHHoro mapaMetpa §p). s
qacToT W > ywp (1€ > 1), xoraa cnoxuuit addext lomnepa oTcyTcTBYET,
afeppalliil BHpPa)XeHH OTHOCHTEIBHO CIaf0 H BaMeTHH TIMaBHRM 06pasoM
J1E BOIIH, HCIYIEHHKX B 32]HIOI0 nonycdepy (xpuBas 1). Iipu €, = 1 umeet
MecTo Gupypxaung 3aBUCHMOCTH O(0'), PHOHYeckH CBIDAHHAL C BOSHHKHOBe-
HHEeM MeJIeHHRX BOMH, a (JOPMANbHO BHIPAXAOWagcs B MPOSBICHHH MaKCH-
MyMa Ha KPHMBOH 0(0'). Hannyne Takoro Makcumyma npu v, > 1 (xpuBasg
2) coorBeTcTBYyeT 9PPekTy NOKNbHOI (MO YIIOBOMY CIEKTpY) aGeppalHOH-
HOW (OKYCHPOBKH moj yrioM 6 = 82, < % /2, NIPHBOASIIEMY K PacXOLHMO-
CTH (PYHKUHMH NPeo6pasoBaHUE HHTEHCHBHOCTH Ha KOHYCe, OTpaHHYMBAIOLEM
061acTh CymecTBOBaHH cloxHoro adpexta lonnepa. IIpu nanbueiieM cHu-
XEHHH YaCTOTH BENHYHHA o), YMEHBILALTCA, 2 BOHA POKYCHPOBKH IIOCKHX
Bonn B cucreme K' cuemaercs B o6nacth § < x/2 (kpubag 3).
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%2

Puc. 6:

Tounoe paBeHCTBO oGecneyueaercs npH §, = A. Jlng Gonee HEBKHX da-
crot, xorga §, = A? noxansHas abeppaunoxna.x (OXyCHPOBKa CMEHSeTCH Iio-
6aibHON: IIOCKHe BOMHH, HCymieHhwe B K' Bo BCO sajHiol momycdepy,
qopuupyoT B K OfHy ITOCKYIO BOIHY, PacHpOCTPAaHSIONIyIOCE NOJ YITIOM
6 = 0. B umoEoyacTOTHOH NO w' O6TACTH, KOrfa &, > A?, abeppanuonnas
KpHBad TepHHT DaspHB (KpHBHE 4, 5) Bue pasphniBa pacyeT NPHBOGHT K
OTPHIATENLHHM 3HAYEHHIM 0 npu 8 > x/2, 9T0 NMOKABaHO Ha pHC.6 wrp-
XOBHIMH KPHBHMHE §, 5. B 061acTH pasphiBa JeficTBHTEIbHEM TacTOTAM @
COOTBETCTBYIOT KOMIUIEKCHHE 4aCTOTH w B cucteMe K. JIpyrumu cioBamy,
HCIyIIeHHHe B HEKOTOPOM KoHyce B K’ mnasMeHHHe BONHH BOCIPHHEMAIOTCS
B cucteMe K, cBEsaHHOW ¢ mIasMoM, Kak "BOIHH Clela”, SKCIOHEHIHATHHO
BaTyxalollHe TOR YITMoM K ckopocTH V. Io Mepe CHIDKEHHS YaCTOTH w' (po-
cTa napameTpoB §p) koHyc popMHpOBanuS clefia B K ' pacmmpsercs (xprBag
5). Ilnockxue BonHH, HcnymeHHHe B K ' BHe BTOro KOHyCa, HCIHTHIBaE abep-
PAlHOHHOE HalloXeHHe, obecneynBaior B K croxuntit s¢pdpext Hommepa.

OTMeTHM, 4TO ycnom{e & = A? nepexayxH mIaBMeHHHX BOIH B BOTHH
crefia MOXeT OHTH BHIIONHEHO H B OTCYTCTBHe cloxkHoro spdexra [Honnepa,
xorga €, > 1. AGeppalHOHHAd 3aBHCHMOCTD JIf DTOTO CIy4as IpeJiCTaBleHa
Ha puc.6 xpusoil 7. Kax BUfHO M3 cpaBHeHHS KpHBHX 1, 6, 7 cuibHEe abeppa-
IHH BOBMOXHH ¥ IIDH HepeNITHBHCTCKOM JBHXKEHMH MCTOYHHKA, B TOM THCIe,
B OTCYTCTBHe coxHoro sddexra JJonnepa, HO IHINL A4 THIEPBBYKOBHIX CKO-
pocreit (M > 1).

Hcenenys GopMynu npeo6pasoBaHHE HHTEHCHBHOCTH Al dlIeKTpoMar-
HHTHHX H NNa3MeHHHX BOIH, MOXHO I0KasaTh [17), yTo sdpdext abeppannon-
HOH PacXONMMOCTH YCTOIYHB NO OTHOIIEHHIO K HATHYHIO NPOCTPAHCTBEHHON
RUcnepcHE cpeiH. [ng oTBeTa Ha Bonpoc 0 PuBUYECKOH HAGIIORAEMOCTH 3¢-
dexTa, TO eCTh O BHjie CNEKTPa PealbHHEX HCTOYHHKOB, OGAYBaeMHIX TeILION
II1a3MOM, B HETepBaje OCOGEHHOCTH abeppalHOHHOrO HalOXKeHHT (B oxpecTt-
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HOCTH bKcTpeMyMa (pyHkmun 8(6')) B xauecTpe mpocTeiimero npuMepa, o6ua-
JAalolIero AOCTATOYHOH OGHIHOCTHIO, PACCMOTPHM JHIONBHEI OCHHILIITOP C
MomenTOM P(t) = F exp(iw't).

Paccuaranusie Ha OBM [17] anexTpoMarsuTine fHarpaMMH HaIpaBleH-
HOCTH JHIONS, OPHEHTEPOBAHHOTO BJOLb H NONEpeX CXOpOCcTH V, IpHBeleH
Ha puc. 7

Puc. T:

Jlng cpaBHeHHS BeCh Xe IITPHXOBHMH NHHHIMH NOKaBaHH AHArpaMMH
HANPABIEHHOCTH B CHCTeMe oTcieTa K, TO ecTh IuIONS, 06]lyBaeMOro Iias-
Moit. Kax BHaHO M3 pHC.7, B HHTepBale OCO6EHHOCTH abepPPaIHOHHOIO Ha-
JNOXKEHHY CIeKTP HCTOYHHKA B COGCTBEHHOH CHCTeMe KOODIHHAT KOHedeH H
OTIHYeH OT Hyns. B pesymbTaTe B cucTeMe K, CBASaHHOH CO CpeloH, Ha
rpanuue 06MacTH CylieCTBOBAHHE COKHOTO dxpexTa Jonnepa mpu ' < yw,
popMupyeTcs OCOGEHHOCTH HHArPaMMH HAIPABICHHOCTH JBIXKYIIErocs JH-
Hons, YTO ¥ NOATBEpXKAaeTcs pHc.T.

PesynbTaTH pacieTa NIasMEeHHHX AHArpaMM HANpPaBIeHHOCTH Ald NH-
IIONS, OPHEHTHPOBAHHOTO BRONb ckopocTH (P || V), orpaxenn Ha puc.8. 3xecs
Xe MTPUXOBHMHM IHHHIMH H306PaXKeHH COOTBETCTBYIOIIME JHArPaMMH Ha-
IpaBleHHOCTH B cicTeMe K, To ecTh unong, o61yBaemoro mrasuoi (cp.[16]).

Kax BuAHO M3 cpaBHeHHS pHC.TB H 8a IpH [03BYKOBOM JBHXXEHHH HCTOY-
Hrka (M < 1) B oTcyTcTBHe cioxHoro adpdexra Honnepa (v€, < 1) nua-
FPaMMH HaNpaBIEHHOCTH DNEKTPOMArHATHHIX M IIa3MEHHHX BOIH Ang CO-
OTBETCTBYIOIIUX (OPTOrOHANBHHX) OpPHEHTAUHKH JHUIONL Ka1eCTBEHHO aHAJo-
rEYHH. B ycnoBrax cnoxsoro sddexra Jonnepa (7€, > 1) nogBngoTC OTIH-
4HE, CBIBaHHHE C 06pallileHHeM B HylIb NI1aBMEeHHOH JHarpaMMH HalpaBleHHO-
CTH Ha HEKOTOPOM KoHyce TymX (B K') mmx ocTphix (8 K) yrunos (cp.puc.7r
x 86). ‘
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Puc. 8:

OTCyTCTBYIOIIHH NI BAEKTPOMATHHTHHIX BOIH d{exT rmobanpHol abep-
paliMOHHOH POKYCHPOBKH Ha MIa3MEHHHX BOTHAX BO3HHKAET B 0CO6OM Ciyyae
&= A? ¥ npogBNgeTCs B HATMYHUH JOMNONHHTENbHON ocoberHOCTH TipH 6 = 0
(puc.88).Ilpu cBepxsByxos M ABHAeHHH HCTOYHMKa (M > 1) nuarpammul
HAIPaBICeHHOCTH SJIeKTPOMAarHMUTHHIX H IUIA3MEHHHX BONH KadyeCTBEHHO pan-
nuyen. Haubonee xapakTepHble AMarpaMMH [if BOIH NIa3MEHHOTO THIA
moxasaHH Ha puc.8r-e. Bcex ux o6menuuger To, 4TO B cHcTeMe K ', rue mo-
XOALIMHCE [uNoOnb o6RyBaeTcd NMIa3MOM, AHarpaMmMa GopMHpyeTcs NMIUL B
KOHyce TYNHX YIJIOB, a Ha CaMOM KOHyce HMeeT ocobeHHOCTb. B cucteme
xe K, cREsaHHOll ¢ MIasMoli, NPH NMOHUXKEHHH HaCTOTH HCTOYHHKA W' Mo
ryT OpMHpPOBaTHCE TPH BHfa AHarpaMM. [Iuarpamma nepsoro Buia (puc.8r)
BOBHHK2eT B OTCYTCTBHe abeppallHOHHOIO HaloAeHHS BOIH M KayeCTBEHHO
COOTBeTCTBYeT KpMBHM I, 6 Ha puc.6. OHa oTaMvyaeTCE OT NIa3MeHHOH ANa-
rpamMu B K' IHUIb CMellieHHeM KOHyca AHarpaMMHON OCOGEHHOCTH BIiepel.
InarpaMma BTOpOro Buaa (puc.8a) BO3HHKaeT B TOM Cly4ae, KOIfa CTaHO-
BHTCS BOSMOXHBIM cnoxHu opdext Jonnepa. C yueToM BHa [uarpaMMH B
K’ oToT o(PexT MoxeT GHTb PealusoBaH MHIIb B CEKTOPE MeXIY KOHYCaMH
abeppalHOHHON H nnarpamnuéﬁ ocobenHocTel (cM.kpuByIo 2 Ha puc.6). Ilpn
NanbHeHIeM NOHHKEHHH YacTOTH, kxorfa &, > A?, BosHMKaeT NiasMeHHad
AMarpaMMa TpeThbero THna (puc.8e), kKoTopad KayeCTBEHHO MOXeT OHTH IO-
HETa ¢ MOMOUIbIO KPUBHX 4, 5 Ha puc.6. Bce usnyyenue B K us-sa abeppanuit
HeT B nepefHiolo monycdepy, Ho cloxHuE sddexT [onnepa HeBO3IMOKEH UB-
Ba OTCYTCTBHS B YIVIOBOM cliekTpe B K HeoGXOMIMHIX Jif abeppalioHBoro
HONOXEeHHS KOMIIOHeHT. BriepBhie Ha BOBMOXHOCTD NOJaBleHHS CIOXKHOro Q-
¢exra [omnepa nuarpaMMoil HalpaBIEHHOCTH B CHCTeMe OTCYeTa, CONPOBO-
Xnalolel HCTOYHHK, G6HIO ykasaHo B [7]. Oco6eHHOCTh Ha pHC.8¢ HOCHT
IHarpaMMHHIH XapakTep H MOXeT BooGllue OTCYTCTBOBaTh B K, ecin yriosoit
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cnextp B K' He momagaer B 061acTh onpeleneHns KpHBOK 5 Ha prc.6. Ilpm
BTOM HOIY \eHHble B cHcTeMe K NnasMeHHHe BOIHH NPHHAMAKTCE B CHCTEMe
K xax BOXHH clefa.

Bonpoc o HalHYH} KIH OTCYTCTBHH HHTErpHpyeMoH pacXO{HMOCTH B Ha-
rpaMMe HallpaBIEHHOCTH PealbHOTO HCTOYHHKA, ABHAYIIErocs B AACIEPrupY-
[ollieii cpefie, HMeeT HeCKONbKO acNeKToB. Kak fCHO U3’ CKaBaHHOro BHIIe, Ta-
Kas PaCXOHMOCTb MOXeT HMeThb abeppalHOHHYIO NPHPORy K POpMHPOBATbHC
peanbHBIMH TOKOBHIMH pacnpefieleHHsSMH (B YaCTHOCTH, JUNONLHHM H3Ny4a-
TeneM) B cpefie Kak 63 NPOCTPAHCTBEHHOIH AMCNEPCHH, Tak M IPH HATMYHH
TakoBol [17]. A6GeppauuOHHAE PACXONHMOCTb MOXeT GHTb NOJaBleHa KakK B2
cyeT BHIa JHAarpaMMbl HallpaBJI€eHHOCTH pEaJbHOIro HCTOYHHKa B cobcTBeH-
HOM CHCTEeMe OTCYeTa, Tak H H3-3a ero HeMOHOXpoMaTH4YHOCTH [14,17]. Pac-
XOIMMOCTDb [i¥aTPaMMH HallpaBleHHOCTH ABHXKYIerocd KCTOMHHKA He 0613a-
TeIbHO CBEBaHa ¢ abeppallHOHHHMH 5({PeKTaMH — OHa MOXKeT HMETh MeCTO
4 B OTCyTCTBHe cnoxHoro sddekra Jlonnepa npocro kak pesyibTaT QopMHu-
POBaHHS IONL HBNy4YeHHI B COGCTBeHHOH cHcTeMe oTcyeTa [16). Mcxons us
pesyinbTaToB pabot [19,20], MOXKHO OAMAATH, YTO TaKas PACXOAHMOCTb CHH-
MaeTcs NPH yYeTe KOHeYHHIX Pa3MepoB HCTOYHHKA.
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ENERGY PROPAGATION FOR DISPERSIVE WAVES
IN DISSIPATIVE MEDIA '

Francesco Mainards

1. INTRODUCTION

In this paper we will investigate the energy propagation associated with
a linear wave motion in the presence of dissipation. Let U = U(r,t) be the
n—vector field variable depending on position vector r := {z,y,2} and time
t, chosen in such a way that the energy density be expressed by the quadratic
functional U.U

8{U] = "'—5——, (11)

where - denotes the inner product ih R". The field variable must satisfy a
system of n linear partial differential equations, that we assume to be of the
first order in time and in normal form, i.e.
il
=U+ L(r)U=0, (1.2)
at
wnere L is some linear n X n matrix operator, acting on the position vector r.
We will refer to the equation (1.2) subjected to the condition (1.1) as to the
evolution equation in our canonical form.

In specific examples [ will be a differential or pseudo — differential
operator with constant coefficients. This means that for any function U which
is (spatially) Fourier transformable, the (spatial) Fourier transform of the
fanction U’ = LU reads

U'(k) = LU(k) := L(k) U(k), (1.3)

-

where I:(k) denotes the appropriate symbol of the (pseudo -) differential
operator L. We agree to use the following notation for the Fourier transform
in R7:

; _ 1 —ik. _ 1 : +ik -
f050 = oo R[ Ftle™™ e = (r0) = ey R[ fli, et v

If, for example, p = 1 and L = 8/8z, then L(k) = ik.
In order to treat the energy propagation the balance equation for the energy
density is required to be in the form

%?j-V,-F:-—S, (1.4)

where F = F[U] is the fluz density vector corresponding to £ and S = S{U]
the loss density; furthermore, - denotes the inner praduct in R® and V, the

nabla operator
_— {_’?_ A i’_}
T 1628y’ 8:2)
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Equation /1.4) will be referred to as the energy balance equation.

In the absence of dissipation (S = 0) the motion is called conservative
(with respect to £), since integration of (1. 4) over a fixed space-domain
leads to the conservation of the integral

(€ru)) = [ erute, e, (15)

for any solution U satisfying suitable conditions at the boundary 91 of the
domain itself (e.g. descent behaviour at infinity if @ = R3, or periodicity).
Then we write

d
(€ =0. (1.6)

The functional {£[U]) is then said to be an invariant integral of the motion,
and £[U] is referred to as a conserved density.
In the presence of dissipation (S # 0) the integration o (1.4) yields

d
(€0 = - (s[u]), (r.7)

so that, if (S[U]) # 0, (£[U]) is no longer an invariant integral. In this case
we refer to the motion as to a non ~ conservative motion.

From a mathematical point of view we note that in the energy balance
equation F' = F[U] and S = S[U] are not uniquely determined: if for a given
€ the pair {F, S} satisfies (1.4), then so does the pair {F + G, S - V- G}
for any arbitrary density G. However, we assume that the uniqueness in the
above equation be always ensured through suitable physical considerations.

The relevant concepts related to energy propagation are based on the
definition of the following (generally {ime dependent) functionals,

i) the energy - fluz velocity

V,[U] = m s (1.8)
#) the energy attenuation rate
(sful
af{U] := GLS (1.9)

For periodical motions we may interpret the brackets ( -) as an averaging
operator over the periodic space domain. In these cases we may refer to V, as
the mean energy-flux velocity, and to a as the mean energy attenuation rate.

From now on we will use the simplified terms of energy velocity and
attenuation rate, respectively for V, and a.

The importance of the attenuation rate can be recognized from (1.7) and
(1.9). It follows that

7:7““’1) = - (S[U)) = - a[U](£[U)), (1.10)
from which it is found that

(€10 = (6o} exp { - [alUr)ar} , (L.11)
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where £ is the energy density corresponding to the initial data U(z, 0).

In the literature (see e.g. [1]) the concept of energy velocity is usually
stated in the absence of dissipation and for monochromatic waves (the so-
called normal mode solutions), extending a classical argument originally due
to Reynolds [2] and Rayleigh [3] for surface water waves. This velocity is
defined as in (1.8) where the average is taken over a cycle of the wave phase
and it is known to coincide with the group velocity computed at the wavelength
of the wave; this general property of linear wave motions without dissipation
can be proven in different ways (see e.g. [4-9]).

When there is dissipation this coincidence is manifestly brokén since the
group velocity (defined by taking the real part in the usual formula) loses
its original meaning and can assume nonphysical values (e.g. exceeding the
wave-front velocity), as pointed out by Sommerfeld and Brillouin [10] for
electromagnetic waves. In other words, for dissipative motions the concept
of group velocity may become meaningless and appears not easily related to
energy propagation, so that specific treatments are necessarily required.

In order to be able to treat energy propagation for non periodic waves
with finite energy and to incorporate dissipative effects as well, the concept
of centrovelocity of energy, originally introduced by the russian scientist
Vainshtein [11-12], may be useful. The centrovelocity, defined as the velocity of
the center of gravity of some density, here the energy density, can be related
to the usual energy flux velocity even in the presence of dissipation. Here,
however, we will not treat this controversial subject matter, referring the
interested reader to recent papers [13-14], where this concept is investigated
for linear and non linear dissipative motions.

In this work we will present some results on the energy velocity and
the attenuation rate for normal mode solutions in linear wave motions with
dissipation; the analysis will be based on recent papers of ours [15-20].

In section 2 we will inttoduce the normal mode solutions and the related
dispersion equation associated to a general linear wave motion in the presence
of dissipation; some important properties will be stated which simplify our
treatment of the energy propagation.

In section 3 we will consider uniaxial wave propagation governed by a
linear hyperbolic system [15-17]. In this case general relations among the energy
velocity and the kinematic velocities (phase and group velocity) will be derived.
Two examples of physidal interest will also be examined, which point out the
different effects of the dissipation even if related with the same dispersion
equation.

In section 4 we will consider a linear wave motion of particular relevance
in fluid mechanics: the propagation of internal gravily waves in an unlimited
viscous fluid [18-20]. This provides an interesting example of anisotropic
dispersion with dissipation. Furthermore, in this case, dissipation is shown
to induce a cut-off in the short wavelengths, leading to define an admissible
range of waves.

2. THE NORMAL MODE SCLUTIONS

We consider particular space-periodic solutions of the basic equations, referred
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to as normal modes, from which usually the analysxs of linear dispersive waves
starts. These solutions are of the form

Ul k)= Re [V SOEER] | 0 =ker-a(r,  (21)

where V denotes the amplitude (generally complex), k = £k the wavenumber
vector (henceforth referred to as wave vector), r the position vector, and &
the radian frequency.

Henceforth we will denote a given normal mode simply by U(k), so
dropping the dependence on r,t; furthermore we will use the notation U¢(k)
to denote the complex solution whose real part provides U(k).

For U(k), and hence U¢(k), to be a solution of the evolution equation
(1.2), @ and V depend on k in such a way to satisfy the following eigenvalue
problem

[~ioI+ Lk)V=0, (2.2)

where I denotes the symbol of the operator L. This implies that @ and V
should be an eigenvalue and a corresponding eigenvector of the matrix

Q(k) := —i L(k). (2.3)
In particular @ must satisfy the dispersion eguation that follows from (2.2-3),
ie.

D(@,k) := det[-ia I + L(k)} := i" det [Q(k) - & 1] = 0. (2.4)

Of course the dispersion equation is an implicit relation between the frequency
@ and the wave-vector k. Allowing @ to be complex-valued, this equation can
generally be solved into several branches @()(k) (say j = 1,...,m), that
provide m distinct normal modes. This implies that at a given k there may be
m distinct normal mode solutions, each of them chara.ctenzed by its complex
frequency and its amplitude.

These normal mode solutions represent pseudo monochromatic waves, since
they are sinuscidal in space with wavelength A = 2x/k, but not necessarily
sinusoidal in time, since & may be complex, say

@(k) := wp(k) - iwi(k). ’ (2.5)

Only if @ is real, say @ = wp, these solutions représent effectively mono-
chromatic waves with a period Ty = 2% /wp. In general these waves exhibit an
exponential time decay in amplitude with a damping factor

(k) := wi(k), (2.6)
and a pseudo period
2% -
T(k) := m . (2.7)
Furthermore they propagate with their phase velocity defined by
w,(k
v, = 2, (28)
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since the actual phase turns out to be
&(r,t;k) := Re[O(r,t;k)] = k - r — w,(k)t. (2.9)

To the normal-mode solutions we can associate the concepts of group
velocity and energy velocity, attenuation rate as well.
For the group velocity we adopt the definition

V,(k) := Viw,(k), ‘ (2.10)

where Vi denotes the nabla operator in the wave-vector space. Of course,
this definition reduces to the ordinary one in the conservative case i.e. in the
absence of dissipation. In the presence of dissipation the concept of group
velocity is expected to lose its usual kinematic meaning of the speed of the
group (wave packet). Meanwhile, we note that the concept of phase velocity
keeps its kinematic meaning of the speed of the phase even in the presence of
dissipation.

For the energy velocity and the attenuation rate we adopt our previous
definitions {1.8-9) where brackets denote average over the periodic space
domain, or, if the time is kept fixed, over a cycle of the actual phase & in
(2.9).

We first recall the following properties concerning two normal modes
U,, U, with given k, &(k) and amplitude Vy, V;, respectively, pointed out
in [16]: )

2(U (k) - Uz(K)) = Re [(U(K) - U5(K))] (2.11)

and
(U3 - U300) = U300 - U300 = 2R E(v, vy, (212)

where the inner product is in R” or C” as appropriate.

The importance of relations (2.11-12) is that they enable us to compute V.
and a without carrying out the averages present in equations (1.8-9). Thus,
the energy velocity and the attenuation rate for a normal mode solution U(k)
turn out to be time independent, depending uniquely on the wave vector; they
are obtained considering the energy terms (£, F,S) for the corresponding
complex solution U¢(k), namely ’

(F[U(K)]) _ F{U“(k)]

Velk) = Froo) = Eoee) (213)
and
_(SU)) _ S[U)]
)= Grom) = Zoiw) (214)
Furthermore, we can prove
a(k) = 2v(k), (2.15)

which provides a simple relation between the damping factor and the
attenuation rate in a dissipative wave motion for a normal mode solution
U(k) . In fact, from (1.1) and (2.11-12) with U; = U,, we recognize that

(eruqo) = LY _ V-V ()t - () =210, (2.6)
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that implies (2.15) using (1.11). This general result on the energy attenuation
rate will be confirmed in the examples treated in the next sections.

However, no general result for the energy velocity in dissipative motions
can be derived so that specific treatments are necessarily required. We will
note that an exception is provided by hyperbolic systems, treated in the next
section, where an explicit relation among the energy velocity and the kinematic
velocities (phase and group velocity) can be obtained.

3. HYPERBOLIC WAVES

A large class of waves in physics can be described by a system of n first order,
linear, partial differential equations of symmetric, hyperbolic type. In the
one-dimensional case, referring to the normal form, we write:

ou 8u

—+D—+MU=0, 3.1

ot "V T (3.1)
where U = U(z,t) is a real n-vector function which represents the field
variable and D and M are constant real n X n matrices, with D symmetric.
We assume that U is chosen to satisfy (1.1) i.e. that (3.1) is the evolution
equation in our canonical form.

In this case the energy balance law (1.4) reduces to

o  OF

[
where ¥ = F[U] is the (scalar) fluz density corresponding to the energy
density £ = £[U] and § = S[U] is the loss denszty We obtain particularly
simple expressions for F and S [15-17), i.e.

Floj= 227, (33)

=S, (3.2)

S[U]=U-M'U, (3.4)

where M* (M?) denotes the symmetric (antisymmetric) part of the constant
matrix M. )

As a consequence of equations (3.3-4) we get the following expressions for
the energy velocity (1.8) and the dttenuation rate (1.9):

_(U.Dy)
vl = 55 (35)
o[U] = %i‘t%]—). (3.6)

We note that if the matrix M* is proportxonal to the Identity matrix, then,
for any solution U(z,t) of (3.1) and for all z,¢, the loss density is proportional
to the energy density; this peculiar fact is referred to as uniform damping.

Let us consider normal mode solutions of our evolution equation (3.1) which
read, using (2.1),

Ule, t; k) := Re [V(k) Oz t; k)] . O=kz-o(bt, (3.)
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where k denotes the wavenumber, @ = w, — iw; the complex frequency, and
V the amplitude (generally complex). In this case the matrix Q(k) defined in
(2.3) reads

Qk)=kD -iM, (3.8)

so that the dispersion equation which follows from (2.4) is
D(@,k) := det[-iwl + ikD + M]=0. (3.9)

For a single mode we can easily obtain the damping factor (2.6), the phase
velocity (2.8), and the group velocity (2.10). After some manipulations, we get
(18]

V.MV

7(k) = wilk) = 57— _(3.10)
w,.(lc) V.DV i V.MV
Vp(k) := vV I vV (3.11)
and [16]
dw(k) V.DV V- (M'=q)V' _, dV
V,(k) = =vv i v V=% (1

Furthermore, the enérgy velocity and the attenuation factor can be derived
without carrying out the averages in (3.5-6) because of (2.13-14); they read

V.DV

Ve= ——— Vv (3.13)
d
= VoMV (5.14)
a= VV . .

We recognize from (3.13) that the energy velocity turns out to be bounded
from above and below by the extreme eigenvalues of the matrix D, i.e. by
the extreme characteristic velocities of the hyperbolic system. Furthermore
we obtain the followmg relations among the energy velocity and the kinematic
velocities

Vilk) = Vo(k) + 3 i = Vylk) = 5oy Im[V - (M* = y1) V'], (3.15)

and the known identity, pointed out in (2.15),
a(k) = 27(k). (3.16)

We recognize from (3.15) the fact that the identification of energy velocity
with group velocity is valid not®only in the absence of dissipation
(7 =0 <= M"* = 0) proven in [21], but also for uniform damping (M* = v I).
In the particular case of uniform damping without dispersion (M = M* = v1I)
we recover the trivial equality of the three velocities V;, V;, V;. Furthermore,
when the matrix M is symmetric, the energy velocity equals the phase velocity.

Let us illustrate the application of our theory for two hyperbolic systems
of physical interest, which are provided by the Klein Gordon equation with
dissipation (KGD) and by the Telegraph system (TEL).
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3.1 THE KLEIN GORDON EQUATION WITH DISSIPATION. The KGD
equation reads, in an obvious notation,

¥y +2ad + 5@ = ?%,., (3.17)

where & = &(z,t) and ¢ > 0,b > 0,c > 0. This equation governs
the transverse,displacement ®(z,t) of a uniform stretched string anchored
elastically to its equilibrium position by a transverse restoring force and
damped by air friction; the constants 2a, b?, and ¢? refer to air damping,
restoring force and tension, respectively. In this case the energy terms £ ,
and S are given by [22]

g=%(§§+c3§3+b3§’), =—c?®, 8, S=2a%2.  (3.8)

We have to transform the second order equation (3.17) into an equivalent
first order system (3.1) that preserves the energy properties stated in (1.1).
Choosing U = col(®,, c®., b®), we obtain the required evolution equation
with n = 3, where .

0 - 0 2a 0 &)
D:(—c 0 o), M=(0 0 o). (3.19)
0 0 O -b.0 0

The dispersion egquation can be derived from (3.9) with (3.19), and reads
(neglecting the spurious eigenvalue @ = 0 that arises because a three-vector
U is introduced to describe a second order equation),

(@ +4a)® = 2 k? + (b® - d?). (3.20)

This dispersion equation indicates that different cases are expected, depending
on the sign of (b2 —a?). If 0 < a < b, then for any & the real part of & does not
vanish, t.e. there is propagation for each k; if 0 < b < a, there is propagation
only for wavenumbers k such that |k| > va? — 2. The propagation regimes
are characterized by a constant damping factor ¥ = a and

VT + (b7 — af) ¢
‘,P'“ k ’ I/O_ V;

In particular we get normal dispersion (0 < V;, < ¢ < V) if 0 < a < b,
anomalous dispersion (0 < V, < ¢ < V) if 0 < b < a, no dispersion
(Vp = V; = ¢)if a = b. In order to-derive the energy velocity we need
the eigenvector for the progressive mode to be inserted in (3.13) or (3.15), i.e.
V = col(w, —ck , ib) . After simple algebra we get [16]

(3.21)

Vezw, —SE __v 1 ¥ lov i a’ 3.22)
= prap =l grae| =V |1 wrae|c &

The above equivalent results thus provide a check of our theory.

We note that V, is an increasing function of k which does not exceed the
wave front velocity ¢ (either V}, or V), and that it reduces to the phase velocity
only if b = 0, and to the group velocity only if ¢ = 0. In the particular
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case @ = b, it remains distinct from ¢ in spite of the absence of dispersion
(dissipation is however acting not uniformly on the energy since M* is not
proportional to I).

2) 0<0 <%

Figure 1: Comparison among the energy velocity V., the phase velocity V, and the
group velocity V, for the linear KGD equation ®; + 2a®; + B¥e =c3®,., withe=1
and 1)a=0,b=1; 2)a=1/ﬁ,b=l; 3)a=1,b=1/\/§; 4)a=1,5=0.

For the sake of clearness, in Figure 1 we show pictures that compare the
energy velocity V. with the'kinematic velocities V}, V; in the following relevant
cases:
1)0=a<b, 2)0<a<d, 3)0<b<a, 4)0=b<a.

3.2 THE TELEGRAPH SYSTEM: The TEL system governs the voltage V
and the current I in a (coaxial or parallel two-wire) uniform transmission
line, characterized per unit length by shunt capacitance C, self inductance L,
resistance R and shunt’conductance G. It reads

CVi+IL,+GV =0,
{L1,+V,+Rz=o. (3.23)
In this case the energy terms are [23]
1l vz 2 2 2
8=-§(CV +LI*), F=VI, §=GV*+RI (3.24)

We note that the TEL system can be transformed in the second order
equation (3.17), where & = {V,I} and

= o2 L Z 2 _ = .
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with the restriction 0 < b < a. We also note that G/C, R/L are respectively
the real roots g , g4 of the equation g? — 2a g+ b? = 0, namely

-g—,=p-=a-\/az-,b’, -IL-E-=9+‘=a+\/az-b’,. (3.26)
so that 0 < o < ¢4+ £ 2a.

We have to transform the original system (3.23) in our canonical form (3.1).
Choosing U = col(v/CV, vVLI), we obtain the required evolution equation
with n = 2, where, using the notation introduced in (3.25-26),

() wn(5 ). em

The dispersion equation, derived from (3.9) with (3.27), reduces to (3.20) with
the restriction 0 < b < a. In this case we have only enomalous dispersion with
propagation for wavenumbers k such that |k| > v/a? — 2. The propagation
regimes are characterized by the same kinematic velocities as in {3.21), plotted
in Figure 1 (being 0 < b < a).

In order to derive the energy velocity we need the eigenvector for the
progressive mode to be inserted in (3.13) or (3.15), i.e. V= col(ck @+ip-).
After simple algebra we get [15-17)

2 _ 2
m=‘2_'=n=n{1—————“c "]. (3.28)

The coincidence for any a, b between the energy velocity with the phase
velocity is -the consequence of the fact that now the matrix M in (3.1) is
always symmetric.!

4. INTERNAL GRAVITY WAVES

Internal gravity waves are a common feature of many fluid flows. They
find special applications in geophysical context, being involved in different
phenomena characterizing the atmosphere and the ocean, like momentum
transfer and mixing, as well as being possible triggers of non linear processes, '
like deep convection [21-28].

Dissipative effects are present in real fluids which generally exhibit either
viscous dissipation or thermal conduction, characterized respectively by the
parameters v (kinematic viscosity) and x (kinematic thermal conductivity).
For ideal fluids both parameters reduce to zero. Assuming uniform properties
and Boussinesq approximation, the basic linear equations for real fluids are
[18-20]

V-u=0, (continuity equation) (4.1)

'The difference ‘between the results (3 22), (3.28) is, of course, a consequence of the
different energy balances of the corresponding phenomena, no matter if they exhibit the
same dispersion equation. We also note that the absence of dissipation occurs for KGD
when @ = 0 and b > 0, while for TEL when a = b = 0. In other words, in the former case
we have a unique dissipative parameter a, which can be less or greater than b, while in the
latter we have two dissipative parameters a, b (a > b > 0). Thus, the effect of dissipation
is expected to be different in the above phenomena. ,
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du

¥ ~-Vp - 0% + vV?u, (equation of motion) ‘ (4.2)
%:— = Q%u-% + xVis, (equation of state) (4.3)

where u is the fluid velocity, % the unit vector in the vertically upward
direction, p the pressure, o the buoyancy acceleration, and  the Brunt-
Vdisdld radian frequency. ]

For real fluids the terms entering the energy balance equation (1.4) read
[19-20]

g
£:= —;—(u-u +53), (4.4)
= pu — Z'V(u -u) - X oVo (4.5)
F:=pu 2 o R .
s .
S:=v E(Vﬂj . Vuj) + Oli(Vd) -(Va). (4.6)
j=1

In the r.h.s. of (4.4) the first term represents the kinetic energy &, while the
second one the potential energy &, due to the buoyancy; in the r.h.s. of (4.6)
u; denote the cartesian components of the vector u. It should be noted that
the energy balance equation is a consequence of the basic equations; to this
aim let us take the inner product between u and the equation (4.2), and use
(4.1), (4.3).

We note that our basic equations (4.2-4) can be written in canonical form
(1.1-2) introducing the 4-vector field

U := {u,0/0}, ) (4.7)

with the restriction provided by the continuity equation (4.1). The continuity
equation implies u-k = 0, i.e. u = ufi, where fi is the unit vector of the
normal to k. Since the fluid velocity is everywhere perpendicular to the wave
vector, the internal waves turn out to be transverse waves. Denoted by ¢ the
angle between k and Z, we get cos¢p = k-Z, sing=d-%.

The dispersive properties of internal waves are related to the dispersion
equation appropriate for dissipative fluids, which reads (see e.g. [18], [29])

- sinp+iv(v+x)k2-vxkt=0. (4.8)

Separating the real and imaginary parts of the frequency, we get

N (v -x)? _kj]”’ _r+x) s
W, = Wwo [1 y Py , W= — E*, (4.9)
where
wp = N sing (4.10)

may be referred to as the inviscid frequency. Besides the well known dispersive
effect present in inviscid fluids (anisotropic dispersion) related to wg, there
arises an additional dispersive effect induced by dissipation, that depends on
the difference between the dissipative parameters, v and x. While the inviscid
d?spersion is responsible for the cut-off in frequencies (wp < ), the viscous
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dispersion when present, provides a further cut-off in wavenumbers, which is
obtained from the condition

(v=-xP¢ ¥ .
- >0. 4.11
1 4 Q2 sin?¢ ~ 0 (4.11)

This condition thus provides the domain W of admissible wave vectors in the
presence of dissipation. At a definite angle ¢ the corresponding wavelength A
must be greater than a critical value according to

A v-
AZAC(¢):=W, A=2x Lﬁxt. (4.12)

However, for fluids with Prandtl number Pr := x/v — 1, the cut—off A tends
to zero and the difference between w, and wy tends to zero, independently of
how large the dissipative coefficients are. This peculiar behaviour has been
discussed in [18] and [29)].

The second equation in (4.9) rules the dissipation: in this case the influence
of viscosity and thermal conductivity is simply additive and, for an admissible
wave, the damping factor turns out to be proportional to the square modulus
of the wave vector as in the case of surface gravity waves [30].

From (4.9-10) the kinematic velocities (phase and group velocity) can be
derived. Using the notation ° to denote the absence of dissipation (ideal fluids),
we get the phase velocity as

 wpo (v-x)’fj]"’ 0._Wos _ Q. -~
V,._kk v°{1 T , Vpi=k= ksmtpk, (4.13)

and the group velocity as
(v-x)? ¥

dur “’°V°*- B, voo=Bo_ 8 oa. (a19)

Vo= = 2 s qk E

In the presence of dissipation, as A — A, we get w, — 0, so that V, — 0 and
Vg — o0. Thus, in the over-damped regime, the group velocity exhibits an
anomalous behaviour: its magnitude becomes infinite and its direction is no
longer perpendicular to the wave vector.

Let us now evaluate the energy velocity for internal waves according to
(1.8), averaging (4.4-5). To this aim we have to express £ and F in terms of the
amplitude u and the phase ¢ = k-r — w,t and then average over a wavelength
A > A.. After some computations, and noting that (cos? ) = (sin? ) = 1/2,
(sin® cos &) = 0, we find

u? . ) )

(€) = () = % (o%) = 5 e 24t (F) = (pu) = ; ‘:' ::: e~ 2wty
(4.15)

The first equation in (4.15) states the equipartition of the mean energy between

kinetic and potential energy, a well known property valid in the absence of

dissipation. The second equation shows that the mean flux maintains the

same expression as in the inviscid case, since the dissipation terms in (4.5) do

not contribute to the average.
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Then, from (4.15) the energy velocity for a dissipative fluid turns out to
be .

V,:—--—l-c—sm(pn

(4.16)

that reduces for an ideal fluid (w, = wo ,w; = 0), using (4.10) and (4.14), to
vo-_2 fi=V) 4.17
e =3 cospli=V,. (4.17)

We note that for a dissipative fluid the energy velocity is no longer to be
identified with the group velocity but remains perpendicular to the wave vector
as in the conservative case. The discrepancy between the two velocities is due
to the effect of the viscous dispersion; of course, it is sensible only in the
overdamped regime.
We can also verify the relation (2.15) between the attenuation rate defined
" by (1.9) and the damping factor defined by (2.6); averaging (4.4), (4.6) and
using (4.9) we get
a(k) = (v +x) k* = 29(k). (4.18)

For a presentation in physical terms of the results on kinematic and energy
velocities we prefer to use frequency f = w/2x and wavelength A = 2x/k;
furthermore we find it convenient referring to normalized variables. For
frequencies the natural scale is provided by the Brunt-Viisald frequency
N = Q/2x, while for wavelengths by :

2Q

2% )
L-T{- with K= el (4.19)
The velocity scale is therefore V' = L N . Introducing the parameter
Sexd R pgy, (4.20)

v+x ~ 1+4Pr’

the condition (4.12) for wave propagation reads, since A = L P,

A2 A (p):=/P/sing. (4.21)

The effect of viscous dispersion is provided by the parameter § := w,/wy
defined for A > A (¢), that turns out to be, using (4.9-12), (4.19-21),

§(\p; P) = f'(}‘(“”)”) [1- ( )]"’, 0<6<1. (4.22)

As a consequence, the magnitudes of the phase and energy velocities, derived
from (4.13-14), (4.16-17), become

V,=V26, V2=Xsing; (4.23)
V.=V2é, V2=V])=2Xcosp. (4.24)
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41y v ¥,=30°

Ir ¢

2 AL

1 = // V,
L”//. Ag, N

Figure 2: Comparison among the energy velocity, the phase velocity and the group
velocity for internal gravity waves in a fluid with and without dissipation

In Figure 2 we report the magnitudes of the phase, group and energy
velocities versus wavelength, for two particular angles of propagation (p1 =
30°, @2 = 60°); continuous lines refer to a dissipative fluid (with P = 1),
dashed lines to an ideal flutd.
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SOME ANALYTICAL RESULTS ON NONLINEAR
ACOUSTIC WAVE PROPAGATION IN DIFFUSIVE
MEDIA

B.O. Enflo
1. INTRODUCTION. DERIVATION OF KUZNETSOV's EQUATION

The aim of this paper is to present the analytical results hitherto achieved
on some fundamental problems of nonlinear acoustic wave propagation. By
fundamental problems we mean the most simple and idealized cases, which are
natural starting points for more detailed calculations on realistic cases. These
latter problems can often be considered as disturbations on or generalizations
of the simple cases treated here. Thus in these lectures we treat wave
propagation in homogeneous media and in simple geometries, such as plane,
cylindrical or spherical geometry. In nonlinear acoustics, an important
problem is to calculate the effects of nonlinearity on a propagating wave. We
will study how originally simple waveforms, such as monochromatic waves
and N-waves, are distorted because of nonlinearity. Thus we start with a
vibration with a given time dependence and a given geometry at a certain
place and try to calculate the effect of this vibration at another time and place.
The mathematical model for those fundamental wave propagation problems is
Burgers’ equation. We will begin with a derivation of Burgers’ equation, used
on acoustical problems, from first principles.

Burgers’ equation is an equation for wave propagation im a diffusive
medium, which means that the wave looses energy because of viscosity and
heat conduction. We assume that these effects are small, but important enough
to be considered in their lowest order and causing terms in the wave equation
comparable with terms of the second order in the deviations from equilibrium
of velocity, density and pressure.

If ¥ is the velocity of the medium and p its density, the continuity equation
is

%% + div(p?) = 0 1y

and the Navier-Stokes’ equation is

o5+ (3919 = ~Vp+naT+ (C+ Digradiios, (2

where p is the pressure and 5, { are the shear and bulk viscosity respectively.
As the constitutive équation of the medium we choose the state equation of
an ideal gas:

p=pRT, : (3)

where T"is the absolute temperature and R is the difference between the heat
capacities at constant pressure and volume respectively:

R=c,-cy. (4)
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Instead of using p and T as independent variables we also will have to use p
and s, where s is the entropy per mass. An equation of state equivalent to (3)
then is

P =p(p,s). (8)

We need not at present specify the function p(p,s), although it can be
calculated from (3) and (4). In addition to the continuity equation, Navier-
Stokes;j equation and the state equation we need a heat conduction equation

Os

ot

where « is the heat conduction number.

Our goal is to eliminate the pressure p from (2) by using (1) and (3) -
(6). Before beginning this somewhat lengthy procedure we will make some
simplifications. We assurne

pT— = kAT, (6)

rotv = 0, (mn
¥ = —grads. (8)
Because of the operator relation
rotrot = graddiv — A (9)
and the vector relation
%grad:'f' = (7 V)5 + X roté (10)

the equation (2) is simplified:
v 1_ ., 4 .
g +3V7) = -Vp+(3n+()A7. (11)

We also introduce new notations for the small deviations from the equilibrium
state of density, pressure, entropy and temperature:

p=pote\p=p+p,s=80+8T=To+T. (12)

Using (12) in (1), (2) and (6) we obtain the first order equations for small
quantities:

8y’ L '
3¢ TPV 7=0 (13)
% ., 4 _
Py = V' + (30 + ()47, (14)
7
poro%it = kAT, (15)

We note that, if x and 7" are assumed to be small of the first order,the
entropy change s’ becomes small of the second order according to (15). The
equations (13) -(15) will be used for giving approximate relations between
small quantities to be used in (11), which is the equation to be transformed.
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We remember that we wanted to eliminate p in (11). To that end we begin
with a Taylor expansion of p/(p, s):

(o, o)=cop' + ( )a~ml’n+( )ﬂzn’ (16)

where we have used the expression for the undisturbed sound )\'elocity

= ( ).=.. (17)

Since s' is small of the second order, the expansion (16) is consistent to the
second order in small quantities.
We continue by transforming the quantities &', (%), and ( ‘?’;;g), in (16).
1. Transformation of s'. In order to transform s' we use (15) and
consider T as a function of p and s. Then instead of T' we write

T’ = (e )een? (18)

The derivative in (18) can be evaluated using the following mathematical
identity for the functions T'(p, s}, s(T,p) and p(s, T): _

(G )emn (g e (et = 1. (19)

Combining (19) with the Maxwell relation

() =~(gpmV =1, (20)
we obtain ov )

o= = G

From the state equation (3) we obtain

a(}) R_ 1

(8T"=”"(8T)’=" 7 = Tope” (22)

Combining the relation 5

s
= To(a"f)ren (23)

with (21) and (22) we obtain

(Fo)emn = = (24
""" pocy’ )

Using (18) and (24) in the heat conduction equation (15) we obtain, because
¢p is a constant in our approximation

a ']
PoToE = EAP (25)

B.O.Enfio 667



1993 Hse. BY30e PATHO®H3HKA Tou XXXVIN 7

Remembering that we are transforming s/, which occurs in a first order
correction term in'{16), we can replace p’ in (25) using a linearized version of
(11) without viscosity terms:

a~
pg&t: = -Vp' ' (26)
Using (26) in (25) we obtain
as' 8
pgTo ot = —--::-é;dw (27)

Because ¥ = 0 'means s’ = 0 we obtain by integration of (27):

-
&= c,poTodwg . (28)

2. Transformation of (%’ﬁ),g.a. Continuing the transformation of the
terms = (15)we now consider the second p-derivative of p. For changes with
constant s, i.e. reversible adiabatic changes, Poisson's equation

pp~Y =pupy v = -Zf (29)

is valid. From (29) we obtain

( ). = 7; (30)
and ) .
G2y = 5+ 1%, = 1120, (31)
Because of (16) and (30) we have
=4 (32)
and thus from (31) and (32)
(GDmn =120 (3)

3. Transformatiofi of (%),. The s-derivative of p in (15) is evaluated
using that p = §y and using the Maxwell relation

(-3—{,’ = —(g—T‘;).. (34)
Using (3) Poisson’s equation (29) can be written
' TV = TV ! (35)
from which we derive
(G =TV~ (1 =¥ = (1= 1. (36)
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Using (34) in (36) we obtain the result
( o= (2~ 1)T5. (37)

Inserting the expressions (28), (33) and (37) into (15), the expansion of p’
to the second order in small quantities can be written: ‘

' _ 34, T1-1a2n K & :
= +1 = - —(£ - 1)dive. 38
P =+ e - (- 1) . (38)
Because .
A = graddiv — rotrot (39)
and
rotv =0 (40)
we obtain .
vp' = ve' + 1A - x(- - Lyas (41)
Po & &

Insertion of (41) into the Navier-Stokes’ equation (11) gives
(o + o2 5 il V17’) = -V + 1= - Lovp) + 607 (42)

where 1 1 4
b=r(— - — . 43
M=) (43)

Thus,to the second order, the total effect of viscosity and heat conduction is
given by the single constant b.

Now we have to eliminate py and p’ in (42). Using that for p' << po we
have

~n-5 (44

-1 a2 rd -1 ‘ b
— 4+ =V = - (V' - LV + —)p'Vp') + —AF. 45
3 2o (VP = oVt ——=p'Vp) (45)
The equation (45) is now rewritten using (8) and multiplied with &

9% 720(,») b8

2 /
Vi-g + 39 = Vi + TN - S gaa )

Integratién of (46) gives

8¢ 18 7-28(p")

vge_29 2 Q9%
o =2Vt o ot o e )t 0tA¢' (47)

The integration gives an arbitrary function of ¢, which can be included in ¢ and
chosen to be equal to zero, since it does not change the physically observable
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quantity ¥ = —V¢. It now remains to eliminate p’ in (47). That can be done
by use of the continuity equation (1), which is written using (8) and (12):

9
at
In (48) there.are two first order terms and two second order terms in the small

quantities p' and ¢. Because Vp' occurs in a second order term in (48), it can
be expressed by means of the first order of (45), which gives:

-Vo -Vé—(po+p)0¢=0. (48)

V¥ = -85 = B39, (49)

Inserting (49) into (48) we obtain a_&_ correct to the second order:

¥ 525 (V87 + polb + 509, (50)
From (50) we obtain immediately
%(P’)3 = 2000’09, (51)
where third order terms are neglected. In order fo replace p’ we integrate (49)
and obtain . Po 8¢
st - (52)

Using the equations (49) - (52) in (47) and also the fact that in second order

terms A¢ can be replaced by ;’y%it?, we obtain finally the nonlinear wave
0

equation, correct to the second order:

¢

Gy - 00 = T+ ZAb+ - DG (69

This equation was derived by V.P. Kuznetsov (1] in 1971 and can be considered
as a method of treating nonlinear and dissipative effects in a wide range of
acoustic wave problem§, which are in the lowest approximation treated by
d’Alembert’s equation, 1.e. by neglecting the second order righthand side of

(53).

3. THE PLANE WAVE PROBLEM; EXACT SOLUTION OF BURGERs’
EQUATION

Kuznetsov’s equation (53) has three space dimensions. However, in
these lectures we limit ourselves to problems in which the number of space
dimensions can be reduced to one. The first case that we study is a plane wave,
initiated by a piston movement with a prescribed time dependence at the end
of a long pipe. We also assume that the wave profile, i.e. the time dependence
of the wave at a given distance from the sound source, changes slowly with
space because of the nonlinear and dissipative terms on the righthand side of
(53). More precisely, we assume that a substantial change of the wave profile
requires that the wave travels many wavelengths. This suggests a rescaling of
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the space variable, leading to the assumption that the process is described by
- a function ¢(uz,t), where g is a small parameter. In Kuznetsov’s equation
(53) we now use new coordinates z’ and 7, where

z.0 8
= t—;, i -5-1.—, (54)
L'j 18 &

! = — = ———p—.
z = pez, az Co+“88' (55)
Inserting (54) and (55) into (53) and considering u, b and ¢ as small we obtain
an equation correct to the second order:

9% _ 8.1 8¢ ba%

= ____ — (=X 2 2
beogra = lgGe + g + G () L (69)
In (56) we return to the fluid velocity
_ 194(z,7)
v=- 8: 0 Or + oK) 67

as dependent variable. Using z instead of z’ we obtain from (56) and (57):

2 )
_8 g".___’f__a_'l—o (58)

where
p=1- (59)

The equation (58) is Burgers'equation, proposed in 1948 by J.M. Burgers
as a model for turbulence. It describes plane wave propagation in a diffusive
medium in the case where neither dissipative nor nonlinear effects can be
neglected.

From a practical point of view there are advantages in introducing
dimensionless variables in Burgers’ equation. If the oscillation at the end of the
pipe has an amplitude vy and a frequency w, we introduce the dimensionless

variables V, 0,0 : v .
V=—, 60
= (60)
0 = wr, (61)
o= —‘Bi-wvoz. (62)
c

Insertion of (60) - (62) into (58) gives
v _,ov_ &V

% Vg o =0 (63)
where 1
€= 2BRe (64)
and the acoustic Reynolds number Re is defined as
Re= 5“—:7:@. (65)
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When we are looking for approximate solutions of (65) we will assume that
€ € 1 which means Re > 1.

Burgers’ equation (65) can be transformed into a linear equation by a
transformation found about 1950 independently by J.D Cole and E. Hopf
[2],{3]. The Cole-Hopf transformation seems to be most perspicuous if we
start with this linear equation, which is the heat conduction equation (with
the time o and the space coordinate 6)

au 8

'5; = 6352—. (66)
In (66) we attempt the solution
‘ ) 'S
U(o, 6) = C exp (-,; / V(e, 0’)d0') . (67)
( °
Derivation of (67) gives
] ’
U C V 1
‘5‘=('2“/3— ) (5‘/ ) (68)
° °
8U _C 1
55 =5V (@ e (5- / vw) : (69)
'
.8%U C 8V C' 1 :
a5 = (zas *1aV) = (‘z‘/ e ) (70)
Insertion of (68) and (70) into (66) gives
fov ., ov
' 0/5;40’—680+2V. S

After derivation with respect to § we obtain Burgers’ equation (63) from (71).
The idea of the Cole-Hopf transformation thus is to write the two terms with
O-derivatives in (63) as a single second derivative.

From (67) and (69) we see that a solution U of the heat conduction equation

(66) gives us a solution
au

= 990 )
V=2 U (72)

and that all solutions of Burgers’ equation can be represented by (72) .
We will now study how a monochromatic vibration at the end of the pipe,
o = 0, is deformed during its propagation through the pipe. This means that
we have to solve the dimensionless Burgers’ equation (63) with the boundary

condition

V(0, ) = siné. (73)
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That solution of Burgers’ equation (63), which develops from the
monochromatic oscillation (73) at the end of the pipe, is now obtained from a
solution of (66). That latter solution can be expanded in a Fourier series

oo
U(o, 8) = E Ay exp(—k?ea) cos k8. (74)
k=0

It is easy to see that (66) is identically satisfied by the Fourier series (74). The
Fourier coefficients A, can be determined by putting 0 = 0 and using (67)

and (73): )
tf ct 1}
=;°/U(0 , 6)df = -;O/exp (-é-e-o/sinﬂ’da’) ds, (75)
=§/U(o G)Mkﬂdﬂ——f—/ ( /smo'do') coskfdd, (76)
(] (]
E=1,2...00

Evaluation of the integrals in (75) and (76) gives us the Fourier coefficients
A, in terms of nnodified Bessel functions:

t= e (£)0(-2). )

Ay = 2Cexp \26) L ( ,:e) (78)

Using (77), (78), (72) and the formula I,(—z) = (-1)"I.(z) we obtain the
exact solution of Burgers’ equation with the boundary condition (73) as a
quotient between two Fourier series:

T2 I (&) e (<1)*k sin k8

V(o, 0) = —4¢ . 79
(= 9) Lo (L) +252. I (&) e ¥ (= 1)k cos kf (19)

Of course we want to expand the solution (79) in a Fourier series
V(0,0)= Y bpsinmd. (80)

m=1

A system of equations for the Fourier coefficients b,(¢, o) can be found from
(79) and (80). If we put

T =q (81)
and use that I_, = I, we obtain by putting V (o, ) in (79) and (80) equal:

2¢ Z I, ( )nzq”e""

= 3 (1)L ( ) et 3, (€™ = e, (82)
n=-a - m=]
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The double sum in (82) is changed by puttingn + m = kand n—-n = k
respectively. We cbtain

oo 1 .
1)k Pl ’k’iul=
2¢ E (-1) Ig(ze)ktq e
k=—oc0

k=—oc0 m=1

~(-3) 2 S0 () 9

m=1

Identifying the coefficients of equal powers of e* on both sides of (83) we obtain
an infinite linear system of equations for the Fourier coefficients of (80):

l _ - J ™ m} _1_ 2hene ‘]:- —2km
4elu()k = 2;,1( 1)"bmg™ [Turm(5 ) Lom(3)7h (84)
where k£ = 1,2,3...00. This equation was given 1963 by D. Blackstock [4].
The solution of the linear system of equations (84) can be represented as a
series expansion

b = 4e Ii dmig". (85)
=1
Inserting (85) into (84) we obtain
Ik(%)k = i(_l)?ﬂqmzu’wmq—zm(dmiq +dm2g® + ... +
+d,..,;,..q""") + @™ ((Tieemdm akms1 — Termdm1)q +

+(Tk=mdm im+2 = Tetmdma2)g® + ...)]- (86)

Requiring that the equation (86) be identically satisfied, we put the coefficients
for each power of ¢ equal on both sides and find a system of equations for the
coefficients d,,,. We figd that !

dmr = 0, m>r (87)
and
dpr =0,m+r=2n+1,n=0,1,2... (88)
The recursion formula for the coefficients d,,,, obtained from (86) is (use that
I_n(2) = In(2))
Iodyy = [(dro1,0-1 +dry1,0-1) = I2(dr-2,0-a + dry2,0-4) + .. +
+(—1)"+1L,(d,_,m-ﬂz + d,.%',_,,z) + ... (89)

The righthand side of (89) termunates with (—1)"+'r], if s = r3. Otherwise it
is broken for n? > s. In order to be able to write (89) in a uniform notation
we also define

d-f,l = "d,,,& # 0, (90)
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doo = 1. (91)
From (90) automatically follows that
do, =0,8#0. (92)
Some of the first equations of the recursion formula (89) are
doo =1, (93)
I
dy = 7-doa, (94)
[}
) I
dyy = }:-dn.
; T
dia = }1422. (95)
°
I
dys = ﬁdzz,
I I
di = Tlda+dn)-22,
I I
dis = 11 434 + Izdu (96)

In the last term of the last equation of the equations (96) the rule (90) is
used. We also see that before calculating d,,, we can use (89) for calculating
dri1,-1, d,.fg.,_z...d:?'%! and d,,, with m + n < r + s. Thus the equations
(89) can be solved one by one, although a general expression of d,, is rather
complicated to write down. It can be shown that for ¢ — 0

d,—1,s=(2n+1)r,n=0,1,2..

d, = 0,s#(2n+1)r,n=0,1,2... (97)
Using (97) in {85) we obtain

oG
b = 4€ Y dre (ki 1)md T = 4e(¢m + P+ ¢ 4 ) =
k=0

gm 2
1-¢>™  sinhmeo’
which, inserted into (80), gives the wellknown Fay [5] solution of Burgers’
equation. It is important, in Fay’s solution, that ¢ does not approach zero
unlimitedly but has a small finite value. The validity of Fay's solution then
depends on the accuracy of the first term in the asymptotic expansion

I3 = VAS)ek(1 - - 1)+ O() ©)

when used in the recursion formula (89). The exact expressions for d,.
polynomials in ]: One example is
mn LI7 B LI

dya1 = 421 - 5673 +1422 5t

= 4¢

(98)

(100)
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Of course d;,; is badly approximated using only the first term of (99) in
the modified Bessel functions in (100) if € > ;. For the validity of Fay’s
solution it is then important that b; in (85) is well approximated by the terms
preceding d;,;; exp(—11eo) in the series (85). Since it is obvious that d,, is
badly approximated using only the first term in (99) when € > f, then the
validity of Fay’s solution is seen to depend only on ¢ independently of €. If
we desire the error in Fay’s solution to be on the one percent level we must
require o > 4.

We now turn to another approximation of the Fourier coefficients b,, in
which it is essential that ¢ — 0. To that end we write (84) using Bessel
functions and multiply with u*:

deld, (—C:}-)ku" —_ f:( I)mb —m’cv[ "’"‘;J (ei'%) ~2kmeo, k
LAY - = mé € ktmlge /€ v

-e‘"‘fJ;,_,.,(-:-)e’*"‘” u*] (101)

We now need the formulas [6]

i t* Jign(2) = 4™ exp((t - %)-;-). (102)
k=-oc0
g:w kt“Jy(z) = %(t + %)zexp((t - %)%)- (103)

Using (102) and (103) in (101) and letting ¢ — 0 we obtain after summation
over k:

Mt Dy S (1) bl exp(- T2 (w4 Dyt

m-l

. 1.
—u™exp((u+ ))e™E] (104)
In deriving (104) we haye used that for meo << L

(e—zmwu _ e?mwu-l)_z_'; ~ (u _ u"l)% - .;.mg(u + u'l). (105)

In (104) we choose
u=e? (106)

and obtain

cosg = o Z bmle™ "™+ exp(—imio cos §) — ¢™(3+9) exp(ime cos )]
m—'l . (107)

cos¢p = Z bem sm(m—--mocos¢ me). (108)

m=1
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If we put ¢ = 3 — % we obtain from {108)

sing = i b sin(my — mosing). . (109)

m=1

From (109) we find the approximate Fourier coefficient as an integral

ba= & / *" sin psin(ng — nosin $)(1 — o cos )dy. (110)-
X Jo .
Partial integration of (110) gives
by = [" in 9)dy (111)
n = ) cos ¢ cos(ny — nosiny)
or '
2x . '
.= 5}; [c [cos((n — 1) - no sin$) + cos{(n + 1)¥ — nosin¥)]dy. (112)

Using the wellknown zelations for Bessel functions

1 / " cos(v — nosing)de = Jy(no) . (113)
* Jo )
$Un1(n0) + Jnsa(n0)) = 2Jn(no) (114)
we finally obtain
b, = M, (115)
no

which inserted into {80) gives the wellknown Bessel-Fubini [7] formula (1935).
It is important, to remember that the evaluation of by, in (109) as the integral
(110) requires that the argument ny — nosiny of the sine function grows -
monotonically with 1. This is the case only for

o<1 (116)

" which is the region of validity for the Bessel-Fubini solution, which completely
neglects the dissipative effects.
For the region :
1<o<4 (117)

some refinements [8] of the Bessel-Fubini or the Fay solution can be used.
However, the only solution representation valid for all & > 0 and giving the Fay
and Fubini solutions a- limits is the exact solution with the Fourier coefficients
by, in (83) given by the formulas (85), (81) and (89). The limit transition to
the Bessel-Fubini solution seems so difficult to do from the expressions of the
b-coefficients in terms of the d-coefficients, so that we have made this transition
in the linear system of equations for the b-coefficients.
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3. SPHERICAL GEOMETRY: PERIODIC WAVES

From Kuznetsov’s equation (53), in the same way as Burgers’ equatioh (58)
was derived, we derive a generalized Burgers’ equation for spherical waves:

_— - - SV =53 53 X (118)

Here r is the radial distance from the sound centre and T is defined as

r—r
r=t- CO", (119)

where ry is the source radius. At the source surface, where r = rp, it is
assumed that the wave has a pure sine form

v(ro,T) = vosinb, 8 = wr. (120)

With the substitutions r v
V=—e—1fF (121)

Yo Yo
z=ln— " (122)

To

and the definitions (cf (64))

Brovow ’
Ry = ——, 123
3 (123)
€= (28Re)7!, (124)
we obtain the dimensionless equation
v v L% )
‘é;' el Rova—a = GRoe -5—92~. (125)

Thus the problem is determined by two dimensionless parameters, € and Rp.
As in the case of plane waves we assume € << 1. The region in the (¢, Ro)-
plane treated in the prfgent paper is eRp = (O(1). Some other regions in the
(e, Ro)-plane are treatéd by Scott [9] in 1981. .

A tentative approximate solution of (125) developing from a pure sine wave
can now be written by comparing (125) with (63) and knowing that an exact
solution of (63) is given by [10]:

1 x6
V= 1—+—;(‘xtanh m -0),-x<f<x. (126)

In analogy with (126) we attempt as solution of (125): .

xe~%0

1
V= m(ftmhm—o),-‘r<o<t. (127)
Investigating how the solution (127) satisfies (125) one finds the condition
14 Roz
TR <<l | (128)
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Remembering that V in (80) with (98) is an approximate Fourier expansion of
V in (126) we find easily the approximate Fourier expansion of the one-period
waveform given in (127):

sinnf
V = 2ee* Z simb(ne(1 + Boz)e)’ (129)

n=1

Because the error in (80) with (98) is small for terms with meo = Q(1) or
less than ()(1) we realize that the error in the expansion (129) in comparison
with (127) is very small for the important terms, i.e. those terms for which
the argument of the sinh function in (129) is << 1. Of course (128) is also
necessary for (129) to be valid.

We now turn to the solution of (125) for z so great that the nonlinear term
can be neglected in (125). The linear equation

v 8’V
y P akadly T i 0, (130)
where
a = eRo = (1), (131)
has the periodic solution
= EC exp(—ae*)sind, (132)

where the constant C (called the old-age amplitude) has to be determined.
The expression (132) can be used as the first term in an exact series solution
of (125):

V(2,6) = SCexp(~ae*)(/i(6)+ fu(z, 6) exp(~ae”) + f(2,0) exp(~2ae") + ...

(133)
Inserting (133) into (128) and putting the coefficient for each power of
exp(—ae*) equal to zero we see that we obtain a solution of (125) if we can
solve the infinitely many linear equations for the functions f,(z,6). These
equations are

xaz n a n z
e ’Bo_ff - —a!-—- + nae® fo(z,0) =
8 fn- O fn- a8
=-C(f f Lt fe f 2 bt famr -5’;—‘), (134)
where
fi = siné. . (135)

We are interested in solutions f,(z,8) which are limited for all z independently
of n, so that the series (133) is uniformly convergent for z = 0. The amplitude
constant C now can be determined by requiring the exact series solution (133)
to be identical with the series (129), valid for z values fulfilling (128), in the
lowest order in the region where z fulfils (128). To that end we make the
following scaling of the z variable:

z=¢ (136)
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and use (131) and (136) in (129):

= (4 + O(€%)) Z sinné Z exp(—(2v + )n(1 + a{)e + O(€?)).  (137)

n=1

In order to compare (137) with (133), evaluated for z = ((e), it is sufficient
to evaluate f, in (134) to O(1). Neglecting O(¢) in £, we can write (134)

82.fn af —1 afn—! afl '
0% tnfa= "“(fl =+ f + ot fraa -55) (138)
It can be shown that the solution of (138) with (135) is
fo= (St S by sinyd (139)
n 4a ~ m 1)
where
bm=1,n=(2k+1)y, k=0,1,2....
bun =0, n # (2k+ 1)p, k= 0,1,2.... (140)

The series (133) thus becomes, using (136) and (137)
€ a,—e C . —~2q -3¢
V(z,0) = —Cle ®e ™ sin# + —sin20e~ ™% +
a 4a
+(z—a-)’(sin 30 + sinf)e”3%e ™3¢ 1+ . (141)
The series (141) and (137) are identical, in the lowest order in ¢, if
C = 4ae’® + Ofe). (142)

Returning to the physical variables, we can write the asymptotic
monochromatic solution vy, of (118) with the boundary condition (120) using
(131)

2
= -0 446 exp(—a—) si
Voo = ,Brw4ae exp( aro)sm0. (143)

The phenomenon of saturation is obvious from (143); because of the
independence of the amplitude on vy, the asymptotic wave does not increase
unlimitedly with increasing vo

Another approximate calculation of the amplitude constant of the
asymptotic wave is done for spherical waves by Shooter, Muir and Blackstock
[10] 1974. They study the rates of attenuation of the fundamental component
in the Fourier expaiision of the wave due to shockwave dissipation and due
to ordinary small-signal absorption. At a certain range r = rpy.., Where
r is the distance from the source, these two rates are equal. By making
the approximate assumption that a switchover from the first to the second
damping mechanism takes place at # = rp,2, they can calculate the asymptotic
monochromatic wave. They obtain

2
SMB _ _S0 —aL)si
vy, -2ﬂwD(a)exp( aro)smﬁ, (144)
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where D(a) is given [11] as
D(a) = 4T(a) expT(a), T{a) la(2L2) 1"“") L (145)

iFrom (145) we find

SMB
¢ N ki D(a) e
L e = S T 3 (146)
and
vSMB ‘
2—>ga<w. (147)

The limit a — oo corresponds to the transition from spherical to plane waves,
for which the ratio § between their approximate asymptotic solution and their
exact asymptotic solution was found by Shooter, Muir and Blackstock {11} in
1974. Thus the approximation suggested by those authors is not so good for
spherical as for plane waves.

4. CYLINDRICAL GEOMETRY: PERIODICAL WAVES AND N-WAVES

For cylindrical waves the same problem (i.e. with eRo = ()(1)) as that
treated for spherical waves in the preceeding section cin be solved in the same
way. A more complicated case with cylindrical geometry and periodic waves
is eRg << 1. This case is treated by the present author [13] who obtained
an old-age amplitude slightly different from the old-age amplitude obtained
numerically by other authors [14].

A problem which has until now had no satisfactory analytical solution is
the problem of finding the old-age amplitude of the short pulse developing
from a cylindrical N-wave. The corresponding spherical problem was solved
by Crighton and Scott {12] in 1979. In their paper they called the problem
of determining the old-age constant of a cylindrical N-wave "an important
unsolved canonical problem of nonliner acoustics”.

The first attempt of solving the cylindrical N-wave problem was made by
the present author in 1981 [15]. The confluent hypergeometric series old-age
wave function suggested in this paper did not, however, fit to later numerical
calculations [14], [16] which were consistent with an exponential fading of the
old-age wave profile. It also became obvious that a better procedure was
needed for the matching of the wave function in the outer (i.e. old-age) region
to the wave function in the inner (i.e. shock-wave) region, since a closer
examination of the matching procedure sed in ref. [15] shows that there is
no overlap between tl..e outer and the inner region. A new attempt to solve
the cylindrical N-wave problem was accounted for by the present author in a
report to the XII:th ISNA 1990 [17]. It was shown that the fading wave in the
shock region can be written as an integral, which, in the old-age region, is a
superposition of confluent hypergeometric functions. This result was, however,
not quite satisfying since it did not fulfil the requirement of an antisymmetric
wave profile, like the N-wave profile, with an exponential fading in the old-age
region, which is suggested by numerical calculations [14] [16].
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The next progress on the cylindrical N-wave problem was the observation
that both the antisymmetric wave profile and the exponential fading of the old-
age wave function can be achieved by choosing the integration path properly in
the integral representation of the fading wave in shock region. The integration
was made in the same manner on all three Riemann sheets of the integrand.
In this attempt, which was reported at the Euromech Conference 265 (1990)
[18], the old-age amplitude C was given as

127
~ V(6e)16

which differs by about 20 percent from the values 0,35 and 0,36 obtained
numerically by Hammerton and Crighton [14] and Sachdev, Tikekar and Nair
[16] respectively.

However, recently the present author has studied a better a.ppronmatxon
in the evaluation of the fading wave integral in the shock region by the
steepest descent method and found that it gives the old-age amplitude 0,35 in
agreement with refs. [14] and [16]. Some details of this calculation are given
below.

A dimensionless generalized Burgers' equaticn for cylindrical waves
corresponding to (63) and (125) is [12]

v . OV _ T8V ‘

?T-+V-5z— €521 ¢ €<<1, (149)
where we have choosen the same notation of the independent variables as
Crighton and Scott [12]. The N-wave boundary conditions are

~ 0,418, (148)

V(z,1)=12,]z|] < 1, (150)

V(z,1)=0,]z| > 1. (151)

As is shown by Crighton and Scott {12] the boundary conditions (150), (151)
give the following discontinuous N-wave "outer” solution of (149):

= polel <1k, (152)

Vo=0,]z} > T}. (153)

An "inner” solution, valid in the neighborhood of z = T} can be matched to
the solution (152), (153). To the order ¢ this solution has been calculated by
Crighton and Scott [12]. The result is

V=Vs ey, (154)

where

Lo o2 +3THT 1)
STH(1 - tah )

S
I

vy = iiii----T" 9(T)( 2 —2z+2ztanhz-1)+
L § cosh? z
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T
+ G(TN 2y +tanhz) + K(h)z
+ 4T3 g—f[z + tanh z — In(cosh z) tanh z +
-d 2 155
+ cosh’ ——(z m2+ = + iln(1 + e**))] (155)
and ' '
z‘ = z “=T1 (156)
1
Tt T:(T 1)’ (157)
2T:
A(T) = --2-1'%(2' -1), (158)
T
G(T)= -4} % F7(1+1n2)~ —AT"‘, (160)
S E Y]
‘ K(T) 169(T) += T T (161)
The definition of the dilogarithm function is
dilnz = — / -3“-‘—& (162)

1

The second term on the righthand side of (161) is missing in ref. [12], formula

(3.23).

The Taylor shock solution (154) with (155) is valid for 1 < T << 1. The
shock fades out when z becomes greater than Ti . For great values of the

variable z defined in (157) or, more precisely, for

z i 1
—&T/;~—€T>lnf, f«<1

the solution (154) with (155) becomes

vV = exp(—-;- -Y)T i1+ e(-%Y’T —2¥YT + -;- +

-2 fom2- 37 - iry)
3 4 8 !

where ) 1
z
Y’Z(ira/z T)
T & is chosen so that s 1

(163)

(164)

(165)

(166)
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then the nonlinear term in the generalized Burgers' equation (149) can be
neglected and (164) is a solution to order € of the corresponding linear
equation.

For studying the solution of the generalized Burgers’ equation (149) in the
region where the solutions (152), (153) and (154) with (155) are not valid, i.e.
for T > 1, the foHowing scaling is made:

T = €T,
' 1
T = ez,
Vo= &V, (167)
Inserting (167) into (149) we obtain
OV .0V, T 8%,
7t VoG = 5 e (168)

For T' saﬂimently great, the so called old-age region, the nonlinear ternn in
(168) can be neglected:

v, T8V,

8T ~ 2 927
The solution (164), however, is a solution of the linear equation (169) rescaled
so that 7" and z are (O(1). Considered as a solution of the nonhinear equatior
(149), the expression {164) is a valid approxinnation in the fading shock region
given by (163). Thus a correct old-age solution of (168) must be continued,
through an (z, T') region where the nonlinear term can still be neglected, into
the fading shock region. It is easy to see that the general real solution of (169)
can be written A

V)

(169)

=Vy=I1+T1, (170)
where

I+ / exp(=A2T"? 4 2iz'\)h(A)dA. Cany
0

From the expression (170} with (171) it must be possible, choosing suitable
variables, to derive the expression (164). This is done by, the steepest descent
method after changing the variables in ( 171) from (z', T") into (Y, T) . To
the iirst order in € the steepest descent method gives [19]

o (5] e (1) )

xl" F’ IV 5 (Xl" )2 F" ) ]
1 " + " ~ I 7" - M ) 1 72
{*(uVF4uV TIC 2 M

where the argunnent of the functions in the last parenthesis is the saddle-point
ko . It can be shown that the expression (164) is obtained from (170) with
(171) using (172) if

Iy 4 1 1
etexT3273

V/(6e)
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where

)= -:-:r%e"‘%, (174)
A= 'sz's(— +2n2- --) ~ -1,2924-27 3¢5, (175)

The linear wave equation solution {170), (171) with (173) can be expanded in
a series of inverse powers of 7", the first term of which is the old-age solution
valid for 7' >> 1. For this series expansxon we need the integral representation
of Hermite functions [20]
oves

H,(z)=

/ exp(—u® + 2izu — i‘—'—t-)u"du +ece., . (176)

rz ] 2

where c.c. means complex conjugated Using (176) in (171) we obtain a

series expansxon in the powers T"' T ‘3‘ T'-2... with the Hermite functions
_5(7;-;) H%(T-;), HI(T") as coefﬁcxents.

However, that series expansion does not satisfy the requirement that the
old-age solution be antisymmetric in 2’ like the N-wave (150), (151) and (152),
(153). In order to achieve this antisymmetry we consider again the path of
integration in (171); only the passage of the saddle-point is needed to give
the fading shock solution (164). We notice that because of (173) the endpoint
A = 0 is a branchpoint of the integrand with three Riemann sheets. The
Riemann sheets are characterized by the choices

= |n, (117)
At =iy, (178)
= Affe= ¥ (179)

respectively. If the integral in (171) is taken as the sum of the integrals from
0 to co of the integrand vn all three Riemann sheets, which can be done
without changing the result in the fading shock regiofl, then the result can be
expressed as a power series in (7”)~? with odd integer order Hermite functions,
i.e. Hermite polynomials antisymmetric in their arguments, as coefficients.
The first term is
1 127 1, x? z" Fy
V=¢e -\7(-6-;75'2-(1 - Z(—ﬁ—' -In2- '3—6'))5;‘5 exp(—-iﬁ)ﬂl(i,-,) + ...+

+0O (}). (180)

Because
Hy(z) =2z (181)
the result (180) can be written
z' z?
V= ‘*Cis exp(~ 73 ), (182)
where the coefficient C is (cf. (148))
1 27 8 . =2 1
C= J(6e )16[1+2 (1+§€)(-—6—--1n2 % ] =~ 0,2828 + O(e). (183)
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By requiring the old-age solution to be antisymmetric in 2z’ we have also
automatically obtained an exponential fading in 2’ of the solution. This
behaviour might be expected because of the exponential fading in z of the
solution in the shock region (cf. (155)). The true value of C is expected to
lie between the values (148) and (183). This is in agreement with numerical
results {14]{16], which determine C to be 0,34 or 0,35.The present analysis
also shows how C depends on e.For ¢ = rlé we expect a raising of C with
about 20 percent. This prediction is confirmed by the numerical calculation
of C by Hammerton and Crighton [14]. For € = ;5 they find C = 0,43, which
is about 23 percent higher than their result C = 0, 35 for ¢ = 0, 001.
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CUWJIbHAA TYPBYJEHTHOCTD H HEJIWHENHBIE
CIYYIAUHBIE BOJIHBI B IIOTOKAX JACTHI]
r'IIPOINHAMHUYECKOI'O THUIIA

C.H.I'yp6amos, A.H.Cauues
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3. O6mee B aCAMOTOTHYIECKOE pemem ypasHerus Boprepca

3. OpEOMepHag aKycTHYecKas TypOyneHTHOCTH

4. PuMaHOBH BOJHB, reoMeTpHYeckas ONTHXKA H PIyXTyanum IUIOTHOCTH
raca HeBOAMMOREMCTBYOITUX IACTHI

5. HoTennunansHas TypOyneHTHOCTS M GOpPMEpOBaHEEe CTPYXTYP B rpaBATa-
IIHOHHO HeYCTOMIHBOM cpefie

1. BBEHEHME

1. Teopus HeNWHEHHHX CIyYaHHHX BOIH BKIIOYaeT B cebd MMpOTammmmy
knacc QUBHYECKHX ABICHHH, TAKHX KaK TYPOYIeHTHOCTH CaMOH pasHOH (HOH-
decxoif pHPORH (FHAPONKHAMUYECKad, IIadMeRHEad ), PACIPOCTPaHeH e dlek-
TPOMAarHMTHHIX, aKyCTHYECKHX HIYMOBHX BONH 6ONbIIOH HHTEHCHBHOCTH. B
HAaCTOSIIell CTaThe MH OIPAHHYHMCH ONHCAaHHeM METONOB aHANH3a H HCCle-
noBanueM (Quonyeckux >PPEKTOB, NPHCYMHX HEMHHEHHHM CIYYaHHHM BON-
HaM IHAPOJHHAMHMYECKOTO THIA, KOIfla B IHHEHHOM CIyYae NHCIepPCHd CPelnl
OTCYTCTBYyeT WIH Malla. XapakTepHOH 4epToH TakHX BONH IBISETCH NaBH-
HOOGDanHHI POCT YHCIa B3aUMOJEHCTBYIOMMUX FapDMOHHK, YTO HPHBONHT X
CHIBHOMY YIIHPEHHIO CeKTPa BOTHH H BOSHHKHOBEHHIO KaK MeIKOMAacITab-
HEIX, TaX H KPYIHOMACIITaGHHX CTPYKTYP B BOIHE.

B OlHOMEDHOM CITy4ae OTANOHHEIMH YPABHCHHSMH, ONHCHBAIOIIMME Dac-
NpOCTpaHeHHe HEMHHEHHHX BOIH B cpefjax 6es HCNEPCHH, IBILIOTCE ypaBHe-
une Pumana (1] .

Ov Ov

‘é‘t‘ + 05; =0 (1.1)
H ypaBHeHHE Bloprepca
dv v B .
’5{ + ‘05; = }l'a—z—i. (1.2)

Ypaprennue (1.1) onucHBaeT HeMUHelHhe HCKAXKeHKS NPOQHIS BONHH, 06y-
CIOBIeHHHE 3aBHCHMOITHIO CKODOCTH PAacHPOCTPaHEHHS BOIHH OT ee BelH-
YHHH, a B ypaBHeHnH (1.2) npaBag YacTh YYHTHBAET JUCCHIAIKIO MENROMAC~
INTa0HBIX KOMIIOHEHT BONHH.

2. B gusaMuYeckux safaiax npobieMa ONECaHUSL BBOMIONHA BOTHH CIHTa~
eTcd pellleHHOH IOCTe TOro, Kak Haiifieno none v(z,t) B nponsnonbnsm MOMEHT
BpeMeHH ¢ N0 U3BECTHOMY HavalbHOMY HpOQHIIO

vo(2,t = 0) = vof2). (1.3)
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OnHako B CTATHCTHYECKHX Bafjadax, KOIfa nole vo(Z) CIyJIaHHO, AHANHES
IOBefleHHE ORHON pealHBalMH Aaleko He HCuepNHIBaeT NpobneMy. Bonee roro,
9TO TONBKO NePBHIH lJar, Tak Kak B CTATHCTHIECKHX 3ajayaX ONEpHPYIOT ¢
TaKHEMH YCTOHYHBHIMH XapakTePHCTHKAMH, KaK CDeNHEf NMCIEepCUS, KOppe-
nSnuoHHEKe QYHKIHM H CIEXTPH, BepOSTHOCTHOE pacmpefenenue. Ilocnenune
Xe HaXOJATCHA yCPeXHEHHeM IO aHCaMOMIO pealH3aluil ¥ MaTeMATHYECKH 3a-
fla4a CTaTHCTHIECKOIO ONMKCAHHA CIYYaHHOro IONA BAKIIOYaeTCH B HAXOXK[e-
HHH CTaTHCTHYECKHX XapakTepHCTHK Ioif v(z,l) N0 H3BeCTHOH CT2THCTHEKE
HavYaIbHOro noig vo(z). Jaxe B TOM ciydae, eCl¥ KGBECTHO TOYHOE pelleHHe
HCXOJHHX ypaBHeHHil (KalmpHMep, HesBHOe pellleHHe B BHJe NPOCTON BONHE
ypasrenus (1.1), unn pewenne Xonga-Koyna ypasnenus Bioprepca (1.2)),
Bafjada CTATHCTHYECKOI'O ONHCAHHE OCTaeTCE BeChbMa HeTPHBHANBLHOH.

3. IIpuMeHHTENbHO k ypaBHEHHIM IHAPOAKHAMHYECKOrO THIIA BOSMOXHO
IBa aTbTEPHATHBHHIX NOJXOfa. EcmH MH crnepuM sa sBolonneil npoduig
BOTHH B (PUKCHPOBAaHHOH TO4YKe M B UKCHPOBAaHHHH MOMEHT BPEMEHH — 9TO
TaK HashiBaeMoe dHIepoBO ONHCaHKe. Eciy Xe MK HHTepecyeMcs NOBEleHHeM
OTAEeNbHLIX TOYeK Mpoduid (OTAENbHHX YaCTHI ), 9T0 6yIeT TarpaHkKeBo Ollk-
caHue [2]. YpaBHeHHIO B YaCTHHIX NPOU3BORHHEX (1.1) cooTBETCTBYET CHCTEMa
XapakTepHCTHIECKHX ypPaBHeHUH :

.

av :5.¢
x5 = 0, o= v, (1.4)
X(t=0,y)=y, V(t=0)=1vy). (1.5)

Taxum o6pasom, pemienyHe ypapHeHns PEMana jomyckaeT HarTigHylo Qu-
3MYeCKyI0 HHTepIPeTalHIO: OHO ONKCHBART IOIE CKOPOCTH NOTOKA HEB3AHMO-
HeiCTBYIOIIHX YaCTHI, IIPH 9TOM JIarpaHieBa KOOPAHHATA Y €CTh HaYalbHAL
KOODHHHATA YaCTHUH. IIpH NarpaHkeBoM ONKCAHHE JBH)XEHHE OTHeIbHOMN
YaCTHUH TPHBH2JILHO ~ GHA [BHXKETCE C NOCTOSHHOMN CKOPOCTHIO H, XOHEYHO,
IIPY DTOM HeT HHKAaKMX HelMHeHHHX odpexroB. OpHako, Kak oTMedaeTcs B
paboTe [3], "paccMoTpeHHE CIIOUIHON CPEH, T.e. He OHOH, a LEeNoro aHCcaM-
611 4aCTHI, TPKBOAHT X HHTEPECHBHIM K HETPHUBHAILHHM pe3yNbTaTaM Jaxe
B ODTOM NpocTOM ciyvae”. [leiicTBHTenbHO, NpH HAaOIIONEHUH 33 NpoduieM
CKOPOCTH NOTOKa YACTHI[, MOXKHO YBHIeTh TakHe THIHYHO HeMHHEHHHe YBle-
HHY K3aK yKpydeHue HpodiiIg BOMTHH M H3MEHEHHe CIEeKTPAIbHOIC COCTAaBA.

4. B cBasn ¢ 9THM NORYepKHeM, YTO NposBleHHe HenuHeHHHX bddexToB
BOGMOXHO H B CYry60 nuHeilHEIX cucTeMax. Tak, ecmu oGpaTHTBCE X Dafaye
o nHE(PaXUHH ONTHYECKOH BOMHH Ba (Pa3OBHM DKPAHOM, TO B MAaJOYITOBOM
npubiaExenuy none E(z,z) onucnBaercd napabonuyecknM ypaBHeHHeM KBa-
SHONTHEH

8E 1 O*E
8z ~ 2iko 022’

3nech z — NpofOUbHAL XOOPAHHATA, 2 — NIONepeYHas KOODAUHATA, kg — BONHO-
Boe 1ucio. Ilepexong ot (1.6) k xoMmnekcHoll pase

E(z,z = 0) = Eo(z). (1.6)

E= exP("'kos)a (1‘7)
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MH HONyYaeM HelHHeHHOe ypaBHEeHHe

8s 1f{es\*_ 1 &

5 T3\3z) T mmae (18)

B npubnnkeHHH reoMeTpHyeckoifl onTukE (kg — 00) H3 ypaBHEHHA MK
xoMIekcHoi QaoH S = S, + i5; MH HonyvaeM ypaBHeHHe JIf YIIOB HaKIOHa
BonHoBoro PponTa v = S, /0z u HATeHCHBHOCTH BoNHH I = exp (2koS;) :

Ov  Ov oI &8 .
5;+v'5-;—0, $+8—21v_0. (1.9)

Taxnm o6pasoM, OBOMIOUHS YIIOB [PKXCAa BONHOBOTO POHTA B ByMep-
HOM OJJHOPOJHOM Cpefle CBONHUTCY X YpaBHeHHI0 PuMaHa, a ypaBHeHHe I HH-
TEHCUBHOCTH COBIRJJaeT C ypaBHEHHEM HeNpPePHBHOCTH Aid MIOTHOCTH p(z,t)
NOTOKOB HEB3aHMOJIEHCTBYIOWIHX YacTHH. CleqoBaTelbHO, IPH PETHCTPALMH
YIMIOB NPYXOR2 M MHTEHCHBHOCTH BONHH MOXHO HabmiOfaTh Tak#e THOUYHO
Henuueidnne 5GpPexTH KaK ykpydeHne npoduid yrios HakJIOHa H BOSHHKHOBe-
HHe NOKaNbHBIX 06IACTell MOBHIICHHOH HHTEHCHBHOCTH. B TpexMepnoM ciy-
Yae O6NacTH MOBLIMICHHOH WHTEHCUBHOCTH — KAYCTHKHM — CyIIECTBEHHO aHH-
BOTPONHH H 06paldyloT CBI3HYIO §YEHCTO-CETHATYI0 CTPYKTYpy. Takne xe
CTPYKTYPH BOGHHMKAIOT M IPH DasBHTHHM IDAaBHTAlHOHHOR HeyCTOMYHBOCTH
XONOXHOro rasa. TakoM ra3 gBNgeTCE THIHIHHM IPHMEPOM HElIHHEeHHOH CpeRH
6es pgucnepcun. Ha HavanbHOM dTane BCe MAaCHITAaOH YBENHIHBAIOTCHE HS-BZ
I'DaBHTALNHOHHON HEYCTONYMBOCTH OMHAKOBO, TaK KaK B Cpefe HeT [aBICHHA.
O6pasoBanne Xe PE3KO aHUSOTPOMHKX CTPYKTYP OOGYCIOBIEHO KHHEMATHYe-
CKOH HENHHEHHOCTHIO — T.e. BHXKEHHEM YacCTHH 1o HHepuuu. IIpubGnmxenHoe
omMcaHKe HponeccoB POPMEPOBAHUA AYEHCTO-CETYATOH CTPYKTYPH pacipe-
JleneHHs BellecTBa BO BceneHHOH Ha HeNHHEHHOH CTANHH PasBHTHS IDaBH-
TAIMOHHONH HEYCTOWYHBOCTH MOXeT GHTb IPOBEEHO B PAMKAX TPEXMEepHOro
ypasuenus Bioprepca [4].

Ypasuenus Pumana u Bioprepca onucuBaioT LIMPOKHE XTacC PUBHYECKHX
CHCTeM, Tlie HeIHHeHHOCTE JOCTaTOYHO Claba M HeT B3aHMONEeHCTBHS BCTPEY-
HHEIX BOIH, a JHCIEPCHS NMpeHe6peXHMO Malla MO CPABHEHHIO C BaTyXaHUeM.
OTo BNeXTPOMarHUTHEE BONHH B HeIHHEHHHX IHHUIX Nepenady, HelHHelHbe
BOIIHH B TEPMOYINPYTHX cpelax, TypOyleHTHHEe BOITHH HOHH3ALHH B cTonGe
cBeTHIIerocd rasa ¥ T.1. [4).

Tloxanyii, npakTHYECKH HauGolee BaXXHEIM IPHMEpOM HeIHHeHHHIX BOJIH B
cpenax 6e3 gHCHEpCHH SBIFIOTCA AKYCTHYECKHE BONHE 60ONBNION HHTEHCHBHO-
cTH. 3hech ypaBHeHHKe bioprepca crenyeT us ypaBHEHHH THIPONHHAMHKH B3-
KOH TeIIONpPOBORLLIEH XHNKOCTH B MPEAIVIOKEHHH MEICHHOCTH HOMEHeHHS
npoduis BOTHH H3-32 HEMMHEHHOCTH ¥ guccumauuu (cuM. [5, 6], a Takxke cTa-
Tbi0 B.Enflo B nacrosuem nomepel K ypabrennsam nono6Horo THma CBORKTCS
PacnpocTpaHeHHe HUIMHIPHYECKHX H CPepHYeCKHX aKyCTHIeCKHX BONH, pac-
IPOCTpaHeHHe HHTEHCHBHHX aKyCTHYECKEX NYYKOB B INIaBHOHEOZHOPOHHX
cpenax. L .

5. Xors B (usuxe ypasnenue (1.2) nogsunocs, no-sEgEMomMy, B 1915 rongy
B pabote BeiiTmana (7], celivac oHO BaciyxeHHO HOCUT Mg Bioprepca, xoro-
PHIH TIPERIOXKUN €T0 B Ka4eCTBe MOJieNH I'HAPORHHAMHIYecko Typ 6yIeHTHOCTH
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H OpoBell JOCTATOYHO MOAPOOHOE HCCIENOBalle ero CTATHCTHYECKHX CBOHCTB
[8, 9]. YpaBnenne Bioprepca onucuBaer gBa adpPexTa, NpHCYUIHX runpo}m-
HaMU4eCKOH TYpOyNeHTHOCTH — HENUHEHHYI0 NepeKavyKy SHepTHH N0 CIeKTPY
H BISKOCTb B OOGNAacTH Menkux MaciuTaboB. Peinenne ypasmemus (1.2) co
CIy4YaiHHEMY HaYaIbHBIMH YCIOBHEMH NPHHATO HalHBATh TYPOYIEHTHOCTHIO
Broprepca, HiH, HOCKOIBKY B HEIHHEHHON aKyCTHKe OHO ONHCHIBAET BBOIIO-
UHAIO KHTEHCUBHOTO aKyCTHYECKOTO IIyMa, er0 HashiBaIOT TaKKe aKyCTHYeCKOoH
TypOyIeHTHOCTBIO.

O6HYHO NPHHATO FOBOPHUTH O CHIbHOH M craboi Typ6ynenrnoctn. Cia-
6ag TypOyNeHTHOCTE pealu3yeTcd B CpeflaX ¢ CHIBLHOMN JucmepcHed (IiasMeH-
Haf Typ OyIeHTHOCTD, IOBEPXHOCTHOE BONHEHHE), KOrAa IHHEHHEE MOIK Cl1260
cBE3aHH. B Taxoil TypO6yneHTHOCTH CHPaBENIHBO NpENNONOXKeHHe O Xa0TDa-
uud a3 oTHenbHHIX MapMOHHK M DHEPrHi B Hell nepefaercs scTadeTHO IO
CIeKTPY MeKJAYy HeKOrepeHTHHMH rapMoHukaMu. IIpu omucanuu Taxod Typ-
6yNeETHOCTH OY€Hb NIOAOTBOPHBIM OKa3alci METOJ KMHETHYEeCKHX ypaBHe-
HHH.

IIpu cHIBHOM B3aKMONEHCTBRH FAPMOHHK IOCIe[HHE CTAHOBATCL B3aHMO-
CBIGAHHHMH H B pesynbTaTe B cpele QOPMHUPYIOTCE NOCTATOYHO YCTONYH-
BHe KOrepeHTHHEe OOpDa3OBaHHdA, MEKXY KOTOPHIMH U I[POHCXONUT B3aHMO-
neiictede. B ruppoannamMuvieckoit TypGyneHTHOCTH, HalpHiMep, 9TO CIyvail-
HOe NBUKEHHe KUIKOCTH MOXKHO NPEICTaBHTH Kak B3aUMOJEHCTBHE XaoTH-
4eckoil cucTeMHl Bixpeil. C oTOH ToukH Bpenni TypObyneHTHOCTb Bioprepca
ABIEeTCA NPUMEPOM CHIBHOK TYpOyAeHTHOCTH. 3a CYeT KOTEPEMTHOro B3aM-
MOjIefiCTBHSE fapMOHHK B1ech QOPMIPYIOTCH YiapHble NHIO0OPas3HbIE BONMM,
KOTOpHEe MOXHC DacCMATPHBATh KaK Fa3 YaCTHIl C HOKAJIbHHIM B3aHMOJel-
CTBHEM, 3 HMEHHO, B Pe3ylbTaTe CTOIKHOBEHHA YapHHX (PPOHTOB IPOUCXO-
OMT HX CIMfHHe, OKBHBAICHTHOE HEYNPYTOMy CTONKHOBSHHIO YacTHIL.

Iipn omucanuM ciyyaiHHX Ioneil, yHOBIeTBOPSIOUHX ypaBHeHHI0 Biop-
repca wax Pumana, MBI cTankuBaeMcd C KIacCH4eckod MpobieMoil TeopHH
TypOyTeHTHOCTH — NpOG6IeMol 3aMBIKaHiS MOMEHTOB: B ypaBHeHHe [I1 KOp-
PeNSnUOHHON QyHKUMK nonsk v(z,t) BXOAHT TPETHIl MOMEHT, B ypaBHeHHe Ik
TpeThero MOMeHTa — 4eTBepTHil # T.4. CynlecTByeT o6lUIKpHag IKTEpaTypa.,
TMOCBAIEHHAS PaSTHYHRIM MPHOTHKEHHEIM MeTOAAM ONUCAHHL TYP 6yIeHTHO-
CTH, H, B YaCTHOCTH, NpoblieMa 3aMbIKaHHL MOMEHTOB (cM., Hanpnmep, 6H-
6nuorpadumo B [4, 10, 11]).

Huke MH ykaxeM albTepHATHBHBIE Iy TH CTATHCTHYECKOrO ONMCAHUS BOIH
FHAPOAHHAMHYECKOro THIA M TypOyneHTHocTH Broprepca B yactHoctu. Op-
HHM H3 TakKHX CNOCOGOB BIfETCH NMEpPeXo] OT JarpaHkeBa OMHCAHHA K dillle-
poBy. HelcTBHTENBHO, CTATHCTHYECKOE ONIHCAHHE OTHeNbHOR (UKCHPOBaHHOM
4aCTHIH, ONKCHBaeMOH ypaeHenueM (1.4), (1.5) TpuBHampHo. OpHako ansg
TOro YTOGH HalTH cpegHee none (v(z,t)) WIM SHepreTHYeCKHH CIeKTp BOIH
HyXHa SHIepOBa CTATHCTHKA. B reomeTpuueckoil onTuke Takxke HOMepseTcs
cTaTHCTHKA (asH H aMIIHTYAH BOTHH B QEICHPORAHEOH TOUKe, a He BHOIb
¢dukcupoBanHoro nyva. IloaToMy ycTaHOBNeHHe CBE3eil MarpaHxeBa H diiie-
POBa CTaTHCTHYECKHX ONMHCAHMH MpefcTaBiseT obueuanieckuit HHTepec.
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2. OBIIEE 1 ACHMIITOTHYECKOE PEIIEHUS YPABHEHHA
BIOPTEPCA

.

)
1. Ypasuenne Bioprepca (1.2) saMeyaTenbHO TeM, 9TO HMeeT TO4YHOE pe-
wenne. Ilpencranum nome v(z,t) kak rpagueHT HekoTopoi Qymxnuu S(z,t),
KOTOPYIO MBI HasOBeM [eiiCTBHeM

o(z,8) = ?S—é}ﬂ. 2.1)

IleiicTBHE yaOBIeTBOPSeT YPaBHEHHIO

8s  1({a8s\’ _ &S

‘37 + ‘é’ ("a—z') = }l-a—z;. (2.2)
3amenoit nepemennnx Xongpa-Koyna (12, 13],

S(z,t) = —2ulnp(2,t), (2.3)

HeluHelHOe ypaBHeHHe (2.2) CBORATCH K AHHelHOMY ypaBHeHHIO AU(PysHH
dp By
ot~ Fozt .
HawanbHoe yciobie x (2.4) HeTHHEHHKM 06padoM CBEI3AHO C HaYalbHEIM NONeM
vo(z) :

(2.4)

Plzt = 0) = yo(z) = exp[~50(2)/24), So(2) = [ vo(w)dy.

B cBoio ovepens rckoMoe mone v(z,t) BHpaXaeTcs uepes BCIOMOTaTeNbHOE
none ¢(z,t) ¢ NOMOIUBIO HEMHHEHHOTO COOTHOIIENHS

8 /
v(z,t) = ~2ug-lngp(z,1) = -2;1%. (2.5)

TaxnM oGpasoMm, obinee peliieHHe ypaBHeHUHS Dioprepca sanncHBaeTcs B BHAe

Jl(z — y)/t) exp|-%(2,y,t)/2u]dy
Jexp[-&(z,y,t)/2ujdy  ’
2
-y

B(z,0,1) = Soly) + ZE (27)
2. Ilockonbky B ypaBHeHHHE Bioprepca eCTh HeNHHEHHHE H RUCCHITATHBHBIE
4leHH, TO UX OTHOCHTENbHCE BIHAHHE MCXKHO XapakTepHsoBaTh Gespasmep-
HEIM napaMeTpoM — vucioM Peironbaca — R. Ecau o9 u lp xapakTepHas
AMITHTYAA ¥ MaclITab HaYadbHOTO NMOJH, TO HEMOCPEACTBEHHO H3 YyPaBHEHUS

Bioprepca (1.2) MoxHo oleHHTh HavalbHOe 1KcIo PeitnHonbica

v(=,t) = {(2.6)

R~ —. (2.8)

.

IIpu R € 1 npeo6nafaloT NHCCHNATHBHLIE 6(PEeKTH ¥ HEMHHEHHOCTD CKa-
SHBaeTCd clabo, npa R > 1 HennHelinHer sdpexTH HrpaioT 6ONBUIYIO POIB
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B HCXaXeHHH npodung BonHH. Uncio PeiiHONbCA eCTECTBEHHO BOSHUKAET H
OpH aHAIN3e TOYHOrO pemeHud ypaBHeHHd Bioprepca. Ilockonbky scmomo-
raTembHOe none (Z,t) YAOBIeTBOPIeT IHHEHHOMY YPaBHEHUIO JHPPYOHH, TO
HeNHHEeHHOCTDH ypaBHeHHS Bioprepca npospigercs B HeNTUHEHHON CBIBH Noiel
¢ B v . CTemens mposBleHHS HelHHeHHHEIX ddpexToB cornacHo (2.5) MOxXHO
XapaXTepU30BaTh BENHYHHON OTHOCHTENbHKHX HaMeHeHu# ¢ . Ha navanbuoit
CTaJJHH OTHOCHTENbHHE W3MEHEHHS (o ONPefelfioTCd BeMIHYNHON MBMeHEeHHS
HavalhHOTO felicTBHL ¥ Torfa R = |Alnyg| ~ |AS/v|. Ecmu ywects, 9TO
AS = g9 lp, TO pug yACHa PeliHonbAca MH IOTY9YHM OLNEHKY, COBHANAIOMIYIO C
(2.8).

O6mmMpHK X1acc TaCTHHX pelleHHH ypaBHeNHs Boprepca cucreMaTusu-
poBaH B 0600pHO# cTaThe [14]. Huke MK orpaHMYMMCS aHATHBOM acCHMITO-
THYEeCKOro pemeHHd ypaBHeHHS Bloprepca npn 6onpumx wucnax Peitmonbica,
4T0 cooTBeTCcTBYeT (popManbsHO mpefeny v — 0. Ilpm Ro » 1 ocnoBhoR
BKIa]| B MHTerpaiH B (2.6) 1ai0T OXpeCTHOCTH TOYEK NOKANbHHX MHHHMYMOB
GyHROER :

=w(y)+(y-2)/t=0, &y>0. (2.9)

IIpr v — 0 gOMHHHDYOIHM OKaSsHBaeTcd TO claraeMoe, NIi xoToporo @
JOCTHTaeT abCOMIOTHOIO MHHHMYMa H TOIfia pelleHde ypaBHeHHE Bioprepca
‘OpHHEMaeT BHJ

v(z,t) = ?-:—?t-(&t—), (2.10)
rae y(z,t) ~ xoopaunaTa abcomoTHOro MuHEMyMa QyExuun ¥(z,y,t) (2.7)
npd QHKCHPOBaHHHIX Z H &.

3. O6cynnM, Kax cBEBaHO aCHMITOTHYEeCKOe pellleHHe ypaBHeHAS Biop-
repca (2.10) ¢ pemenueM ypaBHenus Pumana. Iycts §(z,t) ecTp pemenne
ypaBHeruns (2.9) npy ¢uxcupoBanunx z B t . Torga us (2.10) MoXHO BanH-
caTh, 9TO

v(z,1) = wly(z,1)] = volz - v(z, )] (2.11)

H MH TONyYaeM H3BeCTHOE HedBHOe pemieHHe PuMaHa. B oGmeM ciyvae pe-
meHne ypaBHeHH: (2.9) MOXeT MMeTh HECKONbKO KOpHel M TOrfa pemieHue
(2.11) - MHOrosHayHags Qynxuus. Hcnonssys e npasuno or6opa abComioT-
HOrO MHHEMYMa, MH BAGHpaeM IIpH 1060M Z HO MHOXeCTBa BeTBeiH pellleHns
ypaBHeHHS PHMaHa eMHCTBEHHYIO, COOTBETCTBYIOULYI0 aCHMITOTHYECKOMY
pellleHH0 ypaBHeHMs Bioprepca mpu v — 0.

Ecnr MHTepmpeTHpOBaTh pellileHHe ypaBHeHMS Bloprepca Ha gohike va-
CTHI, TO OYE€BH[HO, YTO ypaBHeHHe (2.9) onpefienseT NarpaHxeBy KOOPJHHATY
y 9acTHIH, KOTOpas B MOMEHT BpeMeHH ¢ omala B TOYKY 2. Ecny qug pere-

"HEL PHMaHa B TOYRY 2 MOXET NIPHHTH HECKONbKO YACTHI| X DK 9TOM pelleHue
Pmmana 6yieT MHOrOSHaYHHM, TO B ACHMITOTHYECKOM DelLIeHHH ypaBHEHHS
Bioprepca ¥ Bcex 4acTHIO "BHOKHBaeT” NHIIb Ta, y KOTOPOH fleHCTBHE MHHH-
MaIBHO. ’

4. O6cysuM Teneps CBIBH ypaBHeHHE Bioprepca ¢ napaGonayeckuM ypas-
HeHHeM KBaoHONTHKHE. ECTu B ypaBHeHHM Jig BCIOMOraTenbHoro nong y (2.4)
HONOXHTH §4 = 1/2ikg u t = z, TO 3TO ypaBHeHHe nepeiifie B napaGomueckoe
ypaBrenne xpasuonTykH (1.6). IIpx sToM nponenypa NOCTPOEHHE TOMHOrO
pelleHHs ypaBHenus Bioprepca ¢ nomomsio samenn Xonda-Koyna (2.1)—(2.5)
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B JaHHOM Cydae OGpaTHA NepeXofly OT MapaGONH{ecKoro ypaBHEHHL (1.6) x
YpaBHEHHIO [VIS KOMIUIEKCHOH (pash 1t yria somnosoro ¢ponta (1.7)(1.10).
AcumnToTnka 6onpuiux 4yucer Peiinonbica B ypaBHeHHH Bioprepca coorser-
CTBYeT NpX STOM NPHOTHKEHHIO reOMeTpPHYecKOoN ONTHKM, KOTJia BOIHOBOE
4yucno kg — oo. IIpH 5TOM noBefcHHe TPAEKTOPHIl YaCTHI[ K Nydell OJHHAKOBO
1O Tex Nop, MOKa He HaiHeTcs MX nepecedenne. OnHako, eCliu B ONTHEE HOCHe
nepeceveHnd ny4ell NMPOHCXOQUT MX HHTepdepeHUHH, TO B ypaBHeHHH Biop-
repca, ¥3-8a MHUMOCTY BOJNHOBOroO 4ncia ko = 1/2iy, YaCTHIH KOHKYDHPYIOT
H BHDKHB2eT JHIUb YaCTHIA C HAHMEHBUIMM fielicTBHeM (cM. pHC.1).

t$ 2) 4 &)

Puc. 1: a) - TpaekTOpHH YacTHI, ONHCHBAIOLHX NpefeNbHOE pelleHne ypaBHEHHS
Bioprepca; B) - TPaeKTOPHH I€OMETPOONTHYECKHX NyYeid.

TakuM o6pasoM mpobnema onucanusg TypOyneHTHOCTH Bioprepca TecHO
CBE3AHA C KITaCCHYECKOH Bafiavei o nu@paxiuuu on'mqecxou BOHH 3a CIy4aii-
HHM (a30BHM DKPAHOM.

5. lIpenenvhoe pemenue ypaphenus Bioprepca nonyckaer oenb yno6uyio
¥ TpOCTYIO rpaduyeckylo NpoNenypy onucaHug nois v(z,t). Jlerxo BugeTs,
9TO KOOpOHHATa abCOmOTHOro MuHHMyMa $ ecTh abCHHCCa NEpBOH TOYKH
KacaHHd Mapabonoit

a(z,y,t) = —-(i;t;y)z +H (2.12)

HavanbHOro fgeiicTBus So(y) npu momenenun H us —oo. IlopcraBus kxoop-
AHHATY abCOMIOTHOro MMHHMyMa y(z,t) B (2.10), MH HalifeM BHavYeHHe NIONL
v(z,t) B TOUke z B MOMeHT BpeMeHH ¢. UTOGH NOCTPOUTS pellleHHe I BCeX Z,
HYXXHO IlepeMelllaTh KOOPAHHATY HeHTpa Napaboikl, PaBHYIO Z, H OTHCKHBATD
abcnuccy mepBoi TOYkKM KacaHns. QUeBHEHO, YTO XapakTep xacaxmx BTHX
ABYX KPHBHIX ONpeJendeTcs COOTHOIEHHEM KPHBHBHE IapaboiH a =1/tu

KPHBHOHH HavdalbHOTO AeiCTBHE So, paBHOK Vo ~ oo/lp.

Ha HavwanpHOM cTaguM IpH i s t, = lo/o¢ napaboma uMeer 6on1'>urym
KPHBHOHY M IIPH HOMeHSHHH KOOPIHHATH HEHTPa NapaGoNk Z TOYKa KaCaHHS
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y(z,t) HenpepuBHO cxonbauT no mpodumo So(y) (pnc.2).

Purc. 2: I'padmueckas mponefypa OTHCKaHHH a6COMOTHOIO MHHHMYyMa H npoduin
BONHH NpR ¢t Kty - 1, anput > t, - 2.

O4eBHAIHO, YTO NPH BTOM HENPEPHBHO ¥ caMo mone v(z,t), KOTOpoe Ha
9TOH CTAlHH MOXeT GHTDH ONKCAHO ypaBHeHHeM Pumana.

ipu t > t, HapENy C yHaCTKAMH HENpepHBHOIO CKONbXKEHHS MapabolH a
no HadalbHOMY Npodumo So(y) HMEIOTCE CKa4KH TOYeK KacaHui, koraa y(z,t):
NpH MallOM UBMeHEHHH £ B OKPECTHOCTH HEKOTOPOH TOUKH Zj CXAYKOM MeHZeT
CBOe DHaueHHe C ¥ Ha yj. +1 (puc.2). Ilone v(z,t) B oTOK TOUKe HMEeT pas-
puiB. KoopnuHaTa paspHBa zj onpeengeTci H3 yCIOBHE OIHOBPEMEHHOTO
kacaHug mapabololf a HavanbHOTo fieiicTsusg So(y) B ABYX TOUKax y§ X yj. 1
9TO SKBHBaNEHTHO paBeHCTBY B(zx,y],t) = &(z4, yp. +1t). Koopnunaty pas-
PHBa MOXHO IpPEICTaBUTH B BUfE

- +
- !’_&%’}‘L +Vit, (2.13)
Selm.r) — Sols) Vig
V= LS s g, - ) vl (214)
Yes1 — U o
&

1

B o6meM cryyae NpH R3MeHEHHH ¢ MEHIIOTCA Kak KOOPAMHATH TOYeK IBOKHOTO
KacaHHL Yk, TAK ¥ KOOPJMHATH PaspHBa zi. OfHaxo, HCIIONL3YS ypPaBHEHHe
(2.9) ang Touku xacanus y us (2.13), (2.14), MoxHO MOKasaTh, YTO dZ)/dt =
= Vi B, cneoBaTensro, Vi €CTh CKOPOCTh Pad3phiBa. )
6. B saxmovenHe fafnuM ele OfHY HaIISAHYIO HHTEPIPETAIIHIO SBOTIOLHH
mong v(X,t) Ha gBHEKe JacTHN C aGCOMIOTHO HeYNPYTHMH CTOIKHOBEHHIMH.
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IIycTs B HaYaNBHEI MOMEHT HMeICS Iad YaCTHI C HaYalIbLHOH CKOPOCTHIO vp(2Z)
H eIMHMYHON INIOTHOCTHIO po = 1. Iloka JacTHIH He CTANKABAIOTCH, IOle
CEOPOCTH TaKor'o MHAPOJHHAMHYECKOro NMOTOKa COBMAfaeT C PEIIEHHEeM ypaB-
HeHHs Pumana u, ciefoBaTenbHO, ¢ ACHMIOTOTHYECKHM pellieHHeM ypaBHEHHS
Bioprepca. IIpennonoxuM, 9T0 B MOMEHT CTalKHBAHML YaCTHUH CIHIAIOTCE.
Toraa Macca B CKOPOCTH CTYCTKa — THXKeNOH JaCTHIH, GyfieT OnpejeNiThcs I3
BaroHOB coxpaHeHHs. O4YeBHAHO, YTO Macca TAXeJIOH JaCTHIH PaBHa Macce
CIRIIIEXCK B Hee Nerxux YacTHu my = (Y, — Y ), H ee uMmynse paBeH

.v;}l

Pu=mVe = Solviy) - Solid) = [ w(e)ds.

v’
Orcwpa crenyeT, YTO CKOPOCTh YaCTHIH COBIIAJJaeT CO CKOPOCTHIO PaspHBa
Vi (2.14). Taxum 06pasoM, Ha paspHIBHOM CTAJHH MOXHO HHTEpPNPETHPOBATH
penieRue ypaBHeHus Bloprepca kxak 9BONIOLMIO rada, COCTOLINETO H3 YaCTHI
EBYX copToB. llepegata MMIynbCa OT MEIKHX YaCTHI K TEXeNHM H CTOIK-
HOBEHHE THXKeNHIX YaCTHI IPOMCXONHT IPH DTOM MO 3aKOHaM abCONMIOTHO He-
YIPYTHEX CTONKHOBEHHI.

.

3. OTHOMEPHAA AKYCTHYIECKAA TYPBYJIEHTHOCTDH

1. Kax yxe orMedvanoch, 3afjaia 06 SBONIONHH pemeHHH ypaBHenHs Biop-
repca €o CIy4ailHHMM HaJalbHHMMU YCIOBHIMHM HashHIBaeTCi TYypOylneHTHO-
cThio Bloprepca uns ofHoMepHOH aKycTHYeckoil TypOyneRTHOoCThlo. Ipenno-
NOXHKM, YTO HaYallbHOE BOSMYIIeHHE MOXHO XapaKkTepH30BaTh ORHOH aMIITH-
TYNOHl 0p B OJHHM NPOCTPAHCTBEHHHM MacumTaboM lg. Torja MOXHO BBECTH
XapakTepHHe BpeMeHa HPOABIeHHT HelHHEHHBIX H JHCCHIATHBHHX 3@dexToB

th = 10/0'0) ta= 1(2)/1" (31)

OTﬂomeHKe 9THX BpeMeH MOoXashbiBaeT OTHOCKTCHBHHﬁ BKIIaQ Kemmeﬁliﬂx
HCKaXKeHHHl M NHHEHHOTO BaTyXaHHS B Nponecc TPaHCPOPMANHH HAYATHLHOTO
noing

Ro = tg/tn = oolo/v

H HasHBaeTcH YHcIoM Peiivonbaca. Ilpu Ry € 1 npeo6najnaioT [HCCHIATHB-
HHe 3(PEeXTH H HENTHHEHHOCTH CKaBHBaeTCH Cllabo, a Ipu Ro *» 1 HenuHelHHe
opPEKTH HrpaloT CYyIeCTBEHHYIO POIb B HCKaXKeHHH NPOQUIS BOTHH.

Hpa 6onbumx yHcnax PeffHonbaca, 4To opManbHo cooTBeTCTBYET ¥ — 0,
MOXHO BOCHOIB30BAaThCE ACHMITOTHYECKHM pellleHiieM ypaBHeHH® Bioprepca
(2.10). Ilpu t <€ t; u3-5a HENMHEHHOCTH HPOHCXONHT HCKaXeHHe Ipoduis
BOJIHH H YIUHPEHHe ee CNEeKTPa, HO YHCIO PaspHIBOB, & CIEOBATENBHO, H JHC-
CHNANHA SHEPTHH ellle IpeHeOpexxuMo ManH [4]. [Ing onucanus moag IpH
t < ty; MOXHO C UBBECTHOH CTeNeHbIO OCTOPOXHOCTH YCIONB3OBATh ypaB-
Henue Pumana (1.1). MH Xe orpaHHYHMCA BjeCh [PYTHMM IIpeleTbHKEM CIIy-
qaeM i 3> ty, KOTAA HeNpepHBHOE HaYalbHOe IIONe NpeBpalmaeTcs B NOCIeR0-
BaTeIbHOCTh TPEYTONbHEIX HMIYILCOB C OHHAKOBHM HAKIOROM NPOJMIL, HO
€O CIYYailHHM MONOXKEHHEM KOODAMHATH pasphiBa. Taxas TpancpopManus
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TPOE3BOIBHOTO HAYAILHOIO IONE CTAHOBUTCH OYEBUJHOH, e€CIH BOCIOIbL3O-
BaThCH rpaduyueckoil NpoUefypOH ONICAHHE KOOPJHHATH abGCOMIOTHOIO MH-
HuMyMa y(z,t) xak nepBoi TOYKHM KacaHuf mapabonu a (2.12) n HasambHOTO
perictug So(y). HelicTBHTensHO, npH t > t, — napabona a nraBHag QyHK-
oug B MacmiTabe HadalbHoro feiicTBus So(y). IlooToMy KoopamHaTH TOYek
KacaHHS a H So GIHOKH K KOOpHHATAM HaYalbHLIX MHHHMYMOB HadallbHOI'O
NeHCTBUL Y, 3 AL KOOPAHHAT TOYEK JBOHHOIrO KacCaHHA CIIpaBeIHBO NpubIu-
XEHHOe PaBeHCTBO Yy = y; = Yk (cM. pHc.2). DTo osHavaet, ¥TO y(z,t) —
KYCOYHO-NOCTOSHHAZ QYHKUHML Z: OHAa NPAKTHUYECKH He MeHIeTCs C POCTOM Z
OT Z4_1 BIUIOTH JO KOOPAHHATH CIENYIOLIETr0o PaspHBa Z;. [Ipu nepexone z ye-
pes z = Zj KOOpPAHHaTa Y(2,%) CKauKoM MeHdeT CBOe BHAYeHHe C ¥ = Yy = Yk
Ha y = y:'_H X yYr41. lIpu t > t, cTpyxTypa noag v(z,t) HOIHOCTHIO Xa-
pakTepH3yeTcs HabOpOM KPHTHYECKHX Hapabol, MMEIOMHX IBOMHHE TO4KH
KacaHMg ¢ HadalbHHM JeiicTBieM So(y). Touku xacanus nmpu oToM GIHSKH K
noxanbEuM MunuMyMaM So(y): ¥§ = yi X yk K ompemensior "Hymx” nons
v(2,t), a KOOPIHHATH U[EHTPOB KPHTHYECKHX Iapabol eCTh NMONOXEHie pad-
pHBOB 2. Bosspamasics k nomo v(z,t), MK nomyyaeM, 4To npH ¢ > t, none
v(z,t) HieeT yHHBEPCANBHYIO CTPYKTYPY B HHTepBalaX MeXAy PaspHBaMH

v(z,t) =(z—-w)/t, 2i-1 <z <z (3.2)

rie yp — "HYIB” NONL — NepecevyeHHe HakIOHHOHM NMPIMOY HIH ee NPOROIKEHHE
coceo v =0.

TaxuM o6GpasoM, npr ¢ > i, DBONIONHSE HONg onpelelnseTci HPOCTHIME
BaKOHAMH: .

- IPajiHenT NONL v, MeX[y PaspPHIBAME MOHOTOHHO yMeHbIIaeTcs, Kax 1/t;

- "HynH" Yk nunooépaanof{ BOJNHH HENONBHXHHE;

- panpHBH Zj (2.13) ABHTaOTCE C IOCTOSHHOH CKOPOCTHIO Vk, omnpefeng-
eMoii cooTHolexneM (2.14);

— aMIUTHTYAH padpHBa NPONOPIHOHANLHE PACCTOSHHIO MEXAY ABYMSH CO-
ceqHEME "HynsMH” Avi = (Y41 — Yk)/t; - B MOMEHT CTAIKHBAHHE YAAapHBIX
¢pouTOB 4MCIO "Hynei” ¥ PaspPHBOB yMEHbIUAETCS HAa €JHHHUY, a M3 ABYX
paspHBOB 06pasyeTcsd OMH € aMNAUTYNOH, PAaBHOH CyMMe aMIIHTYJ, CIMB-
HIEXCE PaspHBOB.

TaxuM 06pasoM, M&XHO TOBODUTH O JIOKAIbHOH aBTOMORENLHOCTIH OIS Ha
CTaJiHH PaSBHTHX PaspHBOB: MeXJy pasphiBaMu noue v(z,t) HMeeT yHHBep-
canbHy CTPYXTYpY (3.2).

Eciz BepHYThCA K HHTepIPETAlMH PelleHHs ypaBHenns Bioprepca Ha soH-
Ke rasa YacCTHI, TO cTajkg ¢ » {, COOTBETCTByeT 9STally, KOTla Bce Jerkue
9JacTHIIH YXe CIHIIACH ¥ I'ad COCTOMT UB TLXKeIHX YacTHL. [Ipu sToM cromnk-
HOBeHje YNapHHX (PPOHTOB SKBHBANCHTHO CIUIIAHUIO THXKeIHX JacCTHI| 1O Ba-
EKOHaM abComIOTHO Heynmpyroro ygapa. CKOpPOCTH YacCTHI, PaBHHl IIPH 9TOM
CKOPOCTEM DaspHIBOB, ¥ MacCa THAXKENOH YaCTHUH My = Mk = Yk41 — Yk CBI-
BaHa C aMIIHTYHOH pasphiBa Avg cooTHowenueM my = Avg t.

2. Ha crajgnu pasBHTHX Pa3sPHBOB BO3MOXHO JBOSKOoe omHucanue TypOy-
IeHTHOCTH Bioprepca: MOXHO HHTepecoBaThCI TaKHMH TPAJHIMOHHEIMH Xa-
_ PaKTepHCTHKaMH IOJS Kak BePOSTHOCTHOE paclpefielleHne Nons w(v t), xop-
pensnHONHas QYHKUHSL B,(p, t) = (v(z + p, t) v(z,t)), oHepreTHIECKHI CIEKTP

g(k,t), xapaxTepHoyOIMil pacnpejenieHne DHEPIHH NO NPOCTPAHCTBEHHHM
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gactoraM k, ¥ 7.8. CraTHcTHYeckuil aHanus nons v(z,t) yno6HO IpoBo-
IMTH Ofech Ha OCHOBE aCHMITOTHYeckoro pemenns (2.10), ucnomsoys Teo-
pHIo BHGPOCOB cly4aiiHeX npoueccos [4]. C npyroit CTOPOHH, MOXKHO HHTe-
PecoBaThCH CTATHCTHKOH TakHX JUCKPETHHX SIeMEHTOB BOIH Kak PaspHIBH
(TEXeNble HACTHUH): NONHOE CTATHCTHYECKOE ONHCAHHE JaeT MPH DTOM He-
papxus MHOTOTOYEYHHIX BEPOSTHOCTHHX PaclpefeleHHH CKOpPOCTeH, Macc H
PacCTOSHHY MEX[Y COCeHHMH pasphBaMu (4acTHuamu) [15].

Huke MH OrpaHHYMMCH Ka4eCTBeHHHM ONHCAHHEM DBOIIOIHHA TYpOyneHT-
HocTH Bioprepca Ha craguu pasBHTHX paspnBoB. IlpegmonoxuM, 9To nore
v(z,t) MOXHO XapaKTepHOOBATb €IHHCTBeHHHM MacmiTabou [(t) (BHemrHmM
MacImTaboM TypOyneHTHOCTH), paBHBIM CPEiHEMY PACCTOSHHIO MEXAY PaspHi-
BaMH WM MeXAy HylsMu noas. O4eBHAHO, YTO CpefHee YHCIO PadpLIBOB Ha
eMHHLY AMHHH n(t) CBEIBAHO C DTHM MaclITaboM cooTHOeHHeM n(t) = 1/1(t),
a pucrepcuio nong v(z,t) B CHIY ero JOKaIbHOH aBTOMORENLHOCTH MOXHO Olle-
HHTH KaK .
(v¥(z,t)) = o?(t) ~ PP(t)/L2. (3.3)

JIng nepuoguvecxoro HavanbHoro curxara I(t) = lo — mepuogw BONHH,
DHEPrHS BaTYXaeT Kak 02 ~ t~2 § He DaBHCHT OT HAYanhHOH AMIIHTYIH
nong. IIpu ciy4aiHBIX HAYANIBHEIX YCIOBHEX PaBPHIBH UMEIOT Cl1yYaliHHe CKO-
POCTH, 4TO NPHBOAMT K MX CIUIHHIO, T.e. K YMEHBIUEHHIO CPENHEro 4MCIa
pasphBOB n(t) H pocTy BHemHero Macmtaba I(t). Ha (3.3) Bupuo, yTo M3-0a
CIMEHHA PasPHIBOB OHEPTHS CIYYaiHOTO NONL 3aTyXaeT MellleHHee, YeM dHep-
rHA NEPHONMYECKOro CurHana. M3 BhipaxieHHS s CKOPOCTH pasphuiBa (2.14)
BH[IHO, YTO CKOPOCTH OTHEIBHOTO PadpHIBa, a BHAYHT CKOPOCTb HX COMHXKe-
HHE ¥ TeMIl CIHEHMS PaspPHIBOB ONpeleNseTcd CTATHCTHYCCKHMH XapaKTepH-
cTHkaMHu HavanbHoro feiicTBus So(y) = [° vo(z)dz. Ipennonoxuu, 4ro Ha-
YaIbHBIH CHEKTpP Noius vo(Z) HMeeT B 06NACTH KPYNHHX MPOCTPAHCTBEHHHX
MacITaboB ClEAYIOUYI0 ACHMITOTHKY

go(k) = aj|k|"bo(k), bo(0) =1, (3.4)

rae bo(k) - GyHkuns ¢ xapaxrepusim MacurTaboM k, = 1/lg, 6HCTpO cnanalo-
mas np¥ k > k.. Torga niusg cTpykTypHO# QYHKIHM HAYaIbLHOrO JeHCTBHE

4,(2) = {[Soz + 2) = So(e)) = 4k [(1 - cosz) "~ bo(k)ak " (35)
]

HMeeM CelyIoIIyIO aCHMITOTHKY NpH 2 > lo!

202 n>1

" n<1 (3.6)

d,(z) =

Hcnonboys BHpaxeHHe Qg CKOPOCTH pasphiBa (2.14), MH MoxeM Te-

nephb ONEHHTDb BaKOH POCTa BHeUIHero MacmTaba TypO6ynenTHocTH (t) (3akoH

yMeHBIIeHHS CPeHero YHcna pasphiBos n(t) = 1/1). OveBHAHO, YTO yMeHb-

menye n(t) H3-3a CIHIHHA PadPHIBOB Ba BpeMa At NPONOPUHOHATBLHO CAMOMY

n(t), a TakKe OTHOMEHHIO BO3MOXHOTO cONMKeHNE paspuBoB Av At x xapak-
TEpPHOMY PACCTOSHHIO MexAy WuMu I(t):

An = —n(AvAt/l). (3.7)
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3a OnEHKY CKOPOCTH CONMXKeHHS PaspHBOB Av MOXHO B3STH CPefHEKBa-
APaTHYHYIO CKOPOCTh OTAENbHOro paspuBa AV x ((Vi2))}/2. Cuuras, uro B
(2.14) cysafinoe pacCTOZHHE MEXLY HYNSIME My = Yk+1 — Yk PABHO BHEILIHEMY
Macirraly TypGyneHTHOCTH I(t), JiS NUCTIEPCHH CKOPOCTH PasphiBa MMeeM

vy~ 20, (38)
rae d,(I) - cTpyxTypHas QyHKuHE HadambHoro fieictBus (3.5). Ilepexons B

(3.7) x npegeny At — 0 u yuuTHBag cooTHourenne n(t) = 1/I(t), ans suem-
Hero MacmTaba TypOyNeHTHOCTH HMeeM ypaBHeHHe

d I
Z= (3.9)

TaxuM o6pasoM, npu t 3 £, BakoH POCTa BHelIHero MacuiTaba onpefe-
ngeTcd MOBelleHHeM CTPYKTYPHOH QYHKUHMH HavyallbHOT'O JeHCTBHA IpH z > [,
HIH, YTO TO JXKe CaMoe, BHMAOM CHEKTPAIbLHOH MNOTHOCTH JEHCTBUS
9s(k) = go(k) k=2 B 06nacTH ManHX NMPOCTPaHCTBeHHHX WacToT. Mo (3.6),
(3.8) nng BHemHero MacmTaba TypOyTeHTHOCTH HMeeM CIEeAYIOMYIC OLeHKY:

/ n
I(t) = { g:tt);z/za,-m’ nz i - (3.10)

Taxum o6pasoM, npu n > 1, xorjga B HaYaJIbHOM dHEPreTHIECKOM CHEKTpe
CKOPOCTH KPYNHOMACIITaGHHE KOMIIOHEHTHI NIPEACTaBIeHH Cl1abo, BaKOH po-
CTa BHeLIHero MaciuTaba HOCHT yHEBepCalbHE xapakTep. Ilpu n < 1 nakoH
pocta*l(t) onpenenseTcs BUAOM HHOKOYaCTOTHOH YaCTH NPOCTPAHCTBEHHOTO
cnexrpa. Iopncrasnas (3.10) B (3.3), M momyyaeM CIeIyOULyIO OMEHKY QiIs
9HEeprHH INYMOBOFO CHMIHala:

. 2

o (t) = { ”‘;(t"/ D "1 (3.1)
as(ta/t) 3%, n<1

31eck MH ONpeReNHIi HaYaabHEH MacmTab lo u3 yciosuit: agly = o, npu
n>1;030%" = ol n;!x: n < 1, H BBENM BpeMs HeNMHEHHHIX MCKaKeHHH Kak
tn = lo/0o. ’

3. O6pasoBaBluInecs paspHBE IPHBOALT Xk POPMHPOBAHHIO YHHBEpPCAlb-
HOH aCHMITOTHKH CHEXTPa B 06NacTH BHCOKHL NPOCTPAHCTBEHHHIX YaCTOT.
HeficTBuTenbHO, Pyphe-06pad OTHENLHOTO Pa3pHBa,

Av,
C(k,t) = —e k==
(k,) = oxik’
cnajiaeT IO CHEXTPAIbLHOMY DaxoHy. Hs-5a PayxTyansil HONOXeHHH pasphl-
BoB HHTep({epeHnHel (Pypre-06pasoB B BHCOKOYAaCTOTHOH JacCTH dHepreTH-
veckoro cunextpa g(k,t) MoXHO npeHe6petib, K B pe3yIbTaTe MH HMeeM CTe-
NeHHYI0 acCHMOTOTHKY npu kI 3» 1:

n(t)(Av})

2 (3.12)

g(k,t) =
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Ha cTapun pasBHTHX PaspHBOB YPOBEeHb BTHX KOMNIOHEHT GyfieT ompefie-
N4THCA TakXKe BHEIIHHM MacCIITaboM TypO6yieHTHOCTH:

gk, t) ~ 1/2K2.

Ilpu xoHeuHHX uucnax PeliHonbjca Hapsay ¢ BHemHMM MacmTaboM [(t)
cIy4ai{Hoe Tolle HMeeT H BHYTPeHHHH MacmTab §(t), paBEHI TONIHHEe yAap-
Horo ¢ponta B § = wt/l. OueBHAHO, YTO HJEANHBAUHI PACBPHBHKX BOIH
cupaBemBa, noka § < l. OTHOmenRe 9THX MacTa60B COBIafaeT C OUpefe-
nenmeM 4Hcua PeifHombrca:

R(t) = 1/6 = BJvt = ol/v. (3.13)

Ins mepuopmyeckoii ponuu | = lp uncno Peitnomsnca cuapaer xak t™! u
1upH ¢ = ty Ro nunoo6pasHas nepuopuyeckad BoinHa TpanchopMupyeTcsd B CH-
HYCOHJAJIBHYIO H BaTyXaeT fallee NO JTHHeHHOMY Bakony. Mcmonnoys sakoHH
pocTa BHemHero Maciutaba Typ6ynentHocTH (3.10) AN TEKYIIero YHCIa Peit-
HonbJica TypOyneHTHOCTH Bioprepca, uMeeM

Ry, n>1
Rot/ta)™F, n<1.

R(t) ~ { (3.14)

TaxuM o6pasoM, And IIyMOBOrO MOJAL MH HMeeM YAHBHTEILHHH pesylb-
TaT, nIpu n < 1 yBelnyeHHe XapakTepHOTO PACCTOSHHN MeXJAy PaspHBaMH
M3-8a MX CIMIHUL BefleT X pocTy adpexTHBHOrO YHcna Peitonbaca. IloaToMy
HJealN3aluud PasPHBHHX BOIH B 9TOM CiIy4ae ¢ POCTOM ! CTRHOBHTCH BGe
60nee KOPPEKTHOM. , "

4. Bumre MH JaJiH XayeCTBeHHOe onMcaHue TypOyneHTHOocTH Bioprepca
Ha CTaJMH PAaBBHTHIX paspuiBoB. CTPOruil CTATHCTHYECKHH aHAIHD HOATBED-
XfaeT GONBUIHHCTBO BHBOJOB, MONYyYeHHHX Ha OCHOBE KaieCTBEHHOTO pac-
cMorpenns [4]. Ha ocHoBe Tounoro pemenns Xonpa-Koyna (2.6) moxuo
NOKasBaTh, YTO HPH n < 1 CTATHCTHYeckHe CBOHCTBa TypOylIeHTHOCTH CTa-
HOBETCS aBTONONEIBLHHMH BHE BaBHCHMOCTH OT BeIHYMHH HayanbHoOro Pei-
HONBJCA M ONPEAENIIOTCI EIHHCTBEHHHM MaclITaboM — BHEIIHAM MacIITaboM
Typ6ynentHocTH I(t).. 3akoH pocTa ompefengeTcd MPH TOM BHpaXeHHeM
(3.10). Ilpu n > 2 pexxuM aBTOMOJETLHOCTH peanusyeTc, el HadalbHoe
qucno Peitnonbaca Ro *> 1. Ilpu 5ToM pemenne pasBuTON TYpO6yNeHTHOCTH
CylecTByeT Ha KOHEYHOM BpeMeHHOM HHTepBalle I < tg epr?, Ilo cpaBne-
HHIO C IIePHOJHYeCKOil BOTHOM 9TO BpeMd YpPEe3BHYAHHO BENHKO.

Ha aBTOMONENLHOM CTaiH DHepreTHYECK I CIeKTP TYpOyIeHTHOCTH Ipef-
CTaBHM B Buje

B~
g(k,t) = 25 9 (KI), (3.15)

rae ¢ynxnus §(ae) saBHCHT oT THHA TypOyneHTHOCTH. IlpH n > 2 (ymEnHs
§(=) MMeeT yHHMBepcalbHHe aCHMITOTHKH ¥ B o6nacTH EEokux (g(=) ~ =?)
¥ BHCcoxHX (g(=) ~ #~?) npocTpaHCTBEHHKX YacTOT, U ee opMa He DaBH-
CHT OT CTPYKTYPH Ha4alLHOTO cnekTpa. IIpH n < 1 HelHHEHHOCTH He MOXeT
H3MEHHTDb NOBeeHHe HH3KOYACTOTHHX KOMIOHEHT crekTpa H g(z) ~ =". B
O6NacTH BHCOXHX NPOCTPAHCTBEHHHX YaCTOT CHEKTP HO-IpeXHeMy HMeeT
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CTeNeHHYI0 acHMUTOTHKY g(#) ~ &2, cBIBaHHYIO C 06pasOBaHHeM DaspH-
BOB.
focTaTO4YHO NONHOE CTATHCTHYECKOE ONACaHHe TYpGyneHTHOCTH Broprepca

yllaeTcd NPOBECTH Ald CIy4ad n > 2, HCIONB3Yd acCHMNTOTHYECKOoe pellieHHe
(2.10). Hcnonsays MaTeMaTHYeCKHil alMapaT TEOPHH BHGPOCOB CIy4YaHHBIX
OpOLeccoB, YAaeTcI HaTH OfHO- H JBYXTOYEYHOE BEPOLTHOCTHOE paclpefe-
NeHHe, KOppPeIsfUHOHHEe QYHKIMH M dHepreTHYeckHe COeKTPH, BHCIIHE MO-
MeHTHHe Qynxunn [4].

4. PHMAHOBHI BOJIHBH], TEOMETPHYECKAS OIITHKA U
GIYKTYALMUY IIIIOTHOCTH I'A3BA HEB3AUMOJEACTBYIOINUX
YACTHI

1. Burme MH aHAIHSHPOBAIH CTATHCTHYECKHE XaPaKTEPHCTHKH aKyCTHYe-
CKOil TypOyNeHTHOCTH Ha CTAafiHH Pa3BHTHIX Pa3spHBOB, KOrf4a epPBOHAYATHHO
HeHpepHBHOE MOoNe TPaHCHOPMHPOBATOCH B HOCIEOBATENLHOCTL TPEYIOlb-
HHX HMIOYJIbCOB C O[HHAKOBHIM HAaKJIOHOM, HO CO CIYYailHHM IONOXeHHeM
ypapHHX pporToB. HayanpHas cTajiug padBHTHS aKyCTHYecCKOH TypOyneHT-
HOCTH, KOTfja BIHZHHEe Da3pPHBOB ellle He OYeHb CYLIECTBEHHO, MOXeT G6HThb
€ HOBEeCTHOH CTeNeHbIO OCTODOXHOCTH ONHCaHa ypaBHeHMeM Pumana (1.1).
Kax yxe oTMevanoch, 9TO ypaBHeHHe ONMCHBAET IONe CKOPOCTH THADPO[HHA-
MHYECKOro Ny4ka HeB3a#MOJeHCTBYOIUX YaCTHI, a TakXKe BBOMIOLUIO yIiIOB
Hak/oHa BONHOBOTO (pponTa (1.8) ONTHYECKOH BONHH 32 (PasOBHM HKPAHOM.
Ing mocnegHHX ABYX CIy4aeB BaXKHelilleH XapakTepHCTHKOH SBIfeTcd MONe
IMIOTHOCTH HIH COOTBETCTBEHHO UHTEHCHBHOCTH BONHE, KOTOPHE YIOBIeTBO-
pLIOT ypaBHeHHIO HempephiBHOCTH (1.9). Huxe Mu mns onpefieneHHocTH Gy-
ieM 06CyXNaTh 9BOMIONKIO CTATHCTHYECKHX XaPAaKTEPECTHK NONelk CKOPOCTH
v(z,t) 1 mnotHocTH p(Z,t) OJHOMEPHOTO IIyYKa HEB3AUMOJEHCTBYIOUHX Ya-
cran. O6o6menne Ha CIy4ail [ByMepHoro ¢asoBoro sxpaHa H 6oliee JeTaib-
HOe 06CyXNieHHe MOXHO HaiTH B MOHorpaduu [4].

HaxoxpgeHHe CTATHCTHIECKHX Xapak'TepHCTHK IONeil CKOPOCTH H IUIOTHO-
CTH TIPOIe BCEro OCYUIECTBHTH, HCIONL3YS CBESH MeX]y SHIEDOBHIM M Ia-
rpaHXeBRIM ONHCaHHeM CIyYalHHX noleil. J[eflcTBHTEILHO, B TarpaHKeBOM .
NPECTaBICHAH YPABHEHHS IBHXKEHHI OTHENbHOH YacTHUH (1.4) TPHBHAIBHH,
H [O9TOMY He IpeJCTaBlIdeT TPYRa HaHTH NarpaHieBy INIOTHOCTh BEPOATHO-
cru xoopaunath X (y,t), ckopoctu V(y,t) n pacxogumoctu J(y,t) oTnensHol
JaCTHOHL: '

W;,VJ(’: v ¥ t) = (J[X(y, t) - z]b'[V(y, t) - ”]6[‘,(”1 t) - j])l' (41)

3nech (...) cdHaYaeT cTaTHCTHYecxoe ycpeiHenme, a J = |8z/dy| xapakre-
pH3yeT PacXONHMOCTD BIIEMEHTAaPHOro 06/hbeMa B OKPECTHOCTH PacCMaTpHBa-
eMOH YaCTHIH H CBE3b C IIOTHOCTHIO cpeal R(y,t) B ee oxpécTHOCTH Ode-
BHAHHM COOTHOIICHHEM

' R(y,t) = r}(‘% (4.2)

e po(y) = R(yot) — HaJaNbEAL NIOTHOCTH CPERHI.

700 C.H.I'yp6amos, A.H.Cauues



Tom XXXVIN 1 Hsze. BY306 PATHOPH3HKA 1994

OueBupHo, 4T0 J €cTh 1xO6HaH Npeo6pasoBaHHL OT NarpPaHXKeBHX K M-
NepOBHIM IlepeMeHHHM, ¥ 4TOo A1d §- YHKUUN cnpaBe[IMBO CleRyomee COOT-
HoOLLeH}e

J(,t)5[X (y,t) — 2] = 8[y(=,t) - 9], o (43)

rae y(z,t) ects pemenns ypaBHenHs z,= X(y,t) H ecTh marpaHkeBH KOOp-
AHHATH TOH YaCTHUH, KOTOpPas B MOMEHT BpeMeHH t momana B Touky z. C
YyHeTOM 3TOTO NarpaHXeBH H SHIEPOBH IepeMeHHHEe CBISAHH PaBEHCTBOM

v(z,t) = V[y(z,t),t], p(z,t) = Rly(z,t),t]. (44)

IIng Toro, YTo6H HaHTH BilepOBO BEPOITHOCTHOE pacNpeleneHue CKOpo-
cra v(z,t),
wy(v;z,t) = (§[v(z,t) — v]), (4.5)

noMHOXHM (4.1) Ha j M IPOMHTErpHpyeM ¢ y1eTOM PaBeHCTB (4.3),(44)no j
H NarpaHXKeBOH KOOPJHHATE ¥,

o  +oo R
wwiet) = [ [ diwEving. (4.6)
1] —-co :

Y4uTHBag CBA3b SXO6MaHa J H IIOTHOCTH R, MOXHO SamHCaTh aHAIOTMYHO
¢dopMyny Ang CBISH NarpaHKeBa H sHIepOBa pacHpeleleHUH CKOPOCTH H MIOT-

HOCTH:
+o0

puS o,z t) = [ pola)W (a0, pinst)dy. (e7)

-c0

Jng cTaTHCTHYeCKH ONHOPOAHKIX NONEH TarpaHxepa MIOTHOCTh BepOITHOCTH
BaBHCHT TONBKO OT PABHOCTH KOODAMHAT Z — Y M IOSTOMY HHTErpHpPOBaHHE
no mapaMeTrpy y B (4.7) 9KBHBaJE€HTHO MHTErPHPOBAHMIO IO NEPEMEHHOH Z
narpaHXeBoH INIOTHOCTH BEepOISTHOCTH, H TOria ,

pw°(v, p;t) = poW?(v,p;t). " (4.8)

Ananornynsie GOpMyITH CBESH MOXHO HATHCATH H [l IBYXTOYEHHHIX BEPOLT-
HOCTHHIX pacnpefieNieHHi, a BHad HX, MOXKHO HaHTH KOPPeISIMOHHEEe PYHKIUHA
H CHEKTPH NONedl CKOPOCTH H IUIOTHOCTH THAPOJMHAMHYECKOro Ny4ka JacTHIL
[4].

2. OcraHoBHMCE BHa4Yale Ha OHOTOYEUHHX XapaKTEPHCTHEAX DTHX HO-
neit, Mpefnonaras, YTo Ha4YalbHOE MoNle CTATHCTHYECKH ofHopoano. Ho (4.6)
MOXHO IIOKa3aTh, YTO OJHOTOYeYHOe BEPCATHOCTHOE paclpefleleHHe MIOTHO-
cTH coxpaHfeTcs: w°(v;t) = wl(v). DTOT BecbMa HeTPUBHANBHHE pe3ylb-
TAT MOXHO NOHATH, €CIIH PAaCCMATPHBATH OTHOCHTENBHYIO MUY NpeOHBaHuL
npouecca v(z,t) B kHTepBale v, v+dv. [IeACTBHTEILHO, HECMOTPS Ha HCKaXe-
HHE HpoduIs BOTHH CyMMa JUIMH JBYX COCERHHX HHTepBaloB (Azk + AZr41)
coXxpaHseTcs. ‘ . )

M5 (1.4), (1.5) cregyer, 4To @BOmOUMS IKO6HAHA ONpefieNgeTcd ypaBHe-
HHEeM

Hyit) =1+ UG, U(y) = viy). (4.9)
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TakuM o6pasou, ecin wy(U) BeposTHOCTHOE pacnpejenenye PaiHEeHTa Ha-
YaJlbHOTO NMOJIL, TO C YYeTOM CBASH JarpaHxeBa H DillepoBa BepOSTHOCTHOIO
pacrpefencHHd INOTHOCTH HONyYaeM

viro- 53 [ (522 e (522)] o

Iycrs o2 = (U?) = 03 /13 - nucnepcus rpapuenta, TOrfa NpH Oyt =
= t/t, € 1 BepOLTHOCTHOE pacnpefielleHHe IIOTHOCTH NPHOIHBHTENBLHO NO-
BTOpseT (JOpMYy pacnpefieieHHs TPajHeHTa CKOPOCTH € 3(PPeKTHBHON WIMDH-
HOH poont. ORHako NPH p — 00 pacnpelieNieHHe w, HMeET YHHBEPCAIbHYIO
CTeHeHHYO KOMIIOHEHTY

200 (—
wi(p,t) = 3‘39%'%3—1—/9. (4.11)
Herpyano y6eiiuThcg, YTO MOIBIEHHe TAKOH aCHMITOTHKH CBEBaHO C MOZBlIe-
REeM ocobenHocTelt Bufa p(2,t) ~ z~1/2 B pearusaungX MIOTHOCTH, a DHadYe-
Hie wy(—1/t) NpONOPLUYOHATLHO CpeiHeMy YUCIY OCOGEHHOCTeH Ha eIHHHIY
DIHHH. Xapax‘repnoﬁ ‘Iep’roﬁ BepOXTHOCTHOI‘O pa.cnpenene}mx IINIOTHOCTH
ABJI4eTCE CMeElieHue MaKCHMyMa pacnpenene!mx B CTOpOHy MaJlblX 14 < Po R
onKOBpeMe!moe NosBJ/IeHHe MEIJIeHHO CIaalouIuX XBOCT(;)B pé,cnpenenem{x HPK
p > po. B peanusanusx nons nmnotTHocTH p(Z,1) 5TO COOTBETCTBYET TOMY, 9TO

wy

Pac. 3: Opomonnas noneil CKOPOCTH ¥ MIOTHOCTH.

061acTH HOHHXKEHHOH IIOTHOCTH BaHHMAIOT BCe 6om>mylo 9acTh, B TO BpeMs
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KaX 06lacTH NOBHINEHHOR IOTHOCTH JOCTATOYHO CHILHO TOKAIH30BAHH (CM.
puc.3). B reomeTpuyeckoit onTHke 5TH 0CO6EHHOCTH COOTBETCTBYIOT KayCTH-
KaM.

3. CymectBenno 6onee noapo6uyio HHPOpPMAUHIO AAIOT ABYXTOUEYHLIE
BEPOSTHOCTHHE DaclpelieNieHHs, KOppelsuHONHNe PYHKIMR M CeKTpalbHhe
NIOTHOCTH CNyYaHHHX Ionei. 31ech MH JajuM BHBOJ BHpPaXKeHUL L Xoppe-
nIHOHHOM QYHKIMH H CIEXTpa Mons MIOTHOCTH p(2z,t) ¥ MpHBEAEM rOTOBOE
BHpaXKeHHe [Id CIeKTPaJLHOM NIOTHOCTH NONY CKOPOCTH, Hpefmonarad, 4To
HON% CTATHCTHYECKH ONHOPONHH.

Popumyina (4.7) onucHBaeT CBA3b JarpaHkeBOH M DHIEPOBON OHOTOYEY-
HOlt MIOTHOCTEH BeposTHOCTH. HeTpynHo sanncaTh aHANOrMYHOE BHpaXkeHHe
® g GBYXTOYEYHHX IUOTHOCTeH BeposTHocTH. Torga, Hcmonssys onpenene-
HHe QYHKUHE KOppeNilHH Tepes dilllepoBy JBYXTOYEYHYIO IIOTHOCTH BEpo-
ATHOCTH,

ko(21,23;t) = (p(21,t)p(22,t)) = / / P1P2w°(p1, P2 21, 223 t),

(opMyny CBS3H NarpaxeBa H 9illepoBa BepOATHOCTHHX PacHpeieleH i, aHa-
noruquyio (4.7), HeTPYRHO MONYYHTD AL CTATHCTHYECKH OJHOPOJHOrO HOIL

+oo
k,(S,t) = p2 / W(S; So, t)dSo. (4.12)

3neck '
W(S, So) = (8[S — X(So,t) + Xo(0,)])

- IarpaHXeBa INIOTHOCTb BePOSTHOCTH BEKTOPa OTHOCHTENLHO CMEMeHH s IBYX
YaCTHI, HAYAIBHHH BEKTOP CMelleHHS KOTOPHX 6uil pabeH S,. Ilepexons oT
(4.12) x cnexTpanbHOlN IIOTHOCTH

Gp(k, t) .= .2}; /e"ikskp(s’ t)ds =
= gg / {exp{~ik[X(So0,t) - Xo(0,t)]})dSo,  (4.13)

#3 (1.4) Mu BHARM, 9TO 9BOmIONHE G,(k,t) onpejensercs AByXTOYEYHOH Xa-
paKTepHCTHYeCKoH (PyHKIHEH HATaIbHOIO NONE CKOPOCTH

©3(=;, =3, So) = (exp[iz=;vo(So) + iazv0(0)]).
B 9acTHOCTH, ecnH BXOJHOE NONle TayCCOBO € KOPPENSUHONHOH QyHKXuueR

(vo(So)vo(0)}) = Bo(So) = g3 R(So), To pns cuexTpa PayxTyanmii MIOTHOCTH
p = p — po nonydaeym us (4.13)

_ P?) 2
Golk,t) = £2expl—(oakt)’]-

too .
. / {expo2 R(So)k*t?] — 1} exp(—ikSo)dSo.  (4.14)
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AHaNOrHYHEIM 06paB30oM MOXHO BHBECTH H BHPaKEeHHe JJf CNEeKTDPATbHOM
INIOTHOCTH CKOPOCTH g,,(k t). OpHako B JAaHHOM CIy4Yae Mpolle MOCTYIHTb,
HCIIONB3YS CBI3b NONEH IIOTHOCTH H ckopocTH. Mcmonboys (4.2), (4.9), Mu
HMeeM .

_ P
R(y,t) = H-—vz_(ﬁ’
P (2,8) = Riy(a,0),1] - po = - LEBEIL ___ Solel) 4

1+ vhly(=,t))t o '

v(z,t) = voy(z,t)].

CnenoBaTeanO, Cnex‘TpH CKOPOCTH H NNOTHOCTH CBA3aHH COOTHOIIEHUEM
9ok, t) = k*t*g, (K, 1), (4.16)

KOTOpOe IIO3BONSeT CPA3y SallHCATh, HCXONL u3 (4.14), 1BHOe BEIpaXKeHHe JIs
CHEKTPANbHOH IMIOTHOCTH HOJL CKOPOCTH.

Ha (4.14), (4.15) crenyior ABa BaXKHHX HHBapHaHTa TEOPHH: COXPaHEHHe
CIIEKTPaNbHOH NIOTHOCTH CKOPOCTH Ha HyNeBOH 4acToTe g,(0,t) = g,(0,0)
 PaBeHCTBO HYIMIO CNIEKTPa QAYKTYaluii IIOTHOCTH 9,(0,t) = 0. Hs (4.16)
BH[JHO, YTO Ha MallHX BpeMeHaX CHekTp QIykTyauui MIOTHOCTH NpPONOPLH-
OHaJleH HayaJbHOMY CekTpy QuykTyauuii rpaguenta go(k) = k?g,(k,0), on-
HaKO H3-8a HEIMHEHHKIX HCKaXKeHH MPOUCXONUT BeChbMa CyllleCTBeHHad TPaHC-
QopManKs CNeKTPOB CKOPOCTH M MIOTHOCTH. Ecmu B HavalbHOM cuekTpe
CKOPOCTH OTCYTCTBOBalM KPYIHOMAcCUITaGHHe KOMIOHEHTH (gy(k,0) ~ k™,
n >'2), TO HEMHHEHHOCTH IPHBORHT K POPMUPOBAHHIO YHUBEP CAILHON HUBKO-
9aCTOTHOW aCHMUOTOTHKH CHEKTPa CKOPOCTH:

+oo
g(k,t) = k%82 / g2(k, 0)dk/2.

IipE aTOM HavYaNbLHHHA CNEKTP PAcCUIMpIeTC Kak B CTOPOHY BHICOKHX, TakK
H HHSKHX 4acTOT. Jlerxo y6egHTbCE, YTO B OGNACTH BHICOKHX NPOCTpPaH-
CTBEHHHIX YaCTOT MHOTOKPATHOE B3aHMOJEHCTBHe FaDMOHHE MCXOAHOH BOMHH
NPUBORHT K POPMHPOBJHHIO YHHBEDCANbHOH BHCOKOYACTOTHON aCHMITOTHKH.
Ilpn 6onpummx k unTerpan B (4.14) MOXHO BHYHCIHTH METOJOM HepeBaia.
OrpaununBasch B pasnoxeHHH Bo(S) nByMs nepBumu unenamu Bo(S) =
= a3(1 - §2/21% + ...), uo (4.14) nonyyaeM

2 2 2

pg exp(—t7 /2¢%)
kt)=00"2 nl ) 4.17
9(k.2) V2xkto, ( )

rae o2 = 03 /1% - nucmepcus PuyxTyaumit rpagmenTa CKOpoCTH, ty = 1/0, =
= lp/0o — xapaxTepHOe BpeMs MPOSBIEHHS HenMHeiHOCTH. MemrenHoe cra-
JlaHHe CIeKTPpa 06bICHIETCE BOSHAKHOBEH)EM B PealH3aluiX MIOTHOCTH Ka-
YCTHK, HMelomux ocoGeHHOCTH BHAa p(z,t) ~ z~1/2. Ilpn oTOM dKCNOHEH-
IHATHHEH COMHOXHTENb NPONOPLHOHATeH CpefiHeMy THTIY 0COGeHHOCTel Ha
enununy Anueel. Ho (4.16) crenyer, 4TO CHEXTp pHMaHOBOH BONHH CHajiaeT
' IO CTeNeHHOMY BakOHY gy ~ k™3, 4TO CBE3aHO C HANHYHEM B peaNMBAINHIX
oco6enHocTeit Bipa v(z,t) ~ 21/,
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He nMes BOBMOXHOCTH JIeTallbHO OGCYAUTE YCIOBHSE HPHMEHHMOCTH NOIY-
YeHHBIX BHPaXeHHMN, OTMeTUM IHillb, YTC A% AKYCTHYECKOH TYpOyNeHTHOCTH
Qopmynnt (4.15), (4.16) ONUMCHBAIOT HBOTIOLHI CHEKTPa NONI CKOPOCTH gy(k,t)
npu ¢ < t, B OCHORKO¥ 061acTi cnexTpa npu k € k. = Ig}(ty/t)3. B o6nacTu
xe k > k. uo-s2 nogzBneHus Ppa3sPHBOB BOSHHKaeT Gonee MejlleHHad CTelleHHAL
acumnroTuka g.(k) ~ k2 [4].

BripaxkeHne xe Jif clekTpa miotTHocTH (4.14) cnpaBepnuBo np¥ MoBHX
t paxe B TOM CIy4ae, KOrfla [BHXeHHe CYLIeCTBEHHO MHoromoroxoso. Ilpu
9TOM B O6IAaCTH Pa3BHTOI'O MHOTONOTOKOBOIO ABHKeHHE (I 33> tn) acHMETO-
THEa (4.17) OnMCHBaeT NPaKTHYECKH Bech CHEKTP 82 HCKMIOYeHHeM Malol,
cyXatolefics co BpeMeHeM obnactu k ~ 1/opt B6MUSH HYTeBOH YaCTOTH.

4. BooHHXHOBeHHe 0COGEHHOCTEH B pealHsaluiX INIOTHOCTH B OKpecT-
HOCTIX KayCTHK NPHBOJHT K PacXONIMOCTH AHCHepcHn PnyxTyauuit HIOTHO-
CTM THIPOAMHAMIYECKOTO MOTOKa (pucrepcuu QAYKTYyalUd#l WHTEHCHBHOCTH
onTHYeckoro nyixa). OrpanuveHue NIOTHOCTH B Ny4Yke YaCTHU MOXeT GHIThL
CBE3AHO C TEIVIOBHIM padbpOCOM YacTHI MIH ¢ cuiaMu nabnewus. [Jns xonon-
HOTO rasa, Korfa Temiosol pas6poc Cr MaJ o CpaBHEHUIO ¢ THXPORHHAMIIYe-
cxuMH QIYKTyalHaMH gg, CHEKTP NOBTOPIET BCE OCHOBHOE CleKTpa PuykTya~
Uil TUIOTHOCTH THAPOJHHAMHKYECKOro My4ka, HO SKCMOHEHIHKAILHO CaflaeT B
061aCTH BHICOKHX NIPOCTPAHCTBEHHHX 4acToT. Jlucnepcus ¢gayxTyaunit npu
9TOM OrpaHHYeHa H ee MaKCHMalbHOe BHavyeHHe TeM Gonblue, yeM 6onblue
oTHomeHHe og/Cr{n]. B ontuxe orpanuvenne pHcnepcur QAYKTVAUHH MH-
TEeHCHBHOCTH o6ycnoBieno AUPpakuHOHHHIMH apexTaMu.

8. IOTEHIIHAJIBHAS TYPBYJEHTHOCTE ¥ ®OPMHPOBAHUE
CTPYKTYP B TPABUTAIIMOHHO HEYCTONYUBON CPEJE

1. EcrecTBeHHEIM 0606menneM (1.2) gBngeTcs TpexMepHoe ypaBHenue Biop-
repca:
P v
3t
J[ng moTernkanbHuX nonel ¥ = VS asamenoit Xonda-Koyna ono copnres &
NEHEHHOMY yPaBHEHHIO BH(DY3HH H, CIEOBATENLHO, HMEeT TOYHOE pellleHHe.
B npenensiioM cyyae ¥ — 0, Ho-TIpeXKHeMy CIpaBelTHBO pellleHHe (2.10), rpe
ofHako ¥, £, ¥ ecTh BekTOpH. IIpu sroM §{z,t) yno6Ho paccMaTpPHBATh Kak
nepByI0 TOYKY KaCaHHf TpexMepHoro napabononaa (2.12) runepnobepxHOCTH
HavalnbHOro NieficTBHE So(¥). EcrecTmenno, 4To B TpexMepHoM ciyyae kap-
THHA KaCaHHS CyllecTBeHHO 6oraye, yeM B ORHOMEDHOM Clydae.

Ecnu HavanbHOe nole ciy4aiiHo, To pelliense ypaBHeHus (5.1) ecrecTrenno
HaoBaTh MOTEHIHANLHON TYDGYICHTHOCT,IO, IIPH DTOM Hapijy € MoleM CKO-
POCTH MOXHO ellie BBCIHTb Nolle NIOTHOCTH p(Z,t), yAoBreTBOpsioniee ypas-
HEHHIO HeNpPEePHBHOCTH. .

Ilpu » = 0 (5.1) onHCHBaeT NOTOK HEBYAHMOREHCTBYIOMMX YaCTHI, H B
ABYXMEDHOM CIy4ae 3aJjaya MOTEHIHAJIbHOH TYpOyIeHTHOCTH SKBUBAJCHTHA
Bajiade O NPOXOXKMAEHHH ONTHYECKOH BONHH clydaitHoro ¢asoBoro skpada B
OpHOGMHXEeHHH reoMeTpH4eckoll onThHKH. BosHukHOBeHHe ocoGeHHOCTEH CO-
OTBETCTBYEeT NPH BTOM NOABIEHHIO KayCTHK — o6nacTell moBHmueHHon (Gec-
KOHEYHOM) HHTEHCHBHOCTH. B TpexmepHOM CiiyYae 0CO6eHHOCTH BOSHHKAIOT

+ (vV)¥ = vAT. (5.1)
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NepBOHAYANLHO B BHJe PeDXO aHHSOTPONHHX XaOTHYECKH OPHERTHPOBAHHEIX
o6nactes — "6auHoB”. C TeyeHMeM BpeMeHH BOSHMKAIOT HOBHE OIOHMHEI, CTa-
pHe 061acTi 6eCKOHEeYHON HHTEeHCHBHOCTH PacTYT H 3aTeM 06pasyIoT CBA3aH-
Hyio cTpYxTypy. Ho-sa pacummpenns o6inacreil 0co6eHHOCTEH 9Ta OTHETIHBO
BhpaXKeHHas CTPYKTYpa € Te4eHHeM BpeMeHM BhpoxfaeTci. B asyxmepHoM
ClIydYae CBE3AHHYIO CTPYKTYPY KayCTHK MOXHO HaGIIORaTh B COMHEYHHH JeHb
Ha JHe 6acceilHa NPH COOTBETCTBYIOlIEH CHIe BeTpa, KOTla CTPYKTYpa yxke
o6pasoBanach (T.e. pasoBHe PIyKTyanun yXe lepellld B aMIUIUTYAHEIE), HO
elje He PadpyIUIHIACh.

CraTHCcTHYeCKHe XapakTepPHCTHKH 3a IByXMEpHHM B "TpexMepHHM” (a-
GOBHM SKDAHOM HINYTCS AHANOTHYHO OJHOMEPHOMY ClIy4Yaio, XOTH 3JleCh H
BCTPEYaloOTCS HEKOTOPHEe BHYHCIHTENbHHE TPYRHOCTH [4]. OTMmeTnM nmums,
Y70 aCHMIITOTHYeCkoe NoBefileHHe BePOSTHOCTHOIO PacHpefelleHus NIOTHOCTH
(MHTEHCHBHOCTH) Takoe Xe, Xak H B OfHOMepHOM ciy4ae (4.11), 4To cBiBaHO
¢ IpeHMyUIeCTBEeHHO OJHOMEPHLIM XapakTepoM O0Opa3OBaHHSL KayCTHK.

Ilpu ¥ — 0 ypaBreHnue (5.1) 5KBHBalIeHTHO ABHKEHHIO Iasa CO CIHNAHHEM
qacTHL. IIpn aToM ocobenHocTH (06nacTH 6eCKOHEYHOM INIOTHOCTH) HMEIOT
HyneByo TonmuHy. Kmaccupukauug oco6eHHOCTell H MX NepecTpoixa JaHa
B NPHIOXEHHH K aHTMHHCKOMY BapuanTy MoHorpaduu [4). Ilpu t > t,, xorna
napabona (2.12) — nnaBrag PyHKUMSE B MacurTabe HaYaJIbLHOTO JEHCTBHA, OTH
0CO6EeHHOCTH 06pasyloT CBE3aHHYIO CTPYKTYypY. leiicTBuTensHo, §{z,t) ecTsb
NpH 9TOM pas3pHBHAaf QYHKUME Z, MPAKTHYECKH MOCTOSHHAE B HEKOTODHX
obnactex £ € X; ¥ Tepndilas paspHB Ha IpaHHLax 9THX obmactei. B sTux
06I1aCcTLX TONle CKOPOCTH YHUBEPCAIbHO:

v(Z,t) = (£ - §)/ts (5.2)

rhe §; —~ KOOpAHHATA COOTBETCTBYIOIEro JOKAIbHOrO MHHHMYMa HavYalbHOTO
neicTBHS S,. MOXHO NOKaBaTh, 4TO NpH t > t, 'PaHK BTHX F4eek — ILIOCKO-
CTH, KOTOPHE NEpecekaloTcs N0 NpIMHM — pebpam. Pebpa, B cBOIO O4epenp,
nepeceralOTCi B OGIUMX yBlIaxX — BeplUIHHAX fveek.

2. Haubonee BaXHHIM IpWIOXKeHHeM NOTEHUHANLHOK TypO6yIeHTHOCTH
ABNFETCI MOJleIbHOE ONMMCAHKE HETHHEHHO! CTa{HH TPaBHTANHOHHON HEYCTOMH-
9HBOCTH XONONHOTO rana, Tak Kak HMEHHO 9THM QUSHYECKHM NIPOLECCOM 06b-
sCHgeTcd BOSHHKHOBeHMe M ®BOLIOUHME KpyHnHOMacWTaGHON CTPYKTYpH Bce-
nennoit. Ilog xpynnoMacmrrabHoit cTpykTypoi Bcenennolt B acrpodusuxke mo-
HHMAIOT paclipelielleHye BellleCTBa B MacurTabax coTeH Meramapcek. Ipymmul
H CEOIUIeHHd TaTaXTHK HMEIOT TEeHJEHUHIO COCPEOTaYHBATHCE BIOIEL CDABHH-
TelbHO TOHKHX NOBEPXHOCTeH, THHUH HIH XKe 06PasOBHBATE CBEPXCKOIICHHUS.

IIng onucanusg srux sPpdexros A.B.3enpgosuyeM 600 NpeNIoXKeHO MPH-
6GnuXeHHOe ONMHCAHUEe HeMMHEHHOH CTajuH rDABHTAIHOHHOH HEyCTOMYMBOCTH
[3]. Buo noxasaHo, YTO B PaBsyMHBIX NPEANONOKEHHIX JABHXEHHe FPaBHTa-
IHOHHO BOAHMOJIECTBYIOIIMX YaCTHI| MOXeT GHITh CBEJeHO K aHATU3Y NOTOKa
HEB3aHMOJICHCTBYIOIMX YacTHI, T.e. k ypaBHermio (5.1) ¢ » = 0. IlooTomy
OpHOTHXEHHYIO TeOPHIO 3elbOBHYa YaCTO HASHBAIOT Takxke Teopueil 6iH-
HoB. OpHaxo YHCIeHHHE SKCIEPHMEHTH NOKa3alH, YTO NIf 'PAaBHTAlHOHHO
B3aHMONEHCTBYIOIAX YaCTHI TOMI{HHA 6THHOB BOBPAcTaeT CyIeCTBEHHO Mefl-
neHHee, ¥eM VIS HEB3aHMOJEiCTBYIOUHX YacTHI. CBEBAaHO 3TO C BOSHHKHO-
BeHHEeM OCHRINITOPHOTO JBHXEHHS YaCcTHI B 061aCTAX HOBHIIEHHOH NIOTHO-
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‘cti. KadecTBenno s pekTH TOpMOKeHHE YacTHI B GIMH2aX MOTYT GHTH ONH-

caHHl BS3KHM WieHOM B ypaBHenuH (5.1) [4]. CpaBHenne npsMBX YHCIEHHHIX
pacyeToB € pe3yIbTAaTOM YHCIEHHOrO MOJEIHPOBaHHE Ha OCHOBe ypDaBHEHHS
Bioprepca noxasano, 4To MOJeIbHOE ONHCaHHE JOCTATOYHO XOPOIIO ONHCHI-
BaeT MNIOGAIBHYIO CTPYKTYPY HOlNledl MIOTHOCTH Fajda rpaBHTAIlHOHHO B3aHMO-
AeHcTBYIOIMX YacTHU. B To Xe BpeMs ypasHenHe (5.1) baMedaTelbHO TeM,
YTO HAa €r0 OCHOBE MOXHO NONYYHTH DLJ aHAIHTHYECKHX Pe3yIbTaTOB AN
CTaTHCTHYECKUX XapaKTePHCTHK NONeH CKOPOCTH M ILIOTHOCTH [4].
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HEJIMHEMHBIE BOJHBI B CBEPXITPOBOIHHKAX

H.J.Maxcunoe, H.KO.Mlaxaes

HccnegoBarue THHAMEKH KPHTHYECKOTO COCTOSHHS B CBEPXIPOBOJHHEAX
2-ro popia’ (0cOGeHHO B BHICOKOTEMIIEPATYPHHX) NpENCTaBlIgeT 3aMETHHN HH-
Tepec. JIEccHNAamBs SHEPrHH, COMPOBOXMAIOMWAf [BHKEHHE MATHHTHOIO NO-
TOK3 B CBEpXHPOBORHHEE, CHOCOGHA BHOBATH BaMETHHI JOKAIBHHIl pasorpes,
CTHMYTHPYS TeM CaMhM JalbHEHIIYI0 TePMHIECKH aKTHBHDPOBAHHYIO ARPPY-
BHI0 NOTOKa. TaxuM o6pasoM, B TOKOBOM COCTOSHHH CBEPXNPOBORHHMKXA 2-TO
POfia pealH3yeTcs HONOKATENIbHAX 06paTHasd CBAOb MEX]Y TEIIOBHIMH U DleK-
TPOMAarHHTHHMHE BooMymieHusMH. C TOYKM BpeHHS AMHAMMKH HeMHHeHHHIX
cucTeM [1] HanM4He TakoH 06PaTHOH CBIOH OBHA4aeT, YTO CBEPXIPOBOJHUK
2-ro pofia SBAgeTCE aKTHBHOH HETHHEHHOH cpefoM, MomycKawllel CyilecTBo-
BaHHe CTAIHOHADHKX BONH PasHOro THNA.

B HacTosimiell paboTe HINOXEHH OCHOBHHE Pe3yIbTAaTH HCCIEOBAHUE He-
NHHeHHOH JUHAMHKM TEPMOMArHHTHX BOSMYINEHKH GONBINOH aunnu'rynu B
CBEPXMPOBOJHHKAX C TPAHCHOPTHHM TOKOM.

1. PH3NKA CBEPXIIPOBOJHHUKOB 2-I'O POJIA

Kax #3BecTHO, MarHHTHOe Nole NPOHHKAET B CBEpXIPOBONHHK 2-TO POJa
B BHJle KBAHTOB MarEHTHOro notoka [2]. CaMy BuxpeByo HuTHL A6pHKOCOBa,
HecyImyio OfHE KBaHT moToka $p = 2-10~"I'c - cM? MOXHO IpencTaBUTH cebe
COCTOSIIeH H3 ABYX oﬁxxa.c'f‘eit: cTBONIa BEXpX ¥ ero nepudepuan. CTBONI BHXDL

¢ JH

- =
-

Puc. 1:

panuyca {g COCTORT B3 IPakTHYECKH HOPMANLHOTO METAIIa; B nepﬁ@epnﬁnoi
ero o6nacTH, pasMepa Ay, IHPKYIMPYIOT HE3aTyXalolUlHe CBEpXIPOBOASILIHE
TOKH j,. Pacnpejlenienne TOKOB B MarHKTHOTrO TIONE BOTHON BHXDS MOKa3aHO
Aa puc.l. HanmoMEHM, YTO CBepXIpPOBONHHKM 2-T0 PONa XapaKTepHUIYIOTCK
6espasMepuniM napamerpos Nuabypra — Jlanpay [2):

a = A/ > (1/2)Y2.
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B paBHOBeCHOM COCTOSHHM BHXpeBHEe HHTH B 06pasie 06pasymoT Tpe-
YrOIBHYIO pellleTKy €O cpefHell INOTHOCTHIO n.= B/®q, rge B — MarauTHaZ
HHAYKLHES BHYTPH 06pasua.

OnHako eciH B CBEPXNPOBOJHHEE ecTh fieeKTH CTPYKTYPH, TO Ha HHEX
BMXPH MOTYT 3akpemniThci (9TO gBleHHe HOCHT HadBaHHe NMHHHHTA, a HO-
NO6HBIe CBePXNPOBOJHHKH — XECTKHMM) H OGDaBoBHBATH METacCTabHIbHYIO
KOHQUTYpaNHIO MaCHUTHOro moToka. IlockombKy ¢TPyXTypa M 9Heprus BE-
XpeBOJ HHTH CyIIECTBEHHO BaBHCHT OT TeMiuepaTypu T, TO H CHIa DHHHHHIA
Fp DaBUCHT OT TeMNepaTyPH, kak NPaBHIO, yMeHbmlasch ¢ poctom T. Ilpr
HPOTEKaHUH TPAHCHOPTHOrO TOKa j B 06pasiie Ha KaX[HH BEXPb AeHCTByeT
cuna Jlopenna Fr = 1/c[j, ®o). Ilpu ycnosun Fr > F,, rae F, = 1/¢[jc, ®o]
(j. HasHBaeTcS KPHTHYECKOH IIOTHOCTHIO TOKa, ONpElelsulel BeXHIUHY
CHTH THHHMHTZ B XECTKHX CBEpPXIDOBOJHHKAX) PaBHOBECHE BHXDEBOH pe-
MEeTXH HapyMmaeTcs, CBEPXIPOBOJHHK NEPEXONHT B PESHCTHBHOE COCTOAHHE,
xapakTepHoylollleeci KOHEYHOH NPOBONHMOCTHIO ¢. BoSHHEKIIee ABHXeHHe
MarHHTHOTO IIOTOKa CONPOBOX/AETCH BHICNCHHEM Tellla 3a cHeT JHCCHUIANUH
oHepruy BHXpel. H3BecTHO, YTO B BHICOKOTEMIEPATPHEIX CBEPXIPOBOJHUKAX
(BTCII) TemnoBue odypeKTH OTBETCTBEHHH B3a TaK HaBHBaeMOe TePMHUYECKH
CTHMYIHpOBaHHOe Tevyehue (Hnu xpun) notoka [3]. Iocnegnee BHpaxaeTcs
B TepMOQIYKTYallHOHHOM NPEONONEHHH AGPHKOCOBCKMMH BEXDAMH (HIM MX
CBSOKaMH) DHepreTHYeCKHX 6apbepoB BONMBH UEHTPOB IHHHUHETS. JIOKaNbHHE
pasorpeB, BHOBAaHHHH PasBHTHEM TePMOMArHHTHHIX BOSMYIIEHHH Gonbuioi
aMIUIATYAH, CNIOCO6EH COB/IATh YCIOBHS Alf Hai6apbepHOro TeYeHHs BHXpeH,
T.e. IIepeBECTH CBEPXIIPOBOJHAK B PeXHM BIBKOrO TeYeHHS MarHHTHOrO IO-
Toka. Takolf mponecc IpOHNKHOBEHKE B O6pasell MArHHTHOrO HOTOKa MOXeET
CTaTh HEyCTOHYMBHIM, T.€. PEATHBOBATHCE B Bl HADACTAIONMX CBISAHHEIM
06pa3oM BO3MYLIEHHH TeMNepaTypH M dIeKTPOMArHUTHOrO NoNs (TepMoMar-
HHTHAf HEyCTOHYHBOCTH MIH CKAa4OK MOTOKa [4]).

IImoTHOCTE TOKa B CBEPXNPOBOJIHHKE, HAXOALIEeMCS B KDHTHYECKOM COCTO-
SHAH, olipefieideTcs CAelyOUMM BHPaXKeHHeM:

“ J(T,E) = j(T) + oE. (1)

Tunnysas BombT-aMnepHas xapakTepHcTHka (BAX 0) xecTxoro cmepxmpo-
BOAHHKA H3O6paxeHa Ha pHc.2, KpHBag 1.

bi

.0,
LAY

()
m
i |

Puc. 2:

B o6macTE pocTaTOYHO GONBIIHX DHAYEHHH HANPIKEHHOCTH OIEKTPH-
vecxoro nons (E > E,, Ey - noze Bhxofa o6pasna B peXEM BIGKOTO Te-
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YeHHS MAarHATHOTC NOTOKa) j M E nuHeiiHO cBE8aHH MeXnAy coboil. Hamuyme
HenuHeiiHOTO yyacTka BAX B untepBane 0 < £ < Ep (kxpHna MarHuTHOro no-
TOka) 06yClIOB/IeHO HEORHOPOJHHM XapakTepoM MHHHMHIa BHXPEBHX HHTeH.
Jlng GONBIIMHCTBA XECTKHX CBEPXIPOBOLHHKOB B JIIOOKX PealbHHX yCnoBHAX
HIOTHOCTH xpn'rn‘lecxoro Toka (Jo .~ IOSA/CMz) MHOTO Gonbllle CIaraeMoro
ocEg ~ 10— 103A/cu OT0 06¢TOLTEINHCTRO IOBBONKIO CPOPMYIHPOBATH TakK
HasHBaeMYyIO KOHIENIHIO KPHTHYECKOro cocroshus. CoOriacHo 9TOH KOHIem-
IOHH B XEeCTKOM CBEDXIPOBOJHMKE B OTBeT Ha mioGoe BO3MYINEHHe, MPHBONS-
Ilee K NOSBIEHHIO BNeK TPHYECKOro Nold (ABHXKeHHe BHXpelt), yCTaHABIHBaeTCL
EPHTHYECKOe COCTOSHHE, IPH KOTOPOM IUIOTHOCTH TOKa (BCIOAY, Ifie OHa OT-
THYHA OT HyIIA) IPAKTHYECKH COBNIAMAeT ¢ MOTHOCTHIO KPHTHIECKOrO TOKA je.
IloaToMy QS HCCIEOBAHHL YCTOWYHBOCTH KDHTHYECXOrO COCTOSHHSE MOXHO
BOCIIONB30BaThCH BaBHCHMOCTHIO j( E) B mpocTeiilieM KycOYHO-THHEHHOM BHJe
(1) (cM.puc.2, xpuBasg 2).

’

> 2. TEPMOMATHHTHASA HEYCTONYNBOCTH

HccnenyeM npocTelinyio 3afaty 06 yCTOHYMBOCTH CBEPXIPOBOJSILErO €O-
CTOSHHL B IIOCcKoM o6pasne TommmHoi b (0 < z < b), HoMemeHHOM BO BHelI-
Hee MarnuTHoe none H.(t) = (0,0, A, «(t)). Hacrosmas sapata MoxeT 6HTH
pellieHa C IOMOINBIO THHEHHOrO aHANHGA YCTOMYHBOCTH PEHIeHHH ypaBHEHHi
TeINIONPOBOJHOCTH B MakcBenna NO OTHOWIEHHIO K MAallkIM TEINIOBHM H Blek-
TPOMArHHTHEIM BOOMYIICHHEM

T i/
‘ Yor = X5 +JE, '(2)
82E 4x08j .
Fr il s @)

3neck ¥ H X — TeNNOEMKOCTH H TENNONPOBOJHOCTL COOTBETCTBeHHO. Kak
O6HYHO, OPH IHHEAHOM aHANHOGE YCTOHYHBOCTH OyfieM HCKAaTh pelleHHe
cucTeMH ypaBHeruk (1) - (3) B Brge _—

/T(2,8) = To(z)+6T(a,1),
(4)
B(e,t) = Eol2)+8E(20),

rae To(z) ® Ep(z) - (oH, Ha XOTOPOM NPOHCXONHT .PaBBHTHE MAIHX BO3MY-
menuk TemnepaTypH §T(z,t) u onextpuyeckoro nons §E(z,t). Ilopcrasus
cooTHOmeHH® (1) B (4) B cucTeMy ypaBHeHHuii (2),(3), HaxopuM mocne cooT-
BeTCTBYIONeH NHHeapH3aUuH ypaBHenud png §T u §E B Buge

86T 8’6T ,
O*E _4x dje
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3nech yureHo, uto j(Eo, To) ¥ j.(To). llepenumem cucremy ypasuenni (5),
(6) B 6espanMepHoM Buae. [lngsToro BBeieM GespasMepHOe BpeMi T =
=t/ty, e ty = vb?/x ~ xapakTepnoe TemnoBoe BpeMs, 6eapasMepHYIO KOOp-
sunaty § = /b u GeapasMepHbie TeMNepaTypy H SleKTpHYecKOe none

0=2, e=i(LIie.
[ [

Honcrasus B ypaBHenue (6) snexTpuieckoe nose NpH MoMONIH ypaBHeHHs (5),
MH NOJNYYHM clefylolliee ypaBReRue Nid O(€,7):

8*e e 80 8*e
\EF-(1+#)3‘£‘5¢9—;—55}'+#5’—,=0» (M

rae B = 4x%b%;.10j./0T |1, /(c*v) - Benuuuna, XapakTepHOYOIIaL MEPY AKTHB-
HOCTH KPHTHYECKOTO COCTOSHUL, ¢ = D;/D,, — napaMeTp, Xapax TepHsyIOMHK I
oTHolIeHHe koo(punuerToB Temooik Dy = x/v i MaruuTHOK Dy = ¢2/(4%0)
auddyouu MaTeprala.

Ilns pemenuit BHna © ~ expli(kf — wr)] nonyvaem cnegyomee xapakTe-
PHCTHYECKOEe ypaBHEHHe:

piw)? = [(1+ p)k? - fliw + k* =0,
OTKYJa JIeTKO MOXHO NONYYHTh JHCIepCHOHHKe KpHBhie w(k) (cM.pHc.3):

i = LER)R? = B+ {[(1 + w)k? - B — 4pk}/2
= o .

(8)

Herpynso yGemmthci, 4TO BHpaxeHHe (8) omMCHBaeT TpPM padTHYHHe
o6nacTr cuekTpa w(k).

lx_Re © JImw

0 R =32
1(‘. LN

) 2 F W)
0« kI Kk

. Prc. 3:

Tax, npr k < kj;, rae kj = B/(1 + p + 2u*/2), TepmoMarmuTHIE BOD-
MyIieHHS HeorpaHWYeHHO HapacraioT, T.e. Imw > 0, Rew = 0. [Jarnax
o6nacTh NONMyYHIa HasBaHHe O6IacTH aGCOMOTHOH HeycToHuMBocTH. OTMe-
'THM MOSBIeHHe OCHHIISIMOHHON YaCTH clekTpa B obnactH kj < k < k,, rue
k3 = B/(1 + p — 2u/?) (o6nacTs orpaumyenHoli ycroiumpocTH), T.e. Rew
He paBHO HymO, 3 Imw MeHSeT BHak IIPH HPOXOXJEHHH MHKpeMeHTa k ve-
pen Touxy k3 = B/(1 + p). H, HaxoHen, 061acTh a6COMOTHON YCTOHIHBOCTH
(Imw < 0, Rew = 0) npur k, < k.

H.JI. Maxcumos, H.10.Hlasaee ’711
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JanrnHedmas 9acTh HacTOSMeR pabOTH IOCBEIlleHa HCCUEAOBAHHIO HEIH-
HeHHOH JHHAMAKH KEPHTHYECKOTO COCTOSHHL B CBEepXIPOBOAHHKAX 2-TO popja.
HonaraeMuie HuXe pesyIbTaTH, IO-CYHIECTBY, IPEICTABILIOT cO60i TOYHHE
pemieHMs Npo6neMH [HHAMHYECKOH CaMOOpraHusylolleics KPHTHIHOCTH
B CBEDXIPOBOJHEKaX. B YacTHOCTH, IPENCKaBHBaeTCL BOBMOXHOCTH pac-
OpPOCTPAHEHHS HeTHHEHHHX TEePMOMAarHHTHHIX BOIH — yHapHoil Bomik (Y B)
K JOKAIH30BaHHON cTPYXTypH (comuTona (C)) — B cBepxnpoBopguuke ¢ 6eo-
BHCCHHATHBHHM TPAaHCHOPTHHM TOKOM C IUIOTHOCTBIO MeHbIleil KpHTHYECKOM
Je. OnmcaHH CTPYXTYDPH HEIMHEHHHX BOIH, Hal{icHa BaBHCHMOCTH aMIUIM-
TyaH A oT ckopocTr mug C 1 YB. Ilpopeen aHanus ycTOMYHBOCTH TepMOMar-
HETHHX CTPYKTYpP IO OTHOHICHHIO K MallHIM HECTALHOHAPHHM BOSMYINEHHIM

BX npoduns.

3. MOJIEJIb H OCHOBHBIE YPABHEHH A

JIng onHC3HHS SBOMIONHH ONHOMEDHHX TEINIOBHX R ONeKTPOMAarHATHHIX
BOSMYTIEHHH, PadBUBAIONIMXCY B INIOCKOM CBepXNpOBOASIIEeM o6pasue NIu-
pun L (0 < z < L), moMemenHOM BO BHelIHee MarHWTHOe mone H =
(0,0, H,), Bocnonbayemcs cHcTeMoil ypaBHenuit (2),(3). B xadecTBe BHpa-
XeHHZ, ONPEJeNKIOUIero 3aBHCHMOCTh MIIOTHOCTH TOKa j OT TeMmepaTypw T
H onexTpHYeckoro nois E, npuMeM ciefyiomee:

j = [iATo) - o(T - To)|¥(E) + oE, (9)

rge j® - xpETHYeckas NNOTHOCTH TOKa NPE PABEOBECHOH TeMmepaType
o6pasna Tp, @ - XO>(PHIUEHT TENIOBOro OCIalNeHHS NHHHHHIA BHXpeEH.
3necs B ypaBHenne ‘9) BeefleHa Qyunkuus ¥(E), yYHTHBalOmas BHJ BOJIHT-
aMIIepHOH XapakTepucTHKH B 06GNAcCTH KPHIA MaTHHTHOIO NOTOKa (KpuBasg I
Ha pHc.2). Ha ocHOBaHHH GONBINOrO YMCIa DKCIEPHMEHTANBHHX JaHHHX 3a-
BacEMocTh ¥(FE) MoXeT GHTH NpecTaBleHa ClefyonHuM o6pasoM:

1 y E> Ey
¥E)={ .

[E;] » E L < EO
rae m < 1 [5]. 3pmecy Eo - xapakTepHoe IoJie BHIXOAa Ha PEXHM BS3KOrO
TedeHHI MOTOKa. ByAeM HCKaTh aBTOMOJeNbHHe pemerds Tama E = E(z),
T = T(z), z = z ~ vt. [Ing onpejielecHHOCTH OTPAHHYHMCE Jajlee PacCMo-
TpeHHeM HaH6GONlee aKTYalIbHOTO ClIy4as CBEPXNPOBOJHHKOB ¢ GONBIIAM Hapa-
MeTpoM I'mmabypra — Jlannay & » 1 (XkecTkMe HIM BHCOXOTEMIEpaTypHEIE
cBepxupoBofHuKH). HoBecTHO, YTO AN% STHX MaTepHANOB OTHOMICHHE TEILIO-
BOit M MarHHTHOH REPPYoHE p BechMa Malo: g~ =2~2 < 1,

Hcxmovas Temnepatypy T us ypasuenuit (2) u (9) B BocnOnE30BaBIIMCH

OYEeBHJHHM HHTErpalioM ypabHeHu: (3),

. & .
i= -;}—OE, + Jrps (10)

HPHEXONHM X ypaBHeHHD Aux E(§):

d’E &E dIn(¥(E)) ( j dE
ds' dé’[” a5 (:" E- 3&)]
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2 2 = .
_”(y_z_) [2(4m(w(3))) 1 dzln(\l’(b))] (1,2 _E- gg) _

d¢ dE ¥(E) dE? o d¢
_w(@)ﬂ,z@[l_m@ (a_E)

dE d¢ d¢ dE o
s+ B = an

rae £ = p(vv/x)z ~ 6espasMepHai KOOPAHHATA.

YpaBuenue (11) no cBoeli CTPyXType HANOMHHALT CPABHATENHHO MAJIO H3Y-
yenHoe ypaBuenue Koprenera — Jle Bpusa - Broprepca ¢ akrusHOCThIO. Kak
H3BeCTHO, [6], B cayvagx craboH akTHBHOCTH (4TO SKBHBaJeHTHO oGpalle-
HHIO B Hynb koo(ppruuenta npu E, HanpuMep, NIPH jrp) B CHCTEME MOTYT CY-
DIeCTBOBAaTH BOIHH THNA Nepenaja (yiapHag BonHa). B cnydae, xorga akTHB-
HOCTh BellHKa, B CHCTeMe MOTYT BooGyXKIaThcd aBToconuToHH (7). Hac 6yner
HHTEPECOBaTh BOSMOXHOCTH PAcIpOCTPaHEHH: MalHHTHOTO NMOTOKa BrIyGb
o6pasna B BHJle HeIHHEHHHX CTaHOHapHHX BONH. [loaTOMY MH paccMOTpHM
IBa Cilydad, PasHHYAlOMHXCE MeXAy co60i aMIIHTYAOH TOKOBOIO BOGMYLie-
HHES BOIH IO OTHONEHHIO K BEeNHYHHE jrp, a TAKXKe XapaKTepOM I'DaHHYHHIX
YCTOBHH:

a} TEpMOMATHHTHHH CONHTOH — TEIIOBOE H BNeKTPOMarHHTHOEe POHOBHIE
HONS NPEANONaralnTCes HEBO3MYIIEHHBIMH,

T(too) = To, E(to0)=0, (12)

a aMINTHTYAa BOOMYIIEHHS A CPaBHHMA C BETHYHHOH jrp/0 (A < jrp/0);
6) TepMOMAarHHTHaid YRapHas BONHa — B KaYecTBe TEMNOBHX IPaHHYHBHIX
YCIOBHK X ypaBHeHHIO (11) mpEMeM cleyiomHe:

’

T(0) =Ty, T.(-o0)=0. (13a)
Snex'rponnna.mecxnun TPaHHYHRMH YCHOBHIME SBIIIOTCA
" E(0)=0, E(-o0)=A4, (136)

rge A - aMmIHTYRa BomHH. OTMeTHM TakXe, YTO aMIIHTYRa TOKOBOI'O BOOG-
MYMEHRS Jmax B RAHHOM CIyJae DHAYHTENHHO NPEBHINAET BeTHIHHY TPaHC-
NOPTHOTO TOKa jrp , YTO HO3BONMET B ypaBHenHH (11) PopMmanbHO aany:m’rb
cnaraeMue ~ jrp/0.

4. JUHENHBIN AHAJIN3

B npene6pexennn xprnoM MarauTHOro noroxa (Eo = 0, ¥(E) = 1) BAX
CBepXNPOBOJHAHKA HMeeT KyCOYHO-THHEHHHN XapakTep (kpHBas 2 Ha puc.2),
4YTO MOBBONLET CYIIeCTBEHHO YNPOCTHTH ypaBHenue (11):

&#E d*E dE a 6 X jrp
llj‘?‘i'gg;-ﬁz- 1—————"‘”2sz] -——-———“ v’aE 0. (14)

H.J1.Maxcumos, H.10.Mlasaes 713
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Jluneapuays (14) s6ausy Touxu E = 0, monyvaem

#PE d&E dE axjwp

rEtE g T arels " (15)

Orsickupag pemenne (15) B vume E(€) ~ exp(p€), momydaem xapakTe-
PHCTHYECKOE YpaBHEHHe Ha HHXPEMEHT p:

2 -
s , P P GXJrp _
Al e (16)

Hosectro (cM.[8]), 4TO xapaxTep BOSMOXHOrO pemIeHHS P ONpefenseTcs
GHAKOM TMIABHHIX MHHOPOB MAaTpHUH G,, COCTaBIeHHOH H3 K0o(pHIHEHTOB

ypasHenns (16):
1/p 1 0

Ga=|d/w s 1 |,

] 0 d/u?
1 1-d
Al=°) Az=( 2 ):
B u

rae d = (a X jxp)/(¥? v® 0), 2 Takke OHaxOM AHCKPHMHHaHTa G ypaBHEHHS
(16):

_ (4-18u)d (1-4p)|-
G=-27|d* + @) }

Ananno, IpoBeNeRHHiE B npenene i < 1, IOKaOHBALT, YTO, B DABHCEMOCTH
OT BeTH4YMHH V, BOBMOXHH clelylolie DHaAYeHHS XapakTepHCTHYECKHX YHCel
p=p +ip: '
O6macts 1 (V > V*, tne V* = 2[a x jzp/(¥? p 0)]*/%; cu. puc. 4a) -
A;>0,A2>0,G>0: Rep; <Reps <Reps <0,
Imp; =Imp; =Imps = 0.

O6nacts 2 (u1/2V*/2 <V < V*; cM. pac. 46) -
A;>0,A2>0,G<0: Rep; <0, Imp; =0; p» = p;, Repa =Reps < 0.
O6nacts 3 (V < p'/?V*/2; cu. puc. 48) -

A1 >0,A;>0,G<0: Rep; <0,Imp; =0;Imp, = -Imps =p’,
Rep; =Reps=p' > 0.

PacnonoxenHe XapakTepHCTHYECKHX UHCEN Ha KOMIUIEKCHOH IUIOCKOCTH H30-
6paxeHo Ha puc.4 a,6,B.

Hac 6yneT uuTepecoBaTh 06MacTh NapaMeTPOB, B KOTOPOiH pelleHHS Xa-
PaXTEPHCTHIECKOTO ypaBHEHHS YJOBIeTBOPSIOT TPaHHYHHM ycnoBuaM (12).
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O4eBrjIHO, 94TO HHTEpeCYONUHe Hac NapaMeTpH NieXaT B oGnacTH 3.

5
1’ a) 1
°
>—o—o 5 ; . 0 p’
°
Ip* 8) E 2)
. &—.
* 0 p’ 0 z
°
Puc. 4:

B cooTBeTcTBHH ¢ HalleHHHIMH XapakTePHCTHYCCKHMH YHCIAMH ACHM-
AOTOTHKa pellleHHs ypaBHeHHs (15) uMeeT cnefyioumi Bup (cM.pHc.4r):

Aexp[-p (¢ - &o)] mpy € — +©
E(¢) = ,
Bexp(p (§ - £o)) cos[p (€ — &)] mpu £ — —oo

TakuMm o6pasoM, nnHeHHHH aHanns ypaBHehus (11) yxaohBaeT Ha cy-
IeCTBOBaHHKE NPOCTPAHCTBEHHO-OTPAHHYEHHOTO pellieHHs JaHHOTO ypaBHEHUL
€ SKNOHEHIHANLHO-CNaJaloIMM NepefHiM PPOHTOM H OCUMIUIHPYIOIHMM 3aj-
HEM. OcHMN«IHA Ha 3ajHeM QPpOHTe 06YCIOBNEHH HATHYNEM MHHMOH YacTH

.y COOTBETCTBYIOLIETO XapakTEPHCTHYECKOTO YHcNa ypaBHenus (15) u npuso-
AST K HOMeHeHHIO BHaka PyHxuun E(§). Onnaxo cnenyer uMeTh B BHAY, YTO B
cHIy Tpe6GOBaHHL KONTHHEAPHOCTH BexTOpoB j H E (FE > 0) pemenne c E < 0
HeBOOMOXHO. IlooToMy B paMkax THHEHHOTO aHANH3a NPOCTPAHCTBEHHO-
OrpaHHYEHHOMY pelleHHIo OyleT COOTBeTCTBOBaTh pewenue E(£), obpaura-
jomeecs B Hyab npu § = - = const u cnagaloumy npu § — +o0o (cM. puc.4r).

B cnyvae ypapmoit Bomam (cM.(13a), (136)) ypasuerue (14) mpuoGpe-
TaeT BHJ XOPOINO H3BECTHOTO ypa.mxemu KopTtesera ~ ne Bpusa — Bioprepca

(KOBB):

&#E dE dE a
"de**de*de( pv*v*"’)“”
mMeomee qns () nepBuit HHTerpan cueqymoimero BEAa:
£E | dE a .\
| Ty dfs df’ + E( WE) =0. (17)
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IpoBenenm ananms ocobrix Todex (17). OTHCKHBaZ pellleHHS THHEAPHBOBAH-
Horo B6aHoH To4kK E = 0 ypaBmenus (17) B Buge E(§) ~ exp(pf), Mu nomy-
JaeM clefyiolllee XapaKTePHCTHIeCKOe ypaBHeHHe: up® +p+ 1 = 0, pelrenueM
xoToporo 6ynyT KOpHHK

P2 = -1/2u+ (1/4* - 1/p)** < 0.

O4eBupHO, 9TO Ha (I)aaonon IIOCKOCTH ypa.zmenn (17) cymecTByeT eme ofga
TOYXKa DaBHOBECHL Ef =0, E(~) = A = 24*v*v/(a x). JlmHeapEsOBaB
BOIHOH 9TOH TOYKH ypaBHeHHe (17) H BanHcaB XapaKTepHCTHIECKOe ypaBHe-
HHe pp? + p — 1 = 0, MK NONYYHM CliefiylolmHe BHpPaXeHHS NI HHKPEMEHTa
p: '

pra=-1/2ut (1/4p2 + 1/p)Y? (py > 1, p3 = —1/p).

] E
r / a) A )]
0 A E
0 T
u ) 4 I 2

a——— T*

Puc. 5:

TaxuM 06pasoM, HcclefoBanHe (pasoBOH MIOCKOCTH ypaBHeHH: (17) moka-
SHBaeT, YTO Ha HeHl (Takxke, kak H B ClIydae K,[IBB) CYILECTBYIOT ABe TOYKH
paBHoBecus (pHc.5a): a) E = 0, Eg = 0 - ycToW4YHBHIH y3en E 6) Et =0,
E(-) = A = 2p*v*v/(ax) - ceano. Cenaparpuca A, coeHHIIOmMAas JBa OTH
HOJOXEHHS PaBHOBECK, COOTBETCTBYET pellleHHIo THIa Y B (puc.56), ynosme-
TBOpAIEMY IPaHHYHEM ycroBraM (13a),(136).
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Onncanue noBefenns pemenns ypasienns (11) B cnyvae Henmnnelino# BAX
Tpe6yeT cleHUaTbHOrO 06CyXJeHHs, KOTOPOe BO3MOXHO JIHIIb B paMKaX He-
NHHelHOro aHanuaa ypaBHenus (11).

5. TEPMOMATHUTHRIA COJIMTOH

HceneoBane acHMNTOTHRR ypaBHeHus (11) B mpefiene p < 1 gng rpa-
HHYHHX YCTOBHE (12) MOKaBSHBaeT cyllleCTBOBaHHe Ha era (JasoBOi MIOCKOCTH
(E, E.) samkmyToli MHTerpanbHoil KpnBoil (kprBag N ma puc.6a), ¥To co-
[IACHO TEOpPHH HEIMHEHHHX BOSMYIUEHHH COOTBETCTBYeT pelleHHIO aBTOCO-
nuToHHOro THNa ¢ aMniauTynoit A. HenuneitHoeTs BAX npuBOgHT X TOMY, 4TO
NaHHAf HETerpalbHas KpHBag BegeT ce6f MO-pasHOMY B pa3HHIHHX 06nacTIX
dasosoit mnocxocrn. Tak, B obnactu 1 (E(z2) € Eo, E(2;) = E(z4) = Eo) B
ciydae E — 0 (E, — 0)

o @), Fao
| ro E' >0

xm=?

3necy BBemeH GespasMepHHHE mapaMeTp § <€ 1, ompeflengwimai 6I#30CTh
MakcuMansHou T* u xputHyeckort T, TeMmepaTyp:

aTc(T‘—Tc an)
+ —1.

§ = —
Jrp T, aT.

B3aBrcEMocTh E(z) B faHHOH 061acTH NMpelcTaBlgeTes CAEYIOAM 06pasoM:

E(z) = R [(2111 (%))% + “Zi!m:_% In® (%) (z - 25.)]-; ’ zZ> 2z

pmE2(1 - §)exp [£2(z - 21)] , 2< 2.

NloBenenne $asosoit TpaexTopHH B ofnacth 2 (E(z) 2 Eo, T.e. ¥(E) =1)
ONHCHBaeTCI CIEAYIOLUHM ypaBHEHHEM:

do 2"(‘41 - Ez)v

Xo '
—t___F -
2jrp X

, VUjrp
E ——==1In|l1 -
ks BV VI

pemerue xoToporo B npenene E — A (E, — 0) mmeeT BHI

E=A cos(z-zz),
Z

rae z3 = [~c*v/(4x aj.p)] 2In(1/6) - nonyumpHna 061ACTH NAHHOTO peleHHs,
Z3 — KOODIMHATa TOYKH MakcuMyMa E(z) (cM.puc.66).

3aBHCHMOCTb CKOPOCTH T€PMOMAlHHTHOIO COMHTOHA ¥ OT €ro allUTYRH
A MoXeT GHITh HallleHa M3 CUIMBKH pellleHHH Ha rpamune ob6macTei 1 u 2 u
onpefieNgeTcH CENYIOUMM BHpPaXKeHHeM:

2 ac?

—_— A2
V= i m(i/e)
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OTMeTHM, YTO IHPHHA COMHTOHA B OCHOBHOM ONpefeNgeTcs MPOCTPaHCTBeH-
HEIM MaciiTaboM pemreHud B obnacTk 2: Az = 2z,.

AlE
EI
E E°
o 1 o i 1 e
E, A 0 2z, Z
23 ‘6)
N
i 2)
7 »
31’9
é« g 0 g ®
Puc. 6:

TakuM 06pa3oM, NMONyYeHHHeE Pe3yIbTaTH HO3BOILIOT ONHCATH HENHHeH-
HyI0 {HHAMHKY PasBHTHE TEPMOMArHHTHHIX BOBMYIUEHHH G6OJBIIOH aMIITH-
TYAH, panBHBaloOl(HXcY Ha (poHe GesguccHmaTHBHOrO Toka. Ha HaganpHOM
oTame HabloflaeTcd pedkHil (cTemeHHON ¢ mokasarenem =~ 1/mm » 1) poct
posMymieHuit E u T BONHBH HeKOTOpOH BaJjaHHON TOYKH 06pasiia ¢ KOODRH-
HaTOH z = 2o = const. A Ha HEKOTOPOH CTajUH HabMIOHaeTcd PKCIOHEHIH-
ANBHHH cHaj Bo3MylieHns (cM.puc.66).

IIpuBeneM 4uciIeHHbE OHEHKH Alf CBEPXIPOBORHHKA ¢ GONBIIHM IapaMe-
TpoM I'uns6ypra - Jlanpay = =~ 10. Ilogcrarngs THnHYHHe 3HaveHus H;, Eo
¥ 50 (cM.[4]) HeTpyRHO JIONYYHTDH ClefyiOUHe OLUEHKH:

0\ 1/2 . 1/2
L2 Y 3 R E2:CY P S N
v= 20, (j'rp ~ 10%cM/fc, Az = 0. 2]'@ ln(s) ,o o = g,

rae lo — rnyGuRa DKpaHAPOBAHHA BHeUIHero MarHuTHoro mons H., H; — none
ckayka MOTOKa [4].

OnumeM Tenepb NPOCTPaHCTBEHHOE PacHpefieleHHe TeMIEepaTypH H INIOT-
HOCTH TOKa B OGNAcTH NOXANMBANMH CONHTOHa. J{ng ompefeleHHs 3aBHCH-
moctr T'(z) pocnombayeMca cooTHomeHHeM (3): :

T(z)=T. - i(i‘)-l%(%?-(-ﬂ, ‘ (18)

rae j(z) = [-¢2/ (41w)]E; + jrp - HlofcTaBnag B (18) BHIIeONHCAHHKE 3aBHCH-
MocTH E(z), nonyvaem jns padsmHvAHX o6nacTell (Ja30BOH IIOCKOCTH Clely-
ooEe BHpaxerus ang j(z) v T'(z):
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B ob6nacTH 1 -

jrp {1 +410* (}) [(2111 ‘)ﬁ"
iwl-(-Oewp(-22(z-a))], <=

M, COOTBETCTBEHHO, BHpaXeHHs Ans T'(z), ompeiensmonue XapakTep nopejie-
HHS TemIoBoro JpOHTA ONHCHBAEMOH CTPYXTYPH, HMEIOT BHJ

+pmZge 1’ (}) (= - zs)]—%} :

z2>z

i(2) =

( -4
‘ Tc—&‘l{l-f-ﬂn’}[(ﬂn}) -i-;tm—%,-"-]n3 (z—zs)] -}a
T(z) ~ ¢ z> %

. - 2 foxp (520 - ) — (1 - H)esp ($2 - )],

\ . z2< .

B 06GnacTR 2 —

e} Asinf(z — 23)/zo]
4xvzp

j(z)=j'rp+ ,

a KOOpAHHaTHai saBHcHMOCTh T'(2) HMeeT cnenyoWwHi BAA:

T(s) = 7, - o {1+ sinl(s = 55)/20) + {r Acosl(z — 23)/ ) izp}}
a¥(A) cor™(z - )]

OTMeTHM, YTO KOOPHHATA MAaKCHMyMa Temnosoro nons I = T(z) = T, —
—jrp(é — 0Eg/jrp)/a He coBIARaET ¢ KOOPAMHATAMH MaKCHMYMOB oneKTpH-
4eCKOTO NONA Z = 2z3 M TOKa Z = 2 (Jmax = J(25) = 371p/2).

BBugy Toro, 4To B 2afiaue He paccMaTPHBaeTcI BOSMOXHOCTH Nepexona
06pasua B HOPMAIbHOE COCTOSHME, HeO6XONHMO HATOXKHTb Ha TeMIepaTypy
ciefyomee yciosne: T(z1) = T* < T.. U coornouwenus (18) cnenyer, uTo
NaHHOMY HEpaBEHCTBY YNOBIETBOPSET CeMEHCTBO TEPMOMArHHTHHIX COTHTO-
HOB, OoNpefiengeMoe cBoGONHKM NapaMeTpoM dajayH §:

8> dEo/ij.

Tak#M 06pasoM, AHCCHIALME SHEPLHH, OCylecTBIieMas B Ipollecce pe-
SHCTHBHOIO MarHHTHOrO IOTOKa, IPHBOJAT K JOKAIbHOMY Pa3OrpeBy BOINOE
TOYKH 2 = z; (CM.pHC.6B) H COOTBETCTBENHO K CYIIECTBEHHOMY IOHHKEHHIO
IVIOTHOCTH TOKa B O6NAacTH z = 2z (Jmin = J(21) = Jjrpf, cM.pHC.6T) npE
co¥.paHeHHH MOIHOrO TOKa, IPOTeKalolllero B o6pasie:

[~
. E(s0) - E(—c0)
- [ -2 -
I= / jdz=Ip—-c yy— Irps

rie Ipn, — TPAHCODOPTHHH TOK.
T p iy
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6. TEPMOMATHHUMTHASA YOAPHASA BOJIHA

B cnyyae, xorga aMmIKTyIa TOKOBOTO BOBMYIleHHS BHaYHTEIbLHO IPEBH-
MaeT BeNUYHHY jrp, B ypaBHeHHH (11) MOXHO OMycTHTh NOCHe[Hee caraeMoe,
CBSDAHHOE C TPAHCIOPTHHM TOKOM jrp H NOHHBHTH €r0 HOPSAOK Ha eUHHMIY:

E.\ (14 u(1-m)E, axE
£ {4 1-m _ X =
(Em)£’+ T +E AVIED + const : 0. _(19)

B xayecTBe rpaHHYHHIX YCIOBHii k ypaBHenwio (19) mpumem ycnoBus
(13a),(136). JIng HarngAHOCTH paccMOTPHM clydail MopensHoi BAX (m - 1).
Insg ynpomenus Buna ypaBHenns (19) npencrasaM E(€) B Buge

E=Aexp(-y), 0<y<o
H ypaBHeHHe (19) mpuMeT cieRyiomuii BHX:

.- c?A%a exp(-2y . '
Pyge +ye — 1+ —————-—-Stvzw_(Eo ) - 0, (20)

rme mocToguHylo const B (19) ompenenrwnH us ycnosus nf y, y, ¥ (2 —
—00) = 0. YeioBre p € 1 0osHavaeT, YTO panorpeB CBepPXIPOBORHHKA Mpo-
HCXONHT ajiHabaTHYeckH, H B (2) MOXHO NpeHe6pedb WICHOM, OTBETCTBEHHRIM
8a TemnonpoBofHocTh. CooTBeTcTBeHHO B (20) onmyckaeM BTODYIO HPOH3BOJ-
HYIO H NOly4aeM

v = B[l — exp(~2py)), (21)

rae 8 = (ac?A?)/(8xvv20 Ep). Ouenka moxasHBaeT, YTO ONyHIEHHOE CIarae-
- 4 ’
Moe JBISeTCH BETHIHHON NePBOTO NOPIMXa MANOCTH IO OTHOLICHUIO K Y

BYge/ve = 2 p exp(—2y).

reuras (21), monyvaeM
y = In[1 + exp(25¢)]/2

HI

200y _ A? _ A%[1 - th(B¢)]
BT =" 2z
PacnpeneneHre TeMnepaTypH H TOKa HaXofHTcs ¢ noMomsio (9), (10):
_ oEy _ JrpBo[1 + exp(2B6)]'/?
TO) =T+ = Fexp(286)/11 + exp (200} aA |
Bo A exp(28£) In2

Jmax(ée) = 0,4804, .=

1) = AT exp(2BO %

Hcnonpsys rpanndnne ycnosns (13a),(136), monyyaeM BHpaxeHnus ang S H,
COOTBETCTBEHHO, N1 CKOPOCTH BONHOBOro (ppoHTa:

BT |l ek
T gk 8xvj(To)

B >1,
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BaMeTHM, 9TO umMpHHa BonHoBoro gponrta Af ~ 1/8. CooTBeTcTByDMHE
npoMIH TEIIOBOR M MAaFHHTHOM BOIH B clyiae m = 1 npeicTaBleHH Ha
puc.6 6,s.

B ciytae m € 1 pemenue ypaBHenns (19), onuciBaoinee pacupeenerse
2IeKTPOMarHHTHOIO M TEIUIOBOTO IIONS BHYTPH CBEPXIPOBOAsiNero ofpasna
BHIIEJHT ClieRYyIOommM o6pasoM:

—Ath[ﬁﬁy;%(il;lh], z2< 2

, B(2)=

0, zZ> 2

To’ z2>2

KoHe1HOCTD IPOMSBORHHEIX E; H T; B TO4ke z = zg OObACHIETCE HeOGXONH-
MOCTBIO 06pe3aTh pellleHns H-0a Tpe6oBanng (FE) > 0 unu E > 0. lIupuna
BOJIHOBOTO QpOHTA paBHa

_(1+u)oE x

= = = 1071-:1l,,
B e vy

H SaBHCHMOCTBH CXOpOCTH V yHapHOH BONHH OT ee aMIMHTYAH A safaeTcs
CHefyIONMM BHPAXeHHeM: )

ac2a?\'"?  xea
V—(-s—%) —E-E;—lm/c,

rpe H; - mone ckaiga noToxa.

TaxuM 06pa3soM, B BaBHCHMOCTH OT HOCTaBIeHHHX FPAHHYHHIX YCIOBHE
(anmabaTHYecKHe MIH H3OTEpPMHYECKHe) H BEIHYMHH AMINIMTYAH TOKOBHIX
BOOMYIIeHHH (OTHOCHTENbHO jyp) MArHHTHHH NOTOK MOXET NPOHHKAThb B
o6pasen B BHe CTAllHOHAPHHX TEPMOMATHHTHHX BOIH — ynapuon BONIHH H
CONUTOHA.

7. YCTONYUBOCTh TEPMOMATHUTHBIX CTPYKTYP

BeaycnoBHo, aHATHOHPYH BHINCONHCAHHHE HeTHHEeHHEE TepMOMarHuTHhHE
CTPYKTYPH, HeO6XORHMO OGCYIHTH Npo6ieMy YCTOHYHBOCTH HaMfeHHHX pe-
menni. IlosTOMy, B DTOM IIaBe MH HCCIENyeM YCTOHYHBOCTb HeMHHEHHBIX
CTPYKTYP HO OTHOILICHHIO K MalhiM BOSMYIUEHHSM HX Npodund. JamuimeM
HCKOMHIe pelleHHs cucTeMH (2),(3),(9) B cnenyomem BHze:

T(z,t) = Tu(z)+8T(z,¢)exp(M),

E(z,t) = E.(2)+8E(z,t)exp(X), (22)
i(z,8) = ju(2) +6j(z,t)exp(2t),

]

]
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rge T., E., j. — ecTh BHpaXXKeHH4, OlpefielqlOliHe TePMOMarHHTHHE CTPYK-
TypH, a 6T, §E, §j — aMnuuTyaa -Maldux BOBMyIieHHH ero mpodung, pas-
BHBAIOIEXCE BO BPEMEHH CBEBaHHBLIM 061a30M ¢ HHKPEMEHTOM BaTyXaHH
A. TloncraBnss BHpaxeHus (22) B MoguQHIHPOBRHHYIO CHCTEMY yDPaBHEHHH
(2),(3),(9) (B caydae s < 1, kax yxe FoBOPHIOChH, 5((PeKTH TEMIOOTBOAA Hpe-
He6GpeXHUMO MAILl H MHI OIycKaeM cilaraeMoe B ypaBHeHHH (2), oTBeTCTBeH-
HOe 3a TENIONPOBOJHOCTD) H THHEAPH3Yd NONyYeHHHE BRIPaKEHHE MO Manon
aMIIHTYfle, MH HOILYy4aeM CIeLyIOLIYI0 CHCTEMY YDaBHEHHH Ha Mallkle BOSMY-
menns §T(u), §E(u) u §5(u):

¢ AzfT j.6E + E.bj
o7 — A20T | 2l V: E)

’

§j = V(T., E.)o8E - ¥(E,)asT, (23)

+  cE., AzdE,
6Ju == -
4xvzg v

)

rie u = z/zg (cM. 2o B pasn.5), V(T, E.) =mj.[/ocE. +1-m.

CrnexTp BOSMYIUEHHH KPHTHYECKOIO COCTOSHME BeChbMa IIHPOK. BoaMmy-
IIeHHd, COMPOBOXAIOUINEe PACIPOCTPAHEHHE HENHHEHHOH CTPYKTYPH, MOTYT
06nafaTh pasiHYHEIMH BDEMeHHRIMH MacuiTabamu. ByjeM HasHBaThL Men-
NTeHHHMH TakHe, BpeMi PasBUTHE KOTOpHX At = 1/ Gounblle BpeMeHH pac-
MPOCTpaHeHUd HeMUHeHHOH CTPYKTYpH At. = Azf/v; AAz/v € 1. s
6LICTPHIX BOSMYIEHHH CHpaBelIHBO o6paTHOe HepaBeHCTBO AAz/v > 1.
Ananns npo6neMul YCTOHYHBOCTH B oOHieM Ciiyydae BechbMa BaTpYRHHUTEINeH,
NOPTOMY MH OIDaHHYHUMCS HCCIEOBaHMEM JHHAMHKH MEJIeHHHX BOBMYIIe-
HHH, Kak Hanbolee CylIecTBeHHHX [4].

Hcnonpsys HETerpal MocleqHero ypaBHeHHs cucTeMH (23),

c*E, ASE
dxvzg  4xv?’

HalileHHHH B paMKaX M@TOJla BOBMYILEHHH ¢ TOYHOCTHIO 10 NEPBOi HONPaBKH
nmo mapaMeTpy AAz/v € 1, a Taxke uckxioyas Temmepatypy T, cucTeMmy
ypaeuenuit (23) ynaeTgs cpecTH K fu(PepeHUNaTLHOMY YPABHEHHIO BTOPOro
nopsaxa tuna Lpegunrepa Ha npeoGpasoBanHbe BooMylehnns $(u)=
= §E(u)exp[-1/2 f(f(u)du)] :

&, +U(u)2=0, (24)

omnuchBalolmee ABHKEHHe KBaHTOBOH YacTHLUH B 5(QPeKTHBHOH HOTEHIHAIb-
Hoit sMe —U(u), paoMepH K riy6MHA KOTOpPOH ONpeNensioTcd NapaMeTpaMy
(oHOBOI HeNHHeHHOH CTPYXTYpPH (Takke kak ¥ QyHkuus f).

A. TepMOMarHMTHLIA COMHTOH. B cIyiae TepMOMarHMTHOrO COMH-
rona Qyuxuun U(§) u f(£) BurnansT cnenylomum o6pasoM:

mAE, m2A? $3(E.)E? AzgmA
V) =g ~ g TYE) - —m ~ g,

(25)
cAV(T., E.) ’

flw)=—2-
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Basncumocth U(u) uoobpaxkena Ha puc.7a.

v 4 F'U
. 2
= 0 w
u‘Q,/ Wt 3 |
) a) 6
Puc. 7:

3aMeTHM, 9TO B CIy4ae TEPMOMarHHTHOI'O CONHTOHA Haubolnee ONaCHHMH
6yAyT BOSMYILEHHS, Pa3BHBAIOIIHEC B 061aCTHX, OXBATHBAIOIMX HEHTPalb-
Hyio yacts C (B cuny Gonbmod penninHH (onosoro mons A > Eo B orok
obnacTH), a Takxe o6nacTy nepegHero pponra (o6nacTs 1) - B cuny ero npo-
taxeriocTH. IloncraBus B (25) pewenns ypaBrenus (11), cooTBeTcTByOUME
nepefnHeMy (pOHTY CONHTOHA, H OCTaBifs B BHpaxeHHH Ha U(u) HamGonee
cymecTBeHHHe cnaraemule (~ 1/E,, E,(u) — 0), MH MoXeM 3anHcaTh B Ipe-
gene m € t ; paBHeHHe (24) B Buje

zY, +(1-2z)Y, —9Y =0,

rne Y(z) = #(z) exp(2/2], z=-m[l+mA(u—u)/E]/™, 7=
=1-AEp/A, A = Azy/v, pelliene KOTOPOro BHpPaXaeTcs Yepes BHPOXK/EH-
HyIO THIepreoMerpHyeckyio pysxunio F(a,b,z):

Y(-2z)=C ex;'x[z]F(l -,1,-2).

CoorBetrcTBenno Qyunkuus §E,(u) umeeT cuenyowyi Buj:

1 . kS
aE+(u)=C,exp[—-'§(1+m—‘“%ﬁ)) ]F[l—y,l,m(l-}»ﬁé—(%;:“—l)) )

L

B o6nactr 2 (—u; < u < u;,m = 0) ypabHenue (24) npaMeT clefyOMHKE BH:

§;“+(1-53’3§1‘4—'—3‘—12)on (26)

HNonaras Mopynsauuio "4acTOTH” B ypaBHeHuH (26) Manoit (~ 25%), MoxHO
BOCHONIL3OBATHCE METOROM BOIMYIIEHHH Ald OTHCKaHHL pemieHus. B urore
nony4aeM clefyioulee Bupaxenue ans $(u):

®(u) ~ Cycos(u — u; + x/2)
HIH A

§E_(u) = Ciexp cos(u — u; + %/2),

E=n)
2jxp(u ~ "1)
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rie Qasa oupefensercs 3 rpanuisoro ycnosus §E_(—u;) = 0 (cM.puc.7a).
Hac 6ynyT HHTepecoBaTh NPOCTPaHCTBEHHO-OrpaHHYcHHNe pemenus § E(u),
YAOBIETBOPAIOIIHE 'PAHHYHNM ycioBHiM (12) Hnn pemeHns, yJOBIeTBOPSHIO-
mue cuefylomEM ycinoBHsM OSE_(-u1)=0, §E;(+00) =0, §E_(uy)=
= §E4+(u;). Kakx HeTpynHO y6eanmThes, HacTOfllee ypaBHEHHe HMeeT INHUIb
TpHBHanbHHe pentenns (Cy 2 = 0), 4TO OBHa4aeT yc'roi‘mnoc'rb C 1o orHo-
IIEHHIO K MEIICHHHM BODMYIICHAIM.
B. Ypapuas Bonna. B ciyvae YB ¢pynxnuu U(u) 1 f(u) HMEOT cllefy-
OmEH BHA:
2
fwy= - 2= - 2ol
. 2

U(u) = c1eh™2ku — ea(y — thku)?,

e v = 2A/b+ 1, b=azA?/(vvE,), k=v2352/(DmoEy), ¢ =
= azA?j8/(vDmoER), ¢ = a*z3A%/(4v*v*E*). Basmcmiocts U(u) pug
pasnHiHnXx.A (xpuBag I - A; = 3/2b, xpusas 2 - A, = -b, xpuBagz § -
A3 = —2b) npencrasnera Ha prc.76. Ilocne MOKCTaHOBKH COOTBETCTBYOMAX
BHpaxenHd E,, j. H 3aMeHH mepeMeHHoi y = thku MH monyYHM ypaBHeHHe
Ha ¥(y) B BHAE

[(1- 98] + {2 - -4‘—{1-}’%3)-] $=0. (27)

Pemenze (27) MOXHO TaXke BHDadHTE Yeped rHIepreoMeTpHIeckyio QyHx-
meo $(y) = (1+y)P(1-y)*F(k+1,k-1,29+1,(1-y)/2), rne k = p+g+1/2.
B cayqae ¢ = (1 -7)/4, p=(1+7)/4, k =1 &(y) umeer Bug

B(u)=(1+9) T (1-yF

OxonvaTensHo, o6nrue Bupaxenus piug 6 E, 6T cyts

SE(y) = Bu(1+3)F(1-9)F, me —2<F <1,

(28)

JT(y) = 6To(1 + y)','%l(l - y)‘—?l, re -2< % <0.
Specs MH yumn, Tro exp[—1/2 [ f(u)du] = 1/chku = (1 - y)/3(1 + y)!/2
Cupasa B (28) yxasaun rpaHHIN WOMeHeHHs HapameTpa A, B mpefienax Ko-
TOPHX BOSMYHICHHS Y[IOBIETBOPAIOT PaHHIHHM YCIOBHEM, T.e. OCTaIOTCL
orpanHYeHHHMHE mpH § — to0o. O4eBHAHO, YTO TePMOMArHUTHHAI BONHA 6y-
fleT yCTOHYHMBA, TAaK Kak BepXHid IPaHHIa SHadeHHd A qix TOKQIU3 OBAHKX
TeNNOBHX BO3MYIIEHHH DaBHA HYIIO.

AHarus ycTOHYMBOCTY HaM{eHHHX CTPYKTYP IO OTHOMIEHHIO K GHICTPHIM
TepumIeckuM BooGyxnennaM (A 3> 1) IPOBOJHTCE AHANOTHYHHM OGPadoM.
JeTalbHHHE aHATAS 9TOH CHTYAIHH NO3BONIET YyCTAHOBHTB, UTO COBMECTHOe
pasBHTHe NOKATH3OBAHHHX TEPMOMArHHTHHX BOSMYIIeHHH NpodHIs HelH-
HEeHHHX CTPYKTYP BO3MOXHO IHUIb npH A < 0.
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8. OBCYXXIEHHE

O6cynuM Temeph YCIOBHE NPHEMEHHMOCTH Haulero paccMmoTpenns. llomy-
YeHHHE BeCh PedyIbTaTH -COPaBeRIHBH, eClTH

AgAzg L (29)

re A — cpefiHee pacCTOLHHe MeXNy BUXpaMu (cM. pash.l), L - xapakTepHuii
pasMep o6pasna. JleBag 4acTh HepaBeHcTBa (29) onpefiendeT rpaHHLY IpH-
MEHHMOCTH KOHTHHYAILHOTO IMOAXOAa IPH MaKPOCKOMKYECKOM ONHCAHHH Mar-
HATHOT'O NOTOKA, NpaBag YacTh HEPABEHCTBA XADAKTEpH3yeT KOPPEXTHOCTH
HCHONb3OBaHHBIX HAMH T'PaHHYHHX YCIOBHH IIPH ONHCAHHH PeaTbHOH cn'rya-
nuH B 06pasnax KOHEYHHRIX PasMepOB.

TaxuM 06panoM, nolydYeHHHEe Pe3yIbTATH IO3BOILIOT ONUCATH HEIHHEeH-
HYXO CTafiHi0 PasBHTHL aGCOMOTHOH TEepPMOMArHHTHOH HeycToMunmBocTH. Ha
HaYallbHOM dTalle HablIofaeTcd SKCIOHEHIHAIBHHH POCT BOSMYNIeH i, Ha 6o-
Nee MOVBJHEH CTaf4H PAsBHTHE HEYCTOMYMBOCTH B IIy6h IPOBONHHKA pac-
mpocTpaHdgeTcs cTalMOHapHad yAapHaf BonHa. B ciyvae, xorja B cBepxupo-
BOJIHHKe BO36YXJlaeTcd OrpaHHYeHHa® TEPMOMArHHTHAd HeyCTOHYHBOCTH (B
obnactu cmexkTpa kj < k < k,, cM.pHC.3), MarHHTHHHE MOTOK MOXeT pac-
OpOCTPaHAThCI B BUEe TEPMOMArHKTHOrO aBTOCONHTOHa. KpoMe Toro, Tep-
MOMATHHTHHE CTPYKTYPH MOXHO HaGMOAaTh, MHHIHHPYS NBHXEHHEe MarHHT-
HOro MOTOKAa BO BHeLIHEM MAaTHHTHOM Ioile Iu60 MeXaHW4YecKuM Bo3Oyxue-
HYeM (HanpuMep, BCTPIXHBaHMeM 06pasia), TH60 ¢ IOMOWBIO TEMIOBOTO HM-
Mynbca KOHeYHOH aMIUTHTYAH, TOMellas CBEpXNIPOBOALIMH o6Gpasen nu60 B
H30TEepMHYecKHe YCIOBHE Jjif HabnioNeHNs CONMHTOHa, THO6O B afnabaTHiecKHe
- [V HabIIONeHHUS YIAPHOH BOIHHL.

B paGoTe npelickasana BOBMOXHOCTh PAacHPOCTPAHEHHS B NepIeHHKY-
NIPHOM TOKY HallpaBleHHH OJJHOMEPHHIX BONHH NepekmiovYeHHs (KMHKA) M
IPOCTPaHCTBEHHO-IOKAIK3OBAKHON CTPYKTYPH (CONMTOHA) B CBEPXNPOBOR-
HHEE C TPAHCHOPTHHIM TOKOM. ONMcCaHa CTPYXTypa HEIHHEHHHX BOIH, HaH-
fieHa BaBUCHMOCTb CKOPOCTH HX PacnpOCTpaHeHHS OT aMNIHTYAH E. (a
HMeHHO, V ~ E_ ). IloxasaHo, 4TO CTPYKTypa TepMOMarHHTHOTO CONHTOHA,
GynydYH CylLIeCTBEHHO acCHMMETPHYHOH, XapaKTepHayeTcs Pe3KHM (BKCIOHEH-
IOHATBHHM) POCTOM TepMOMAarHHTHHX BOOMYIIEHUH Ha sajiHeM (PpOHTE K IO-
noruM (CTeMmeHHHM) CHafjaHHeM BOSMYIIeHHH Ha nepenHeM QponTe gopMa
BONHH NepeKMoYeHHs CHMMeTPHYHa OTHOCHTENbLHO TOYKM neperuba. Joxa-
8aHa YCTOHYHBOCTH BHIICONHCAHHHX HEIHHEHHHX CTPYKTYP OTHOCHTENHHO
MaJHX BO3MYIIeHHHE HX npoduns, O6cyxKaeHa BOSMOXHOCTD BKCIIePHMEHTallb-
HOT'O HCCIeOBaHHSL HENMHEHHHIX BONH B CBEPXNPOBOXHMKAX.
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UNDERWATER SOUND GENERATION AND
SCATTERING FROM A BUBBLE COLUMN

S.W.Yoon L.A.Crum

" 1. INTRODUCTION

It is well known that ocean ambient noise levels in the frequency range
from a few hundred hertz to several tens of kolohertz are well correlated with
wind speed [1]. However the nature of the source of low frequency acoustic
emissions is still pretty much unknown. In the ocean, it is well observed that
bubbles abound in the surface layer down to several meters in depth. Such
bubble clouds can be generated by various processes involving hydrodynamic
interactions between air and water and be formed in the upper layers down to
tens of meters by Langmuir circulation, turbulence and other mechanisms [2].

Since a bubble may roughly be regarded as a mechanical oscillator the
resonance frequency fp of a bubble of radius a in water is given approxirnately
by [3] ’

1 37 Po

fo= et 5 , (1)
where P is the ambient external pressure, p the water density and 4 the
ratio of specific heats. For a frequency fo = 500 H z, the relation requires
& radius @ ~ 0,7c¢m with Py = 10°Pa, p = 103kg/m?, v = 1,4. It is
rather unlikely that such large bubbles are created in significant numbers.
This problem can be circumvented by the hypothesis of collective oscillation
of bubbles as a system of coupled oscillators. Such coupling frequencies can be
substantially lower than the resonance frequencies of individual bubbles. The
same conclusion is met if one considers the fact that a mixture of air bubbles
and liquid has a sound speed much lower than that of the pure liquid even at
gas volume fractions as low as 1%.

The acoustic roles of such bubble clouds in water were investigated
theoretically and experimentally to be a likely mechanism to generate ambient
noise below 1 kH z in the ocean [4, 5]. If such a bubble cloud is a good noise
source, it might also serve as a strong scatterer of sound in water. To simplify
the experimental geometry for the analysis we have produced a bubble "cloud”
in the form of a bubble column. This geometry is not of direct relevance to
oceanic conditions, but, in a rough sense, it can represent a typical shape of
bubble clouds at the ocean surface.

In the present paper we review an experimental confirmation of the
collective oscillation hypothesis and show the agreements of the measurements
with the theoretical predictions, and also present a preliminary experimental
observation and compare it with the predictions from the averaged bubble
dynamic theory [6] assuming that the pressure field driving the oscillations
of the bubbles is the average pressure field in the liquid instead of the actual
liquid pressure at the position occupied by the bubble.

.
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2. EXPERIMENTAL PROCEDURE

It was not easy to reproduce the bubble clouds with a consrtant void
fraction. To avoid this problem, we made bubble-filled columns which had
a constant flux of air and thus also of bubbles. With these bubble columns
we were able to maintain a constant void fraction within a fixed geometrical
configuration. By adjusting the flow rate through the flowmeter into the
bubble maker we could precisely vary the void fraction of the bubble column as
well as the size of individual bubbles. A schematic diagram of the experimental
apparatus for the passive noise and for the scattering measurements is shown

in Fig.1.

234

Oscilloscope GFW:,-

Cross-Section
of Bubble Maker

Figure 1: Diagram of experimental apparatus.

As shown in an insét of Fig.1, we designed a circular cross-sectional bubble
maker which consisted of forty nine 22-gauge hypodermic needles with square-
cut tips as nozzles. The individual nozzles are connected by separate tubings
with a manifold to an air-supply system to provide the same air pressure at
each nozzle. To eliminate any other mechanical noise sources, compressed
air was used as the air supply system. Details about the bubble maker are
described in the paper by Yoon et al. [5].

_ The bubble column resonance frequency was measured with a hydrophone
(B&K 8103) plus a charge amplifier (B&K 2635) connected to a dual channel
digital storage oscilloscope (LeCroy 9400). We carried out these measurements
in a small water tank with dimensions of 1 m X 1 m x 1 m. For noise analyses
we used the FFT algorithm and power spectrum averaging capability of the
LeCroy 9400 digital storage oscilloscope. The Nyquist frequency was 1.25kH z
and the transform size was 2500 points. Each data point corresponds to the
peak resonance frequency obtained from an average of 50 power spectra with

728 S.W.Yoon L.A.Crem
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an on-screen resolution of 4 H z. The standard deviations of the bubble column
resonance frequencies were less than 2% for 50 spectrum averages.

For the backscattering measurement from a bubble column, a sound
projector (NRL:USRD Type F-33) was driven with a frequency range of
11kHz to 50 kH z. The tone bursts of 250 us width were fed to the power
amplifier (ENI 1040 L) by a function generator (HP 3314 A) with the repetition
rate of 1 s to avoid possible interference with the reflection from the walls of
the water tank. A hydrophone (B&K 8103) with a charge amplifier (B&K
2635) was installed at the center of the projector to receive echo signals from
scatterers. The bubble columns were generated as scatterers in water at a
distance of 1.6 m from the projector. These measurements were carried out
in a water tank with dimensions of 2.1m x 2.1 m X 1.8 m. For gathering the
backscattering data of pressure amplitudes from bubble columns, we manually
averaged 50 measurements for each case. We did not use the waveform
averaging function in the LeCroy 9400 digital storage oscilloscope because the
backscattering from the bubble columns cannot always occur from the same
location of the columns due to bubble motions. The standard deviations of the
backscattering pressure amplitudes were around 25% for 50 measurements.

3. THEORY

A.Bubble column resonance. The theory used to analyze the data has
been described in detail in references 5, 6 and 7 and only a brief description
will be given here. Imposing the boundary conditions of continuity of pressure
and normal particle velocity between the bubble column and the pure liquid
and the boundary conditions of a pressure-release surface at both the water
surface and the tip of the bubble maker (which were determined by direct
measurements of the pressure field in the bubble column) we can get the
following characteristic equation for the resonance frequencies within the

column: H‘” ) 2 ()
Im-1(X) _ wD) Il “02
? m(x) 1- ﬁ"‘ (2)
where
C—Rc\/kz (""‘E‘ ’ "-Rﬁv -_h' (3)
and '32)-:(1’) -m ) (2)
g . e (H.@ (a)) (Hm (v>) )
xsy_,()) = 739s)) \gD )/’
with
N
y = Rgy/k? - (2;;) (5)

where J,, is the Bessel function of order m, H,Q ) and H,(.f) are the Hankel
functions of first and second kinds of order m, respectively, R, is the bubble
column radius, Rg is the water tank radius, k is the wave number, A is the
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bubble column height and N is the mode number. The numerical solution of
Eq. (2) is described in detail in reference 7. )

B. Bubble column scattering. A scattering theory based on the
averaged bubble dynamics theory was also described in detail in other papers
[6, 7] and only a final formula for a backscattering pressure field will be given
here for an infinite plane wave incident on a bubble column of radius R, whose
axis coincides with the axis:

P,=PR Z To(2, 8) H Dk r)e~ =, (6)

n=0

where
Ia—1(s) _Ju-1(®)

PO o e O A
" (e Ean () ()
=T D) ("

k2=k -k}, s=k, R, z= kL -EIR.,

and P, is the backscattering pressure amplitude, Py is the incident pressure
amplitude, k is the wave number, R, is the bubble column radius, H,(.z) is the
Hankel function of second kind and T,(z,s) is a function of z and s which
can be determined by the boundary conditions of the scatterer; i.e., at the
surface of bubble columns as in the case of bubble column resonance. As the
argument of T, the wave numbers depend on the sound speeds in the medium
of the scatterer and the ambient fluid. The backscattering pressure fields can
be numerically simulated with the appropriate physical parameters such as
density and sound speed within the bubble column [8]:

“pm = (1= B)pw + Bps, (8)

e =ct/l1+ 4rc,,Nz,/(w§ - w? + 2i6w)], (9)

where the subscripts m, w and b represent the quantities in the bubbly mixture,
water and air bubble, respectively. p is the density of the liquid, 8 is the void
fraction of the bubble column, ¢ is the sound speed, N, is the number of
bubbles per unit volume of the bubble column, a is the individual bubble
radius, wg is the angular resonance frequency of an individual bubble, w is
the incident angular frequency and § is the damping constant of the bubbly
mixture, which is composed of the viscous and thermal dissipatiori and the
scattered sound field [9].

4. RESULTS AND DISCUSSIONS

A. Bubble column resonance. We investigated the dependence of the
bubble column resonance frequency on the void fraction for various column
radii. The physical radii of the bubble-makers are 6.0 cm, 4.0 ¢cm and 2.0 cm,
respectively. However, the effective radii are larger than the physical sizes
of the bubble makers because of zigzag rising motions of individual bubbles.
Effective bubble column radii of 7.0 cm, 5.4 cm and 4.6 cm were generated
respectively and directly measured from photographs.
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Figure 2: Variation of the measured (various symbols) and theoretical (varions curves)

values of the bubble column resonance frequency with void fraction for three different
column radii.
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Figure 3: Cross-section of cylindrical bubble maker. N is the number of opened nos-
sles. The open and closed circles represent the opened and closed nossles respectively.

Figure 2 shows the dependence of the bubble column resonance frequency
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on the void fraction for various column radii. For case A, all forty nine
hypodermic needles were open and the effective bubble column radius was
7.0 cm; for case B, the outer ring was closed, twenty five needles were open
with the effective radius of 5.4 cm; for case C, both outer rings were closed,
the remaining nine needles were open with the effective radius of 4.6 em. For
all cases the air flow rates varied from about 1ml/s to near 80 ml/s with a
precision of about 0.5 ml/s while the bubble column height was held constant
at 85 cm. The measurements were performed in tap wateer in the small water
tank. The measured data for case A, B and C are represented with the symbols
of square, triangle and circle, respectively. Also shown with the lines in Fig. 2
are the theoretical predictions based on a numerical solution from the averaged
effective wave equation [4]. The theoretical lines represent the frequency of the
lowest mode as a function of void fraction for the three column radii examined
in the experiment.

B. Bubble column scattering. To measure the dependence of the
backscattering pressure amplitude on the void fraction, we varied the void
fractions by keeping the same sizes of individual bubbles.

By changing the numbers of opened nozzles in the bubble maker as shown
in Fig. 3 and by keeping the same flow rate into the individual nozzles, we
were able to vary the void fractions with the same shapes of bubble columns.
The mean effective radius of the bubble column was measured to be 15 ¢ and
the individual bubble radius to be 2.4 mm. Both measurements were obtained
from photographs.

Figure 4 shows the dependence of the backscattering pressure amplitude
from the bubble column on the nondimensional column radius kR. of the
bubble column for three different void fractions. The range of kR, is given as
7.0 < kR, < 31.9 for the projecting frequency range, 11kHz < f < 50kH=.
The peak backscattering amplitudes occurred at kR, = 10. The relatively
small amplitude peaks were also observed at kR, = 25. As expected we
observed that the higher the void fraction, the stronger the backscattering
pressure amplitude.

The theoretical curve is given by Eq. (6) solved numerically from the
averaged effective wave equation (7] for the void fraction of 0.17%. The
theoretical curce fairly’ well agrees with the measurements.

8. CONCLUSIONS

By performing relatively simple experiments, we have been able to
understand some details about how a bubble cloud acts as a source of low
frequency ambient noise or an acoustic scatterer in water. The bubble column
resonance experiment performed in a laboratory water tank demonstrates an
important aspect of the oscillations of bubble clouds, viz., that the individual
bubbles can engage in collective oscillations that portray a gross feature
of the cloud-itself. The measurements for the resonance frequency of the
bubble column give strong evidence for the possibility that a major source of
ambient noise in the ocean in the few hundred hertz region is that due to the
collective oscillations of bubble clouds. From the bubble column scattering
experiment we observed that the backscattering pressure amplitude from the
bubble column increased as the void fraction was raised.
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Figure 4: Backscattering pressure amplitude vs. nondimensional bubble column ra-
dius kR.. The void fraction is varied with the number of the opened nossles in the
bubble maker. Shown on the figure are the void fractions observed for the same flow
rate per each nossle (i.e., constant individual bubble sise, @ = 2.4mm). The solid line
is the theoretical curve from the averaged effective wave equation with b = 0.17%.

The theoretical results for the backscattering pressure amplitude based on
the assumption of the averaged pressure fields gave reasonable agreement with
the experimental data.

The authors are grateful to Professor A. Prosperetti of The Johns Hopkins
University for his valuable comments. This work was supported by the U.S.
Office of Naval Research and the David Taylor Research Center.
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