H3BECTHS BbICIIHX VYEBHBIX 3ABEHEHHA
Tom XXVIII, Mo 8 PAITHOPH3HKA 1985

YIK 517.9

YHUBEPCAJIbHOCTb U NOAOBUE B MOBEXEHUHU CBSI3AHHBIX
CHUCTEM ®ENTEHBAYMA

C. I1. Kysneyos

Hccnepyercss noBefieHHe ABYX CHMMETDHYHO CBSI3aHHBIX HIEHTHYHHIX
CHCTEM, KaxAasd H3 KOTOPHIX B OTAEJNbHOCTH CHOCOGHA JEeMOHCTPHPOBAThb
nepexox K xaocy uepe3 OH(ypKauuH yABOEHHS NEPHOAA. YCTAHOBJIEHBl COOT-
HOLIEHHS MOJ00HSA, KOTOpHe ABJAAIOTCH OGOOleHHeM Ha CBSI3aHHLHe CHCTEMH
3aKOHOB nojgo6us Peiiren6ayma. Halizena ynuBepcasbHasi KOH(HrypamHs 30H
Pa3sNMYHEIX PeXXHMOB B HPOCTPAHCTBEe TpeX IapaMeTpoB: (efiren6ayMoBCKOro
ynpasJjsiolllero napaMerpa H Ko3((HIHEHTOB HHEPUHOHHOrO H JHCCHIATHB-
HOTO THIMOB CBS3H.

H3yueHne cToxacTHuecKHX KoJeGaHHH B JIHHAMHYECKHX CHCTeMax
NpHuBeJio B NoOcJefHee BpeMsi K ()OPMHPOBAHHIO HECKOJbKHX YHHBepCaJib-
HBIX MoJieJieH, OMHCHIBAIOLIUX NMOBeJeHHe Pa3JHYHEIX CHCTeM Yy ropora BO3-
HHKHOBeHHs1 xaoca ['~%]. OmHa u3 3THX MOJeJeH, HMeHyemas JaJjee CHC-
TeMoit QelirenGayMa, npeicraBisier co6oii 0606lIeHHbIH 06pa3 HeJHHeHHO#H
OMCCHNIATHUBHOH CHCTeMBl, NpeTepleBalollledl IPH H3MEHEHHH HEKOTOPOro
ynpasJsIOlIEro napaMerpa A Nepexoj K xaocy uepe3 HepapxHio GHdypka-
uuit yasoenus mepuopa. Kak mokasan ®eiiren6aym ['2], Takoit mepexon
NOAUMHSAETCA PAAY YHHBEPCAJbHBIX 3aKOHOMepHocTeH momodus. B uwacr-
HOCTH, MOCJIefOBATeJbLHOCTb TOUeK GUdypKauui onpeiensercs ¢opmyJoi

b }vm = }\«c_Ké_ma ( 1 )

rie §=4,6692 — yHuBepca/sibHasi KOHCTaHTa, a A, H K — mocrosiHHble, 3a-
BHCSIIIHE OT KOHKPETHOH cHCTeMbl. DTOT THN INOBeleHHs HabJionacs
B YHCJEHHHIX pacuerax H B SKCIEePUMEHTaxX Yy MHOTHX KOHKPETHBIX CHCTEM
B paguoQu3HKe, THAPOJAHHAMHKe, B XHMHYECKHX M OHOJIOTHYECKHX Moje-
aax [*7]. EcrecTBeHHHIi NMyTb Pa3BHUTHA TEOPHH BHAHMTCSH B KOHCTPYHpO-
BaHUH Ha Gase cucteMbl (Peiiren6aymMa Takux Gosee CIOXHEX OGDBEKTOB,
KaKk cHCTeMa ¢ BHEIIHHM BO3JieiiCTBHEM, CBSI3aHHEIE CHCTEMBl, pacnpefe-
neHHas cpega [8-'Y] W B uM3yyeHHH 3aKOHOMEPHOCTEH MNepexoja MOPALOK—
Xaoc B HHX.

O6GpatuMcss K 3ajauye O MOBeJeHHH ABYX HIAEHTHYHBIX CHMMETPHUHO
CBfI3aHHBEIX 3JIEMEHTOB, KaXAblil U3 KOTOPHIX NpeJCTaB/jsieT COOOH CHCTeMy
deiiren6ayMma. KOHKpeTHHIMH NpPHMEPAMH MOTYT CJOYXHTb CBSI3aHHHIE He-
JHHEeAHble OCLUMJJISTOPH, HaxoAsiHecss NOA MNEPHOJHYECKHM BHEIIHHM
BO3JeHCTBHEM; CBSI3aHHBIE SYEHKH, B KOTOPbHIX MPOHCXOAHT aBTOKAaTaJHTH-
yeckas XHMHUecKas peakLHus; coobuiaioluecs OHOJOTHYECKHe TONyJs-
UMK U T. I

Ilpocreiimass cucrema Peliren6aymMa—3TO pEKYyppPeHTHOe YpaBHe-
Hue [']:

nit=A—x7, @)

rle X, XapaKTepPH3yeT COCTOSIHHEe CHCTEMbl B MOMEHT XHCKPETHOro Bpeme-
Hu n. IloBeseHHe IBYX CBI3aHHBIX CHCTeM (2) NPH HEKOTOPHIX YaCTHBHIX
cnoco6ax BBeleHHsI CBI3H HccaefoBajoch uHcaeHHo B [*-!']. Beuio moka-
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3aHO, uyTO MyTH nepexona cBs3aHHBIX CHCTEM K xaocy Goraue, 4eM y WHIH-
BHAyaJlbHBIX 3JIEMEHTOB: KpOMe YJBOeHHil NepHoia HaGJIOfaNHCh Iepe-
XOAbl yepe3 pa3pylleHHe KBa3HINEPHOAHYECKHX ABHXKEHHH M IepeMexae-
mocth. Onnako paGotsl [%-!!] OCTaB/ASIOT OTKPHITHIMH INPHHLHNHAJbHBE
BOMNPOCHI, KacaloLluecs: BLISICHEHH? TeX CBOACTB CBA3aHHBIX CHCTEM, KOTOpbIe
BHITEKAIOT H3 3aKOHOMepHocTel PefireH6ayMa AJsi COCTABJSIOUHX 3Jie-
MEHTOB, a TaKXe BBISIBJIEHHS CTENeHH 3aBHCHMOCTH IIOBENEHHSI CB3aHHBIX
CHCTeM OT KOHKPETHOro crnoco6a BBENEHHsS CBSI3H.

Llens maHHOM CTaTbu COCTOUT B TOM, UTOObl OTBETHTb Ha 3TH BONPOCHL.
B ocHoBy HcciemoBaHusi mosioxeH peHopMmrpynmoBoit (PI') momxon, mpex-
CTaBJIAIOLIHA cOOOH pa3BHTHe NPeNJOXKEHHOro paHee MeTOfa aHaJHM3a OJ-
HOMEepHBIX LieNoyeK, COCTaB/leHHbIX W3 cHcTeM Deiiren6ayma [!'213].

1. OCHOBHBIE YPABHEHHS

1.1. KayectBenHoe o6GcyxaeHHe cnocoGOB BBEAECHHs CBSI3H. TpaiHLHOH-
HBlii mpuMep (¢eiireH6ayMOBCKOH CHCTEMBl, ONHCHIBA€MOH YypaBHeHHEM
(2) — 6uontoruueckass mnomyasiuust [>7]. Ilpn 3ToM X, XapakTepusyer
YHCJIEHHOCTb TONYJSIUHH (TOYHEe — ee OTKJOHEHHe OT 3KCTPeMaJjibHOro
YDOBHA) mepej n-M IHMKJIOM pa3MHOXeHHS H TuOejan ocobeit; mapamerp A
onpejensiercsi, HanpuMep, KOJHYECTBOM HMEIOIIEHCA MHLILH.

IlpouaniocTpHpyeM Ha 3TOM NpHMepe CHOCOOLI BBEJEHHS CBS3M MeEXAY
cucteMamu Qeiliren6ayma. PaccMoTpum cHayasa fABe HeCBA3aHHBIE IMONYy-
JALHH OJHOro BHJAA, YHUCJIEHHOCTb KOTOPHIX 3aJaeTcsl IEePeMEeHHBIMH Xp
H Yn U 3BOJIIOLLUOHHPYET COIJIACHO ypaBHEHHSAM

- Xnpr=A—x2, Ynr1=A—y2. (3)
dTa cuTyauus cXeMaTHuYeCKH NOKas3aHa Ha pHC. la. Kaxnwlii mpsMoyrosb-
HHK H306pa)kaeT LHKJ PasMHOXEHHS W ru6esn ocobed, COOTBETCTBYIOLLHH

Hennneﬁnomy npeo6pa303aumo YHCJIEHHOCTH NONyJALHMH, a BE€PTHKAaJbHbIE
JHHHUH — TIepHOoJ, CYLIeCTBOBAHHs MNONYJALHH 6e3 H3MeHEHHs YHCJEHHOCTH.

Lol

Tor2 Yn+2
L]

Trad Ynet

A
Y

Tn Yn

a) 5) 8) ?) -
Puc. 1.

BBecTH cB3b MeXAy NOMyJSILHAMH MOXHO JABYMS CYILEeCTBEHHO pas-
JUYHBIMH ¢rnoco6amu. [1epBhIii H3 HHX COCTOHT B TOM, YTO B IPOMEXYTKax
BPEMEHH MeXJAy NepHOAaMH pa3MHOXeHHs M rubejn o0co6H MOTyT <«Imepe-
non3atb» B 06e CTOPOHBH MO KaHaJy CBS3H, KakK NoKa3aHO Ha puc. 16.
Takasi cBs3b, OYEBHAHO, CNOCOGCTBYeT BHIPABHHBAHHIO MTHOBEHHBIX YHC-
JIeHHOCTel o6enx momynasuuii. Ecau YncJeHHOCTh nmomyJsLui nepes ouepej-
HBIM IHKJIOM Da3MHOXeHHS M rubejn 3afaercsl BeJHUYHHAMH Xn H Yn, TO
mocjie 3TOro ILHKJIa — BeJHYHHaMH A—x2 H A—y2. IIpeanonoxus, 4ro 3a-
TeM HeKOoTopasi HoJii 0cobeil g «MepemnoJsja» H3 NOMyJSALHH B NOMYJSLHIO
N0 K3HaJay CBSI3H, HaxXoJHM 3HaueHHS NEPEMeHHBIX Mepel CJeAYIOUHM
HKJIOM:
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Ropp=h— At —yD, yap=A—yi+ei—ad. (@)
Cpsi3p 3TOro THma MOXHO HasBaTh AHCCHHNATHBHOH, IleficTBmTeanHO, pac-
CMOTPHUM mpeo6pasoBaHHe (as3oBoro o6beMa AxpAYy, 32 eIUHHIy BpPeMeHH:

Axpp1AYpy = JAan!/n,
rae J — sgko6uaH,
J = a-’5n+1/6-’5n a)C'n+1/ayn
OYn+1/0%n 0Yni1/0yn

—2xp (1—e) —2ey,
—2exn —2yn(1—e)

B orcyrctue cBA3H sAko6uaH paBeH Jo=4XnYn, a NPH HAJHUHH CBA3H
J=(1—2¢e)Jo. Takum o06pa3oM, IIPpH HAJOXKEHHH Ha & €eCTEeCTBEHHOro
B paMKax OHojoruueckoii wuHTepnperanun ycnoBusa 0<<e<<l ¢asoBHii
o6beM npeTeprneBaeT JONOJHHTENbHOE CXKaTHe 0 CPaBHEHHIO C TOH BeJH-
YHHOH, KOTOPYIO OH MMeJ GHl B OTCYTCTBHE CBSI3H.

Bropoii cnoco6 BBefeHHSI CBSI3H COCTOHT B TOM, YTO OCOGH NOJY4alOT
BO3MOXHOCTb <«NE€Penoa3aTb» H3 OAHOH NONMyJsLHM B APYrylo B 06Gxox
IlMKJAa pasMHOXeHHs u ru6GenH, Kak nokazaHo Ha puc. 1B. OG6GosHauas
yepe3 p AOJI0 Ocobefl, OTMPaBJASIOIHXCA B NyTellecTBHE [0 KaHajaM CBSI-
3H, MOXKHO TNOJYYHTb CJIeAYIOIIHEe YPaBHEHHS: Xni1=A— (Xn—Wu¥n)2-+uyn,

Ynit=A—(Yn—Wyn)*+pxn. 3ameHol X — _Jip_/z_ » Y “"y_—'i-—w%‘:
Nt w2 — w34 (I—w (1 —p)
Ao 2w —op'/ OHH TIPHBOAATCH K BHAY
(1—mw?
Inp=A—xFp(Ya—%n), Ynp1=A—Y;+p(Xn—Yn). (5)

npﬂHllHl'[PlaJIbHOe pasnuyne MEXAY OINHCAaHHBIMH cnoco6aMy BBeAEHHS

CBSI3M COCTOMT B clenyomeM. Ilycts B HeKoTOphii MOMeHT 7 00e IepeMeH-
Hble TIPOXOASAT BOMHM3H TOYKH 3KCTpeMyma oTo6paxkenust (2): |xn| <1,
ly;l <1. B cayuae puccunaTHBHOH CBSi3H HH(OpPMauus O Pas3jHYHE COC-

TOSIHHA TOACHCTEM OyZAeT TepATbCA B MOMEHT 7 (PasHOCTb Yoy — Xy

MponopluHOHaJbHa KBaJApaTy MaJoil BennuuHe). HampoTus, mas cHCTeMbr
(5) uHdopMauHsi He TepsieTcs: NMPEABICTOPHS CHCTEMBI BJIHAET Ha IOCJe-
Ayolllee noBeJeHHe B 006X0J KBafpPaTHYHOro 3KCTPpeMyMa depe3 KaHaJbl
CBfI3H. DTO AaeT OCHOBaHHe Ha3BaTb BTOPOH THN CBA3H HHEPIHOHHBIM.
JlanHble 31ech ONpEeNeJNeHHs] SABJSIOTCS TNpeJBAapUTEAbHHIMH M MNOJYy4aT
yTOuHeHHe B pasf. 2.

Ilycts Temepb MMeloTCs KaHajbl CBsA3u oGoux TumoB (puc. Ir). Ecau
CBSI3b HeBeJWKa, TO A06AaBKH K NPABBIM YacTsIM ypaBHeHHH (3) [AOJKHBI
BXOAMTh aJJIHTHBHO, TaK YTO Cpasy nojydaeM

Xny1 = A — x,'*: + e(x: - y,z,) — (%, — Yn) 6)
Vo1 =A — ¥2 + e(y2 — x2) — p (¥, — X,)

Kak oxashiBaeTcsi, HHKaKHX JAPYTHX CNOCOGOB BBENEHHSI CBSI3H pacCMaTpH-
BaTb He HYXHO: ypaBHeHMsi (6) ofecrmeuuBalOT NIpPH HajJjexalleM BHGOpe
nmapaMeTpoB aJeKBaTHOe omHcaHHe ¢elireH6ayMOBCKHX CHCTeM, cjiaGo CBS-
32HHBIX NPOU3BOJIbHEIM 06pasoM (CM. HHXKe).

s manepHeiinmiero moJsie3HO BBeCTH HepeMeHHBIe En = (¥n+yn)/2,
Nn = (¥n—Yn) /2, KOTOpHlEe XapAKTEPH3YIOT CHMMETPHUHYIO H aHTHCHMMeET-
PUYHYIO YacTH pellieHHs. B HOBBIX IepeMEHHHIX ypaBHeHHs (6) mpHHHMaIOT

BHJ
g'n+l =h—§% -7),2,, Nn+1= —2B (§n+a) Nn,s ) (7)

rie B=1—2¢, a=p/(4e—2).
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1.2. 3akoun mopo6usi. O6paTuMcst BHOBb K CHCTeMe H3 HeCBSI3AHHAIX
bnementoB (3). M3 pesyabraToB Qeiirenb6ayma ['2] BhiTekaeT caeayio-
LUK 3aKOH MOAOGHS:

a) NycThb H3BECTHO, YTO NpPH 3HayeHHU mapamerpa A.+A 3a 2™ equHHL
BpeMEHH CHCTeMa NepeXOJHT H3 COCTOSHHA (X,Yy) B cocrosHHe (X, Y),

6) Torhma npu 3HaueHHH napamerpa A.+A/d 3a 2mt! enuHHL BpeMeHH
OHa NepexOAHT H3 cocTosAHMA (x/a, y/a) B cocrosuue (X/a, Y/a);
0=4,6692, a= —2,5029.

HHubiMu cioBaMu, eciH HMeeTcsl Kakoe-NH6O pellleHHe cHcTeMHl (3), TO
MOXKHO OTHICKAaThb NMOJOGHHIH PEXHM C yBeJHYEHHHIM B JBa pas3a BpeMeH-
HBIM MacmtaboMm. Jss 3TOro ciaeayer nepecyHTaTh HayaJbHOE COCTOSIHHE
(x,y) u 3HaueHHe mapameTpa A B COOTBETCTBHH C YKa3aHHBIMH NpPaBHJAMH.

AHaJjlornyHBIA 3aKOH NMOAOGHS JOJKEH CyIIeCTBOBAaTb M JJis CBfI3aH-
HBIX CHCTeM, NpPHYeM NPH BHIKJIIOYEHHOH CBA3H OH 06s3aH INpeBpallaThCs
B NpHBeNEHHOe Bhillle yTBepxkAeHue. [losTOMy mpaBh/ia mepecyeTa X, y H A
JOJIXKHBl COXPaHMTbCS, IO KpaiHeil Mepe, B cjaydyae cna6oii cBsizu. Caenxo-
BaTeJbHO, BONPOC COCTOHT B TOM, KaKOBHl NpaBHJa mnepecyeTa (YHKIHH,
XapaKTepH3yIolllel CBA3b.

PaccmotpuM cuHayana cucremy (5) (puc. 1B). Ilpn mepexoje K pexu-
My c yBeJHYEHHHIM B JBa pa3a BPeMeHHBIM NMEPHOAOM MaclUTab IepeMeH-
HHIX X H Y BOJH3H TOYKH 3SKCTpeMyMa yMeHbllaeTcs B a pa3. Toraa
OTHOCHTEJIbHOE BJIMSIHHE BO3MYLIeHHs, MpOIUefliero 1Mo KaHaJdy CBSI3H
B 06xoj HeJqHHeHHOCTH, OyAeT B @ pa3 cHAbHee. UTOGH CKOMIIEHCHPOBAThb
BO3pacTaHHe BJIHSHHS CBSI3H H BOCCTAHOBHTb NOAOGHe, CJAefyeT yMEHBbIIHTb
napaMeTp CBS3H B @ pas.

Ilycth Temepp umeem cucremy (4) (puc. 16). Ilpum yBenuuyenun Bpe-
MeHHoro MacmrtaGa B gBa pasa KoagpdHLHeHT 1—2¢, XapaKTepH3YIOLIHH
IOMOJIHATEJNbHOE CXXaTHe (pa3oBoro o6beMa, BO3BOAHTCS B KBaApar. UToOH
COXpaHHTb MOAOOHE, HYXKHO YMEHbLIHTb NMapaMeTp CBfi3H ¢ B b=2 pasa.

B ofuieM ciyyae MOXKHO OXHJaTh, YTO CBA3b NpeACTaBJseTCSs B BHAE
KOMOHHALHH ABYX KOMIOHEHT, PEHOPMHPYEMBIX NPH Y/ABOEHHH BPeMEHHOro
MmacmTaba COOTBETCTBEHHO B a M b pas. Uro6el 060CHOBaTh mnpejJsiarae-
MBI 3aKOH mojo6us M yOedHTbCS B €ro YHHBEPCaJbHOCTH, IpPOBEJEM HC-
ClefloBaHHEe B PaMKaX PeHOPMIPYNNOBOro NMOJAXOAA.

2. PEHOPMTPYNINOBOHW AHAJIU3
PaccMOTpHM CBSI3aHHBle PeKyPPEeHTHble ypaBHEeHHs OOIIero BHAA
xn+l=f(xn) +o (xn: y‘n), yn+l=f(ya) +q) (Yn, x‘ﬂ) ’ (8)

TAe Xn H Yn — NEPEMEHHbIE, XapaKTEePH3YIOLIHe COCTOSIHHA ABYX HAEHTHY-
HBIX CBSI3aHHBIX NOJACHCTEM, f(X) — (QYHKLHS, yAOBJIETBOPSAOILAS YCIOBHAM
Deiirenbayma [+2], @(x,y) —raaakas QyHKUMs ABYX apryMeHTOB, NOAYH-
HeHHas ycJoBuO @ (x, x) =0.

BhlpasuM 3HAUEHHS Xni2 H Ynio UEPE3 Xn H Yn H BHINOJHHM 3aMeHy
x—xla, y—>yl/a. B pesyabTaTe NONy4YHM

Xn2=F1(%n) +@1(Xn, Yn), Ynt2=F1(4n) +@1(4n, %a),
fi(x)=af (f (x/a)),
@1 (x,y) =al[f (f (x/a) +o (x/a, y/a)) —F(f (x/a)) +
 do(f(x/a)+o(x/a,yla), f(yla)+e(y/a, x/a))].
CoorHowenusi (9) ompenensior onepauuio PI' npeo6pasoBanus ¢yukumit

fug: (f ‘) =R (f ),c MOMOIIBI0 KOTOPOH OCYIIECTBJISIETCSI nepexof K OIH-
P4 ¢

rae

9
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CaHHI0 AHHAMUKH CHCT@Mbl ¢ YJBOeHHBIM BpeMeHHBIM HHTEPBAJIOM MEXKAY
noc/jiefOBaTeJbHEIMH HTepanusiMu. I[lpu MHoroxpatHom npuMeHenud PT
npeo6pa3oBaHus IPHXOAHM K PEKYPPEHTHOMY YPaBHEHHIO

( N+1 ) =R<fN) , (10)
PN+1 PN
rle fy B @nx — QyHKIHH, ompelesiollde H3MEHEHHE COCTOSHHS CHCTEMH
3a 2N utepanuit:

Inte¥N =[fn(%n) +on(Xn,Yn), Yntoe" =[N (Yn)+@n(Yn, ¥n). (11)

Kak sto caeayer us [!'2], ypaBuenue (10) HMeer He 3aBHcsllee OT
N pemierne (HenoABHXKHas TOYKa B NPOCTPaHCTBe QYHKIMH)

() R(). womea(efz). e

rae g(x) — dynxuus Peiiren6ayma. Bynem uckatbp pemenne (10), Gauskoe
K HenoABHKHOI Touke (12), monaras

fr(X) =g () +in (%), @46y =ay5y), IIvl<l, |ov| <.

B aunefinom nmpubauxennu u3 (10) nmonyuaem

ED-PE)-CRE) e
PN+1 N 0M) \on
tie smHeAupe onepaTops L u M ompexenens: Gopuynamu
L7 (x) =alg’ (g (x/a) ) (xla)+1 (g (x/a)) T; (14)
Mo(x,9) =alg’ (g (x/a) yo(+la, yla)+o(g(xla), g(yla))]. (15)

Uro6nl HafiTh oOmuii Bua H06aBOK fny, @y, O6paTHMCA K 3ajaue Ha
A
co6cTBeHHBle (YHKIMH M COGCTBeHHBle 3HaueHUs omeparopa P:

~ ~

v(f)=13(f). (16)
? ?

?
npu Goubmiux N OyAeT NmpeAcTaBJAATh cOGOH JIHHefiHyI0 KOMGHHALMIO TeX

COGCTBEHHBIX BEKTOPOB, KOTOPHIM OTBEYAlOT 3HaueHHsi |v|>>1 u KoTopmie

O6ynem HaswiBaTh cymectBeHHBIMH. Kak u B [¥ 2], GyaeM uckiouath H3

PaccMOTpeHHs COGCTBEHHEIE BEKTOPH, COOTBETCTBYWOIIHE HHOHHUTE3UMaJb-

HbIM 3aMeHaM IIEPEMEHHBIX X, §J B YPaBHEHHH HENMOABHXKHOH Toukd (12).
A

A
Pesysnbrar N-kpaTHoro neficTBusi omepatopa P Ha Ji0Go# BeKTOop (f )

CoGcTBenHBle BEKTOpPH oneparopa P pacnmafaloTcs Ha ABa KJjacca.

f

ITepBuIfi Kiacc —3TO BEKTOPH BHAA (0 ), rae f— coGCTBeHHBIE (DYHKLHH

onmepartopa (14). DrtoT Kiaacc COGCTBEHHHIX BEKTOPOB OTHOCHTCA K IOA-
[POCTPAHCTBY BO3MYILeHHH HenmoABHKHOH Touku (12), He compoBoxkzalo-

995



titixcs BKiloueneM CBA3M MeXAy hofcHcremamu. CorsiacHo Cbeﬁrenﬁaymy,
HMeeTCsl €AHHCTBEHHBI COOCTBEHHBIH BeKTOp MJAHHOro KJjacca Iz(;x)

C COGCTBEHHBIM UYHCJIOM v=08=4,6692; yHuBepcaibHas O¢yHKUHA [ (X)
BBlYHCIEHa B [2].

Bropoii knacc co6cTBeHHBIX BEKTOPOB 06Da3yioT BeKTOPHI BHAA [ _ 0 ),
_ #(x.y)
fie @(x,y) —coGcTBennble ¢yHkuuM onepatopa (15), NOAUHHEHHEIE

ycaoBuio @(x,x)=0. Bo3MylleHHA HENOABHXKHON TOYKH, ONHCHIBaeMHle
STHMH BEKTODAMH, COOTBETCTBYIOT BBeJEHHIO CBsidu. UHcC/eHHOe pelieHue
3ajiayd Ha coGcTBeHHble QYHKIuH omepatopa (15) (cm. Ilpunoxenne 1)
NOKa3ajo, 4YTO MMEIOTCA JBe CYIIeCTBeHHble COGCTBEHHble (YHKIHH
®i(x,y) u O(x,y), obGnanawoliHe COGCTBEHHHIMH 3HAYEHHAMH V,=a=
= —2,5029 u vo=b=2 (tabu. 1, 2).

Takum o6pasom, B acuMmnToTHKe GoabmHX N G(YHKUHH [y H @

(cM. (11)) umeror BuA
[ (x) =g (x) +A0%h(x); (17)
on (%, y) =0a® (%, y) +poN 02 (x, y), (18)

npuyeM BHJ HaAyaJbHOro BO3MYILeHHS fo(x), @o(X,y) ompelensieT TOJNbKO
3HayeHHs1 KOHCTaHT A, a, B*. OTciola BBHITEKAalOT BaXKHble CJEACTBHSI.

1. Ynueepcasvrocrs. Ecnum HCXOAHOe («3aTpaBoYHOe») OTOGpaKeHHe
6/H3K0 K HenmoABHXKHOH Touke (l2) (T.e. Xny1=g (¥n)-+ Manasa no6aska,
Yn+1=g (yn) + Manas po6aBka), To ¢opMa OTOOpaxKeHHS, OMHCHIBAIOLIEIO
AHHAMHKY CHCTEMbI 3a JOCTAaTOYHO GOJbIIOE YHCJAO HTepalHiH, NMOJHOCTBIO
onpejensieTcsi TPeMsi KOHCTaHTaMH A, a«, P. Iloatomy cTpykrypa 6udyp-
KalHOHHBIX MHOXECTB B NpPOCTPAHCTBe NapaMeTpoB A, o, B yHHBepcajibHa
H He 3aBHCHT OT KOHKPETHOro BHZa J00aBOK B 3aTPaBOYHOM OTOOpaxKeHHH.

2. Ilodobue. B ToOuKe NpOCTPaHCTBA NapaMeTpoB C KOODAHUHATAMH
(A/6, o/a, B/b) oyskumH fni1(x) H @Qn+1(X,y) HMEIOT TOYHO TAKOH XKe
BUA, KaK QyHKuus fn(x) 1 @n(x,y) B Touke (A, o, B). DT0 3HAUHT, UTO
B NepBOil TOYKe CHCTeMa JOJIXKHAa AEeMOHCTPHPOBATb Te XKe CaMble PEeXHMBI
NOBeJleHHsI, UTO H BO BTOPOi, HO C yBeJHYEHHHIM B [Ba pPa3a BPeMEHHBIM
macwta6oM. HMIHBIMH c/I0BaMH, CTPYKTypa IPOCTPaHCTBA NapaMeTPoB A,
a, p o6ragaer CBOACTBOM MacIUTaGHO HHBADHAHTHOCTH H NEPEeXOAHT B cels
NPH M3MeHEeHHH MacumTaGoB II0 TpeM OCSIM KOODJAHHAT COOTBETCTBEHHO
B 0, a U b pas, UTo coryacyercsi ¢ NpeJJIOXKEHHOH B NMpPeABIAylLeM pasjeie
rHnoTe30i noao6us. OyeBHAHO, MEPBHI YJeH B Pa3jiokeHHH (QYHKUUH CBS-
3u (18) accomuupyercs ¢ HHEPUHOHHBIM, a BTOPOH — C AMCCHNATHBHBIM
THIIOM CBSI3H.

3. CTPYKTYPA NPOCTPAHCTBA NMAPAMETPOB CBSI3AHHBIX CUCTEM

Has uccnemoBaHHs YHHBePCAJbHOH CTPYKTYPHl IpPOCTPAHCTBAa mapa-
METPOB CBfI3aHHBIX CHCTEM MOXHO HCIOJIb30BaTh PacCMOTPEHHYIO BHIIe
mojenb (6) mam B Apyrux oGosHaueHHsIX (7). [JleficTBHTeNbHO, M3 Ka-
YeCTBEHHBIX pacCyxKJAeHHH pasi. | ciaelyeT cylliecTBOBaHHE B 3TOil MOAeNH
M HHEDLHOHHOW H AHCCHMaTHBHOH cBsA3H. Hanuume AByXx mapamerpoB cBs-
34 ¢ H | TNO3BOJISIET 3aJaThb NPOH3BOJILHOE COOTHOIIEHHE MeXAYy OGOMMH
tunamMu cBA3H. B IlpHioxenuu 2 mnokasaHo, uto (opMYyJHPOBKa ypaBHe-

* 3aMeTHM, 4YTO BeJHYHHA A XapakTepH3yeT  OTKJOHeHHe (efireH6ayMOBCKOro
ynpaBAsiOLiero nmapaMerpa NOACHCTEM OT KPHTHUecKod ToukH, T. e. A=const(A—Ac).
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HHH, JONyCKalolllasi He3aBHCHMOE ynpaBJieHHe YPOBHEM [BYX UHCTHIX THIOB
CBSI3H, NOJIy4aeTcs, ecju NOJOXHTb B (7) B=e—8F (a,\):

Ent1=A—E% — "}, Nny1= —2¢7BF (&4, &) (Eat0) M, (19)

rie o U f —Ko3(pPpuLHeHTH CBA3H HHEPLUHOHHOrO M JHCCHMATHBHOIO THIIOB,
a ¢ysxuns F(a,A) npubauxeHHO Bbipaxaercs GopMyJiof

F(, M) = (1—0.6025¢.+0,1019¢:2—0,0278:1) 02779, (20)

Hcxonuelit MOMeHT Hcclie[loBaHHs CTPYKTYpHl MPOCTPaHCTBA NapaMer-
POB CHCTEMBI — 3TO aHAJIH3 NEPHOAMUECKHX PEXHMOB (LHKJIOB).

3.1. Uukapl n ux ycroitumoctb. [TpeAnosiokuM, YTO MPH HEKOTOPHIX
3HayeHHsIX mapameTpoB cHcTema (19) mmeer N-UMKJ, T. e. pelieHHe, NJs
KOTOPOro Enyn=En, Nnin="Nx. 19 aHanu3a HA yCTOHYHBOCTb PaCCMOT-

pHM, KaK OOBIYHO, 3BOJIOLHIO NPHPAIEHHH En, Nn K MEPEMEHHBIM &g, Nn
3a nepuox uukaa. Kak caexyer us (19),

~

(i")=9(’i?). @1)
NN No

A A A A A
rae J=Jy—1Jn—g...Jo— MaTpulla MOHOADOMHH LHKJa, a J,— MaTpHLUa
SIko6u oto6paxkenus (19) B n-it Touke LHUKIA,

A _ —2§n —2'"” Y
J”“(—2Bnn —9B (Entr) ) (22)

A
Cob6cTBeHHBle 3HayeHHss MarpHubl J (MyJbTHIJIHKATOPH) oOmnpexelis-
I0TCSI H3 ypaBHEHHS
p2—uS—+J=0, (23)

A
rie S —caen, J — nerepmunant matpuusl J. Ha miockocru (S,J) obnacts
veroduyuBoctH uukaa (|u|<<l) mu3obpaxkaercs TpeyroJbHHKOM (pHC. 2)

CO CTOPOHAaMH
1) I48+1=0, 2) J—S+1=0, 3) J=1. (24)

[Tepexony uepes KaXAyil0 M3 TpeX CTOPOH TPEYroJbHHKAa COOTBETCTBYIOT
1) Gudypkauus yABOeHHs NMepuoja LMKJAA, 2) KacaTenbHasi GHypKalus,
3) Gudypkauus poXAeHHS KBa3HNepPHOAHYECKOTo aTTpakTopa (6udyprauus
Angponoa — Xonda). ITpocaexupas

3BOJIIOIMIO IHUKJOB NPH H3MeHEeHHH I
NapaMeTpPOB 3afaud U BHIUHCJAS CJEX 1

H JeTePMHHAHT MaTPHLUL MOHOAPO-
MHH, MOXHO HafiTH B NPOCTPAHCTBe
napamerpoB (A, o, B) Oudypxamu- 0

i

OHHHle NOBEPXHOCTH TPeX IepedHc- . .
JIeHHBIX THIIOB. 2 29
3aMeTHM, 4TO HCXOJHble ypaBHe-

HHS JONMYyCKaloT peLleHHs B Buie -1
cAH(da3HBIX JBHKEHHH TIOJICHC-
TeM, T. €.

Puc. 2.

Xn=Yn HIH nN.=0. (25)

B stom ciyyae 3amaua cBoguTcsi K ypaBHeHHIO (2). IToatomy coraacho
[2] npu A<<A.=1,40116 cywecTByloT cHH(}a3HHe LHKJIBH NepHoxa 2™,
a npu A>), moaABAAIOTCA CHH(a3HEIE XaoTHYeCKHe pexXuMbl. [laa cuHpas-
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A
J nHaroHasbHBI, MO3TOMY

A
COOCTBEHHbEIE 3HAYEHHS €CTb NMPOCTO AHArOHAJIbHBIE JEMEHTH MaTpHUH J:

A
HBIX IHKJIOB, MaTpHLLI Jn, a CJedoBaTeJbHO, H

N N
wi= H (—2§n)» He= H (—2B(&n+2)),

n=1 n=1

rie N — nepHop LHKJaa. YCJIOBHE YCTOHUYHBOCTH HMEET BHA

N N
1T (=28 1<, | ][ (—2B(Enta))|<I

n=1

(26)
n=1

M IJ1s UMKJOB neproja | u 2 Beipaxkaercs SBHO, MOCKOJIbKY
g N=1: p=1—YTF4h,  po=B(1+a—YIF+4; (27)
aasgs N=2: yy=4—4A, pe=4B%(1—A+ta+to?). (28)

3.2. CucreMa c YHCTO JHCCHNATHBHOMN cBA3bl0. [TosoxuM B (19) a=0.
YuurhiBas, uto F(0,a) =1, umeem

Enp1=A—E2 — 72,

Bynem paccmaTpuBaTh TOJIbKO ciayyail p=>0 (ycJoBHe AHCCHIATHBHOCTH).

IIpn A<<A. noBezneHue cucteMbl (29) OYeHb NPOCTOE: OHA JAEMOHCTPH-
pyer ycroHuupble cuH(a3Hble LHKJb, NePHOJ KOTOPLIX yABaHBaeTcsi INPH
TeX e CaMblX 3HAYEHHAX Am, KaK H y OTAeNbHOH cucreMn Qeiiren6ayma

Nn41= _2e_ﬂ§n7ln- (29)

(2). HefictButensvHo, u3 (26) BuAHO,

A . YTO NepBbIl MYJbTHIVIHKATOP CHH-
E = D ¢a3Horo 2m-nHKJa COBNAfaer C MyJb-
x = ()
@3 < \(3), 37 THIJIMKATOPOM CHcTeMHl (2), a BTO-
- 5 ; e
175 fMepvod3 POl paBeH po=pe-2 b.B obaacTn
F—7 7 N CyLeCTBOBaHHSl [JaHHOTO LMKJA, Kak
- £ N e
@) E > S— = () aTTpakTopa cucreMsl (2), |mi|<<l,
S— nostomy u |ue|<<l. CaenosaTte/bHO,
150 = = ePnod 6 pykn cucremb (29) yCTOHUHB B TOM

| heomod §

(3)

- Mepnod 4

(3

- MlePnod 2

(3)

- NlePnod 1

08
Puc. 3.

12

7= lim

N-oo

N
1 .
ﬁ 2 ]n !2xll"

e HHTepBajie mapaMerpa A, Kak H
nuka cucrembt  (2). ITosromy Ha
miockocTH mapamerpos (f,A) obaac-
TH IHMKJIOB PpasjHYHOTO IepHoja,
peanusyloliuxcsi npu A<<Ac, pasrpa-
HHYeHbl TOPH3OHTAJbHHIMH JIHHHAMH
A=MAm (pHc. 3).

IIpu A>A. cuHHpa3HHIH pexuM
MOXeT IOTePATb YCTOHUHBOCTb K aH-
THCHMMETPHYHbIM BO3MYLUEHHSM, ecC-
J¥ JIANYHOBCKHIl XapaKTepHCTHuec-
KHii MOKasaTesib, PaCCYHTAHHBIN JJIf
CTPaHHOrO aTTPakTOpa CHCTEMH (2),

)

n=1

craner Gosbuie B ['4]. Has A>>A. Ha IJIOCKOCTH NapaMeTPOB CYLIECTBYIOT

o6sacTH Tpex THOOB: 1)
onpeaenseMble ycaosuem 0<<y(A) <@, 2)
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HOTO XaOTHYECKOro pexHMa, B KOTOPHIX y(A)>>P u peanusyoTcs HecHH-
¢asHble cToXacTHuecKHe KoseGaHHsi NOACHCTEM, 3) 30HB YCTOHUMBOCTH
NEPHOAMYECKHX JIBHXKEHHH, COBNajalollHe C «OKHAMH YCTOHYMBOCTH»
B 3aKPHTHYeCKO# o6sactu cucreMmbl (2) [!2]. Koudurypauuio Bcex sTux
n6nacTefi MOXHO HaifiTH, HCMNO/b3Ysl H3BECTHYIO 3aBHCHMOCTH y(A) s
cucremn (2) ['5]. 3amerum, uro kapTHHa o6sacTelfl Ha pHC. 3 NEPEXOAHT
B ce0st npH M3MEHEHHH MacwTaba B § pa3 mo ock A u B b=2 pas 1o ocu P
orHocutesibHO ToukH (0,A;). B aTom Bbipaxkaercs 3aKOH nomo6usi AJs CHC-
TeMBl C JIHCCHNIAaTHBHOMH CBS3bIO.

3.3. Cucrema ¢ uMcTOii HHepuMOHHOH cBf3blo. ITosoxuM Temepp B=0
H pacCMOTPHM TNOBeleHHe cHcTeMbl (19) B 3aBHCHMOCTH OT mapaMeTpoB o
(ro3puumnent cBszu) u A (Gefiren6ayMOBCKUil ynpaBasiolinii napamerp).
[TockosibKy B cHCTeMe ¢ HHEPUHOHHOH CBSI3bI0 OKAa3HIBAIOTCS BO3MOXKHBIMH
FHCTEPe3HCHble fBJIEHHS, NOBEPXHOCTb (o, A) TOJIE3HO NPEeACTaBJAThH
ChJICEHHOH M3 psiza JucToB (puc. 4a). OnuMH M3 HHX, 06O3HAuaeMHIi KakK
S-uer, cootBeTcTBYyeT CHH(GA3HBIM ABHXKEHHSM IOACHCTEM, a OCTaJbHHEe
N-nucTel — HecHHGA3HBIM  IBHXKeHHAM. EciH mnepeceueHHe HEKOTOpO#
6H(pYpKaLHOHHO!N JIHHHH TPHBOLHUT K MATKOMY NEPEXody C JHCTa Ha JIHCT,
TO 06a JIHCTAa CYHTAIOTCS CKJEEeHHBIMH 1O 3Toii JHHHH (cM. pHC. 4a, mepe-
xon I). Heck/ieeHHBle Kpasi JHCTOB OTPaXKalOT CYLIECTBOBAHHE JKECTKOM
O6udypKaluy — cKayka C JIMCTa Ha JIMCT, CONPOBOXAaeMOro THCTepPe3HCOM
(Ha puc. 4a —nepexon 2). Puc. 4a paer rpyGoe npenBapHTeNbHOE Mpes-
CTaB/ieHHe O CTPYKType NpocTpaHcTBa napamerpoB. IlepefizeM k ee mon-
po6HOMY 06CYXKIEHHIO.

S-aucr. PaccMoTpuM cuH(pasHble NEPHOAHYECKHe ABHXKEHHA B 00/acTi
A<<A.. HUs dopmyn (26) Moxkuo HafiTH YHCIEHHO TIpaHHUB o6Jacref
ycrofiuuBocTH 2m-uukaoB. K HuUM oTHOcATCcA: 1) ropH3oHTafbHBIE JIHHHH
A=Am, KOTODble ONpeAeJAIoTCs YycJaoBHEM p;(A)= —1 H COOTBETCTBYIOT
6ubypKauHsM YIABOEHHs Nepuoiaa cHH(MDA3HBIX LHUKJIOB, 2) KpHBHe, 3aja-
BaeMble COOTHOWIEHHIMH pg(A, a) = =1, oTBeyaiollKHe noTepe YCTOHYHBOC-
TH CcHH(}Aa3HOrO peXHMa OTHOCHTEJIbHO AaHTHCHMMETPHYHOTO BO3MYILEHHS
M nepexoay Ha KakoH-nu6o N-nucr. O6a cemefictBa 6M(}ypPKaLHOHHBIX JIH-
HUH Ha S-nucTe H306paxkeHbl Ha puc. 46. B cBeTJHIX 06JacTsX peasusy-
I0TcA  ycToHuMBRHIe CcHH(pa3Hble UHKIB C YKa3saHHEIM Ha pPHCYHKe Iie-
puoioM, 06GJacTH HeyCTOHYMBOCTH CHH(:a3HBIX DPEXHMOB 3alITPHXOBAHBHL
JIuHUH, MO KOTOPBIM S-JHCT cKjeeH ¢ N-JIHCTaMH, — 3TO HHXKHHe Zyroo6-
pasHble TPaHHILI 3aMITPHXOBAaHHHEIX o6JacTell, Ha KOTOPHIX W= ——l.°

OTMeTHM YeTKO (GHKCHpPyeMoe TIpPH YHCJEHHBIX pacuyeTax CBOHCTBO
nogo6usi: BC KapTHHA o6Jacrtelt Ha pHC. 46 BOCNPOM3BOJAHMTCS BHYTPH
NPSIMOYTOJIbHHKA, OGO3HAYEHHOT0 NYHKTHPOM, C yMeHbIleHHeM MacliTaba
B & pa3 no ocH OPAHHAT M B a pa3 no ocu abcuucc. [TockOJbKY KOHCTaHTa
a OTpHUAaTeJNbHa, TO PACIOJiOXKeHHe ofjiacTefi B GOJNBIIOM M MaJiOM MPSiMO-
YrOJILHHKAX MPOTHBOIOJOXKHO 110 OPHEHTALUH OTHOCHTEJbHO OCH aGCuuce.

N-aucr. Uccnenyem Temepb pexHMBl HeCHH(a3HOTO ABHIKEHHs, KOTO-
pble peanusylorcsi Ha N-mucrax. Baarogaps CyllleCTBOBaHHIO 3aKOHa IOIO-
6Hs OCTAaTOYHO H3YYHTb CTPYKTYypy Bcero omHoro N-iucra — TOro, Ha Ko-
TOPHIl OCYLIECTBJISIETCS TepeXxon NpPH MATKOH NoTepe YCTOHYHBOCTH CHH-
ta3Horo 2-x uMKJIa.

PaccmaTpuBaemblit N-JHCT CKJeeH ¢ S-IMCTOM 1O JIMHHH, Ompefe-
asiemoit dopmynamu (26) u (28): 4B2(1—A+ta+a?) = —1, A<<1,25. TIpu
nepexoje uepe3 Hee CHH3y BBEPX MPOHCXOAHT GUypKauusi POXKIEHHS YCTOM-
YHBOTO 4-X IHMKJIA, KOTOPOMY COOTBETCTBYET ABHIKEHHE 0GEHX NOICHCTEM,

€OBHHYTOE 1O ¢pase APYr OTHOCHTEJNbHO APYra Ha NMOJIOBHHY NepHOAA:

Xnt2=Yn, Yp+e=Xn HWIH Eniy3=En, Nnsz= — (30)
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DTOT UMK/ MOXHO HCCJeJ0BaTb AHAJMTHYECKH: eCJH BBECTH BEJIHYUHY
E=E&1+E2+2c, TO 3/MeMeHTH UHKJA M NapaMeTp A BHIpaxKaloTcsi yepe3 L:

Eiz= (1/2) E£VE2+-B-2) —a, i, 2:=YC(1+aA+AE,,,); (31)
A= CHE+1/4B2+0P—a, (32

rae A= —(¢+1/2tB?)-', B=F(a,A), C=(142a—)/A*. MyabTunau-
KaTopbl BLIYHCAAIOTCS no obwmum ¢opmynam (21) —(23). C uukiom (30)
MOTYT NpPOHCXOAMTb pasJiHyHble OGudypKauuH, KOTOPble Mbl Temepb pac-
CMOTpHM.

1) Touxa cbopku u aunuu cxaadox. Ha puc. 5 mokasaHo, Kak 3BOJIO-
uHoHHpyer KpuBas A==A({) (32) npu u3MeHeHMH mnapamerpa o. s
a<< —0,5634 cymectByer oaHo, a masi o> —0,5634 ¥ Amin<<A<<MAmax —
TPU 3HaueHusi § Aig omHoro A. CjieloBaTeJbHO, B NMEPBOM Cllydae HMEETCs
OJlMH, a BO BTOPOM — TPH pa3anuHbix 4-x nukia tana (30). M3 stux nuk-
JIOB OJHMH BCerja HeycToHuHB (eMy OTBeuaeT cpefHee 3HaueHue (), a 1Ba
APYTHX YCTOHUYHBHL B ONpelesieHHOH 06JiacTH mapaMeTPoB H MOTyT HabJio-
HaTbCs Kak aTTpaktophl. Takum o6pa3oM, B Touke a= —0,5634, A=1,0829
uMeer Mecto 6udpypkauus c6opku ['6]. K artoii Touke moBepxHocTH (a, A)
NOAXONAT ABe JIMHHM CKJaajok ['6], KoTopble COOTBETCTBYIOT Ha pHC. 5

ol < -0,5634 o =-0,5634 o > -0,5634

A
Amox
A rrun
A=10828 \

4 £=-0,3640

Puc. 5.

sKcTpeMymaM KpHBO# A(L). DTH JHHMH MOXRO HafTH, AOMOJHSAS ypaBHe-
uue (32) ycaoBuem OA/0T=0. Ha puc. 4B, u3o6paxaiollieM CTPYKTYypy
N-nucra, Touka A ecTb TouKa cGopkd, a juHun BA u CA — nuHuH ckja-
nok. Ilpu ob6xome Boxkpyr ToukH A NO YacoBOH CTpesKe aTTPakTop (4-x
UHKJ) 3BOJIIOLHOHHPYET HeNnpepbiBHBEIM 06pa3oM A0 MepeceueHus JHHHH
CA, nocsie yero MpOMCXOJHT CKAauKoOGpasHasi CMeHa PeXHUMa. ITO BHOBb
4-x uMKJ, noAuHHsAOWHACA ycaoBusiM (30), HO OTaMuYalOWMiiCA OT CTaporo
yPOBHEM aHTHCHMMETPHYHOH Moxbl 1. IIpn 06xole BOKPYr TOUKH A NPOTHB
4acoOBOH CTPEJKH CKAauOK NPOHCXOJHT INpH NepeceueHun JuHuH BA. Kak
MOXXHO NPOBEPHTb, Ha JIHHHAX CKJIAJOK OAHH H3 MYJbTHIIHKaTOPOB
4-x uukna obpawmaerca B 1. B Touke cO0PKH MYJbTHIJIHKATOPHl TAKOBHI:
m=1, ne=0,1472.

2) Jlunus 6upyprayuuy Andponosa—Xonga u nepexod k xeasune-
puoduueckomy arrpaxropy. Ha puc. 4B MOXHO BHAETb [Be 3aLITPHXOBAH-
Hble 06/1aCTH, JeXallHe Ha IBYX YacTAX NOBEPXHOCTH N-JHCTa, CLIHTBHIX
B TOYKe COOpKkH. B 3THX 06JacTAX HETePMHHAHT MAaTPHLUB MOHOAPOMHH
4-x uukna (30) mpeBbiIaeT eAMHHIY, T. e. UHKJA HeycroiiumB (n.3.1). Ha
rpaHHLaX 3allITPHXOBAaHHHIX o6GJacTell NeTEePMHHAHT paBeH eIHHHLE, YTO
cooTBeTCTBYeT Oudypkauuun AnapoHoBa—Xonda (mepexox mnapsl KoOMI-
JIEKCHO-COTPSI)KEHHBIX MYJIbTHIVIHKATOPOB 4Yepe3 eIHHHYHYI0 OKPYXKHOCTb)
C poxJeHHeM KBa3HNEPHOAHYECKOTo aTTpakTopa. Pagom ¢ Gudyprauuon-

* B cuny Toro, yto B=F(a,A), cooTHowenue (32) npedcraBaser coGoii ypaBHeHHe
OTHOCHTeNbHO A. OAHaKo 3aBHCHMOCTb B(A) caabas, MOITOMYy AJS NPAKTHYECKH TOYHOIO
enpesiesieHHst A NOCTAaTOMHO OJHH —[Ba pa3a mpouTepuposath ¢opmyay (32).
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HOM JuHMell HudpaMH YyKasaHbl 3HAUEHHS YHC/IAa BpalleHHs—OTHOLIEHHS
NEePHOA0B HCXOJAHOTO M BHOBb BO3HHKILIEro ABHXKEHHH.

3amTpuxoBaHHble 06J1aCTH HMEIOT TOHKYIO CTPYKTYpY B BHIE SI3HIKOB
CHHXPOHH3alHH, YNHPAIOWHUXCA OCTPHAMH B TOUKH OH(YPKALHOHHOH JIHHUH
C palUHOHAJIbHBIMH YHCJAaMH BpallleHHsl, H OCTaTOYHOTO MHOXeCTBa, KOTO-
pomy oTBeyaloT COGCTBEHHO KBasHmepHoAHYeckHe ABHKeHHs [!7]. Ora
CTPYKTypPa B [eTajiiXx HaMH He HCCJel0Bajach H Ha PHCYHKe He NOKasaHa.

3) Kpas N-aucra: aunuu xacateasvtoli 6u¢pyprayuu. Ha 60koBBIX rpa-
HHLaX H300pa*KeHHOro Ha puc. 4B N-j1uCTa ONHH H3 MYJbTHIIHKaTOPOB
4-x uukaa (30) o6pamaercsi B +1. Ilpn nepeceuennu kako#-aH60 M3 3THX
rpanul B Touke (o, A<<A.) NPOHCXOAHT CKayKooGpasHblfi Mepexold B CHH-
(basHbIll pexXHM, H300paxaeMblif TOMKOH C TEMH XKe CaMBIMH KOOpJAHMHaTa-
MH, HO Ha S-nucre. Ilpu 3TOM HMeeTcsi THCTepe3HC: OOpaTHBHIA NepecKok
Ha N-JIHCT npoH30fJeT TOJNbKO IPH TNepeceueHHH GOKOBOH rpaHuubl obJaac-
TH YCTOHYHMBOCTH CHH(a3HOro pexuma, KoTopas He cOBHajaeT C KpaeMm
N-nucra.

Bnaropaps 3akoHy mnogo6Hsi SIBJIEHHS, aHaJOTHYHbBIE ONHCAHHHLIM
B nm. 1) —3), KoJXKHB HMeTb MecTO M Ha N-JHCTax, NPHKJIEEHHBIX K HHXK-
HHM AyrooGpasHbBIM TFpPaHHLAM MaJjbiX 3alITPHXOBaHHBIX Ha pHC. 46 oGJac-
teii. Ha puc. 6 npuBOAsiITCS pe3yJbTaThl KOJHYECTBEHHOH NPOBEPKH MOAO-
6usi popmbl GHPYPKAUHOHHBIX JHHHH Ha PasaHYHbBIX N-JAHCTAaX. DTH JHHHH
HNOJKHBI COBNajaTb B KoopauHaTax (aa™, (A—Ac)d™), rae 2™ — mepHon

LHMKJa, POXKAAIOUIErocss NPH MATKOM
m=2 = —— A=A \8™ nepexofie Ha paccMaTPHBaeMBlil JIHCT.

5 - va+ (A-2¢) Kak BuaHo u3 pHc. 6, pesysbTaThl

4 ans m=2,5 1 6 XOpolo CcornacywT-
csi. Tem cambiM Bce BHIBOAHI O TOBe-
IeHHH cHCTeMbl Ha N-jHcTe, MOJydYeH-
HHlE AJS m=2, pacnpoCTPaHsIOTCA H
Ha ocTajbHble N-JIUCTHI; OTJIHYHE CO-
CTOHT TOJIbKO B H3MEHEHHH BpeMeH-
Horo Macwta6a ABHXEHHH.

IMoctpoennas «reorpaduueckas
KapTa» TOBEPXHOCTH IapaMeTpoB
(o, A) RaeT AOCTATOYHO MOJHOE Mpel-
cTaBjieHHe O Pas3JHYHBIX BO3MOXKHBIX
nyTsx I[epexofia K Xaocy B CHCTeMe
C WHepUHOHHBIM THOOM cBsi3H. [lycTb
3a HMCXOIHOE COCTOsiHHe BHIOpaHa He-
KOTOpas Touka Ha S-iHcTe IpH A<lAc.
Torna, mBurasch mo noBepxHocTH (o, A) B oOllleM HampaBJIeHHH BO3pacra-
HHS A, MOXHO Ha6.ofaTh, HampuMep, TaKHe CLEHAapHH BO3HHMKHOBEHHS
xaoca:

1) BeckoHeuHass mnocJef0OBAaTEJbHOCTb YABOEHUH nepHOAa CHH}A3HBIX
ABHXeHHH (puc. 7, nyTh I).

2) IlpousBosibHOE KOHEYHOE WYHCJIO YABOEHHH mnepuHoja CHHGMAa3HBIX
LMKJIOB, 3aTeM YJABOEHHe INEpHOAa C MOsBJeHHeM HeCcHH(}A3HOro UHKJa
H JByMsl BapHaHTaMH AaJjibHeHIleH BOJIIOLHH:

a) 6udypkauus AugpoHoBa—Xomnda ¢ poxAeHHeM KBas3HNepHOAHYEC-
KOTO IBHXKEHHsl, €ro paspylueHHe M mepexof K xaocy (puc. 7, nyTh 2),

6) ckaukooGpasHblii Mepexoj Ha S-JHCT U Jajee NOBTOPEHHE SIBJEHHH,
onucaHHbx B nm. 1) uau 2) (puc. 7, nytu 3 u 4).

§ - o

Pnuc. 6.

3.4. Cucrema c KOMGHHHPOBAHHON CBA3bIO. B ciyuae KOMOGUHUPOBAHHOM
CBSI3H KOJIMYECTBO CYyLIECTBEHHBIX NMapaMeTPOB 3aJauH Bo3pacTaeT o0 TpeX,
TaK 4TO HarjIAHOe H300pakeHHe CTPYKTYPLl NPOCTPAHCTBA flapPaMETPOR
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CTAQHOBUTCS 3aTPYAHHTENbHBIM. OrpaHHUYHMCS MO3TOMY JIHIIbL KayeCTBEHHBIM
€ro OnHCaHHEM.

IIpeacraBuM, 4TO B CHCTEMY C YHCTO HHEPUHOHHBIM THIIOM CESI3H BHO-
CHTCS JIONOJIHHTEeJIbHAs, AMCCHIIATHBHAs CBSI3b, M NIPOCJAEAHM 3a 3BOJIOLHeE
KapTHHBI o6JlacTell Ha noBepXHOCTH (o, A). PacueThl mokaselBaioT, YTO MpH
MaJIoH AHCCHNIATHBHOH CBSI3H CTPYKTYpa 3TOf NOBEPXHOCTH B BHJE CK/IEEHHBIX
S-u N-nuCTOB, a TaKXKe ofllee pacrosioxeHue o6jiacTeil Ha 3THX JIMCTaX,
coxpaHsierca. [lo Mepe yBe/NHUEeHHS JUCCHMATHBHOHM CBSI3H CHauyajla MaJkble,
a notoM O6oJiblliHe S3bIKH 30H HEYCTOHYMBOCTH CHH()a3HBIX PeXHMOB IOX-
HHUMAIOTCSl BBEPX H YXOIAT B 06JacTb A>A.. Ias Toro, yto6hl HcUe3 KaXK-
bl MOCJIeAYIOIHH S3BIK, NapaMeTp AHCCHIIATHBHOH CBA3H HOJIXKeH OHITb
yBeJHYeH B ABa pa3a. B KOHLe KOHLOB, yBejHMYeHHe AHCCHNATHBHOH CBA3H
NPUBOJAUT K TOMY, YTO HNOKPHTHYECKOe TNOBeJeHHe CHCTEMBI H XapakTep
nepexofia K Xaocy CTaHOBATCH TaKHMH, KaK OMHCaHO B m.3.2.

vagy-m=5 A(z-Ac)s""
*+Xx - §
. 5 -4 -2 0 o™
%ox c=30 xo o
‘ \ va ¥Ox0* +v 4
o a
- v O + .
%20 g
v 0,0 vodn
3\X4/2 v v
v Y
1-3
< °
v v
1 4-4
v v
Y
.V o
v 10 ¢ J-
VeV S
Puc. 7. Puc. 8.

Jlns nmpoBepKH COOTHOIUIEHHH IOAOGHS PpacCMOTPHM cCedeHHe Npo-
CTpaHCTBa mapameTpoB (A, o, ) NOBEPXHOCTBLIO

B=c|A—Ahc| '8 ¥, (33)

rie ¢ — NPOH3BOJbHAs nocTosiHHas. IIpH H3MeHeHuH Maciutab6a mo ocH A
B 0 pa3 M 10 OCH oo B @ pa3 BeJIHUMHA P H3MeHsieTCs B JBa pasa M INO3TO-
My KOHGQHIrypauus o6JacTeil Ha JaHHOH TNOBEPXHOCTH JOJKHA mNepeiTH
B ce61. Ha puc. 8 H306pakeHBl JHHHH TOTEPH YCTOHYHBOCTA CHH(a3HBIX
2m.UKJIOB Ha TOBepxXHoCcTAX (33) mpH HeCKOJbKHX 3HAYEHHAX ¢ B KOODPAH-
narax (oa™, (A—A.)6™). BumHo xopollee coBnajeHdHe AaHHHX AJi Das-
JHYHBIX M.

Ha ocHoBaHHMH NpPOBEJEHHOro Bhillle HCCIEAOBAHHS MOXHO 3aKJIOYHTb:

1) CyuecrBoBaHue ¢efireH6ayMOBCKHX CBOHCTB Y COCTaBJISTIOILHX 3Jie-
MEHTOB NPHBOJAMT K TOMY, YTO 3aKOHOMEPHOCTH YHHBEPCAJbHOCTH H TOAO-

onsa NPOSABMAIOTCA TAKXKE B B AHHAMHKE CBA3AHHBIX CHCTEM.
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2) YuupepcanbHOCTb BhHIpa)kaeTcs B TOM, yTo Jio6ast caaGast CBs3b,
BBOAHMAs C IOMOLIbIO NPOM3BOJLHOH TI1aAKoH (PYHKUHH COCTOSIHHil 3Jie-
MEHTOB, NOJIHOCTbIO XapaKTepH3yeTCss ABYMsSI KOHCTAaHTaMH o H P — Ko3¢-
('uUHEHTaMH MHEPUHOHHOIO M AHCCHNMATHBHOIO THNOB CBs3H. IloaToMy noJ-
HO€ ONHCaHHe CBS3aHHBIX CHCTeM BOJIM3H TOYKH Mepexoja K Xaocy AOCTH-
raetcs 3ajaHdHeM Tpex napaMeTpoB A, o, P, rie A — ¢eiirenH6ayMoBCcKuit
napameTp NOACHCTEM.

3) CrpykTypa GHbYPKALHOHHBIX MHOXECTB B NPOCTPAHCTBe NapaMer-
poB A, a, B NOAYHHSIETCS 3aKOHY NOAOGHSI M NEpPeXOAHT B ce6Gsi NPH H3Me-
HEHHH MaclTa6oB MO TPeM OCSIM KOOPJAHHAT COOTBETCTBEHHO B §=4,6692,
a= —2,5029 u b=2 pa3. Drta yHHuBepcajbHas TepXMepHas CTPYKTypa
COlePXKHT NMOBePXHOCTH GHpypKauuii ynBOEHHs, KacaTeJbHBIX GH]ypkauui
H GHPYpKaLHil pOXKIAeHHS] KBa3HNEPHOAHYECKHX JBHXKEHHI.

B cuny yHHBepcaJbHOCTH pacCMOTPEHHBIX 3aKOHOMEPHOCTeH, MoJydeH-
Hble Pe3yJbTaThl MOTYT GHITb OTHECEHHI K IIHPOKOMY KpPYyry CBSI3aHHBLIX CHC-
TeM Pa3JIMYHOH NPHPOABI, OMHChIBaeMbIX KaK OTOOPaXKeHHSIMH, TaK M Aup-
(epeHIMaNbHBIMH YPaBHEHHSMH.

NMPHIIO)KEHHE 1

Jlast uMc/IeHHOro pelileHHsi 3aflayd Ha coOcTBeHHble YHKIHH omeparo-

A
pa M (cm. (15)) Obln mpuMeHeH MeTOA HTepaluil, COCTOSALIMA B clelyio-
weM. Kak HeTpyAHO npoBepHTb, pe3y.bTaT N-KpaTHOro Je#CTBHA onepa-

A
Topa M Ha ¢yHkuHIO @ (X, Y) MOKHO BLIYHCIHTb MO GopMysam

/‘)’N?“—‘aNszg Enr1=g"(Xn) En+@(Xn, Yn), Xnt1=€(Xn), Yn+1=8€(Yn),
xo=x/aN, yo=yla¥, E=0,

rie n=0,1,..,2N—1. 3anaBas NpOW3BOJbHYI0 3aTPaBOYHYIO (DYHKLHIO

@ (x,y) u BBUHCAAA AI'\INcp NpPH PasjIMYHBIX X, ¥ H N, MOXHO 0XHJAaTb, YTO

1/1\4Ncp;;vN(D(x, y). 3aecp ®(x,y) — coGcTBeHHass (yHKUMSA, OTBevalollas

COGCTBEHHOMY 3HAYEHHIO v, MAKCHMaJIbHOMY 1O MOAYJIIO CPeAH NPHCYTCTBY-
I0IHX B @ (¥, y) KOMIOHEHT.

Takne pacuerni 6blnu BbinoJHeHH Aasi N=2--6; ¢yHkunu g(x)
¥ g’ (x) BBHIUHCASJIHCH C' MOMOLIbIO NMOJHHOMHAJILHON annpokcuManun [2].
B kauecTBe 3aTpaBOuHBIX 3ajaBajuch QYHKUHH @ (X, y)=(x—y) ¥ (x,¥),
rae P(x, y) =1, x, y, x2, xy, y%, x3, 2y, xy2, y3. (Kak M3BECTHO, JIHHEHHOH KOM-
OGuHalHeli CTeNeHHBIX OLHOYJIEeHOB — psifoM Teftjopa MOXKHO NpeACTaBHTb
mo6ylo  raagkyio ¢ynkuuo.) Tlpy 3aganun ¢ (X, y) = 1 pesyabTaTom
HTepalHOHHON mpoueAypH siBasieTcs: coGcTBeHHas GyHKUHS @ (x, y)

(trabn. 1) u cobcTBenHoe 3HaueHHe vi=a= —2,5029. [asi ocCTaJbHHIX
Pp==XMy" prepauH NPHUBOAMWJIH K cobGctBeHHOH GyHKuun @%(x, y) (Tabu.2)
C COGCTBEHHHIM 3HaueHHEeM vo=b==2. MOXKHO NOKa3aTb, YTO PaBeHCTBA

A
Vi=a U v;=2 ABJAIOTCA TOuHbiMH. M3 ypaBHeHus vd=M® c yuerom
oD (x, y)

(15) mnnsa oyskuuu F(x) = [ ] HMeeM
0y y=x
vF (x) =g’ (g (x/a)) F (x/a)+g’ (x/a)F (g (x/a))

— YpaBHeHue, AOCTAaTOYHOe JJis onpene/ieHus COOCTBEHHBIX 3HaueHHIl.
9To ypaBHeHHe aHanusuposanoch B ['3], m GBIO cTporo MoOKasaHo, uTQ
CTapuine COOCTBEHHbE 3HAYEHHA €CTh Vi=a U vp=2.
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A
Ocrartounbifi useH, monyuyaemsiii npu annpokcumauuun MM JuHeiiHOR
KoM6uHauueit Qynkuuii @, (x,y) u ®o(x,y), cOCTOUT H3 ABYX uacTed —3a-
Tyxawoule npu N — oo u Hesaryxatouleil. Ilocnennsia naercs coGCTBEHHOM
¢ynxuueit O3(x,y) =g’ (x) (y—x)—g(y)+g(x) c coO6CTBEHHHIM 3HAYEHHEM
vs3=1 H ycrpaHsieTcsi 3aMeHOii mepeMeHHOH x—x+ (y—x)const, y—>y+

+ (x—y)const.

Ta6an na 2
CoGcTBenHast pynkuus @z(x, y)
x
y
0 0,25 0,50 0,75 1,00

0 0 —0,0658 —0,2584 —0,5598 —0,9316
0,25 0,0659 0 —0,1931 —0,4958 —0,8697
0,50 0,2612 0,1948 0 —0,3064 —0,6871
0,75 0,5774 0,5102 0,3126 0 —0,3921
1,00 1,0000 0,9316 0,7280 0,4082 0

ITpumeuanue. ®yuxuus ®,(x, y) ueTHas no o6oHM aprymeHTam.
NPUJIO)XEHHE 2

Kak oxasbiBaercs, B cucreme (4) peanu3yercsi UHCTO AHCCHIATHBHAs
CBsA3b, a B cHcTeMe (D) — KOMOHHAUHs ABYX THIIOB CBSI3H, NMOHHMAaeMBIX
B cMbicsie pasa. 2. CucTeMy C YHCTO HHEPUHOHHBIM THIOM CBSI3H MOKHO
CKOHCTPYyHpOBaTh, 3ajaBasg B (7) 3aBHCHMOCTb mnapamerpa B=F(a,A)
TaK, 4ToGbl HaWJYYIIHM 0OGpa3oM BBHIMOJHSJCA XapaKTepHHIH AJd caydas
HHEePLHOHHOH CBf3H 3aKOH mojfob6usa. HMcmoab3yem 3Ty uieio Ajas npubJH-
KEHHOro BblUMCJeHHs (yHKuuH F (o, A). PaccMoTpuM cHHOa3HBIH LHKJI
nepuoga 2:

§1=7~~§§’ §2=7\"—§?9 'flo="ll=0: (H2‘l)

MYJIBTHIVIHKATOPbl KOTOpOro omnpejensiorcs ¢opmynamu (28). IlorpeGyem,
4yTOOLl MPH HEKOTOPOM 3HAuUeHHU MapaMeTpa A, H yMeHbIIEHHH CBSI3H B @
pas, T. e. mpu ay=a/a, By=B'¢, cymectBoBaJ CHH(}A3HHH 4-X LHKI §0,
§|, By, Es, ,..._0 NOAYHHSIOMHACH COOTHOLIEHHAM TOXOGHA Eo==Eo/a,
Ey=E;/a U 06MAafAIOMIKA YHCJAEHHO TeMH e MYJbTHIIHKaTOPaMH, 4TO H
2-x nuka ([1.2.1). Jas MyJbTHNOIMKATOPOB 4-X LHKJIAa HMeeM

w1=16(&o/a) (E1/a) (M—E} /a?) (M—E?/a?); (2.2

pa=16(B*/a?) (%o+a) (E14r) (M—E3/a*+-a/a) X
X (A2—E%/a? + afa).

[TpupaBHuBas 3HaueHus w; (I1.2.2) u (28), mosyuaem COOTHOLIEHHE MeX-
By A 4 A, KOTOpPOe ¢ GOJIBILONH TOYHOCTbIO CBOAHTCH K (hopmyJae

A=At (A—Ac) 1. (11.2.4)

TpeGoBaHHe paBeHCTBa MYJbTHINIMKATOPOB Mp ¢ yuerom (I1.2.1)—(I1.2.4)
M (28) NpPHBOAHT K BBEIPaXKEHHIO

B=[148(M—M/a?)ca—3+44aa* (o 1/a) ]o/@a—4.

Orciona, ucnonnsys (I1.2.4) u noAcTaB/sisi YHCJEHHBE 3HAYEHHS @, & U A,
npuxoauMm K ¢opmyne (20). Ilonaras B (7) B=eBF(a,A),monyyaem cuc-
TeMY, B KOTOPOH HHEPLHOHHAs M NUCCHIATHBHAs CBA3b pPery/upyercs Hesa-
BHCHMO napameTpaMu a H f.
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UNIVERSALITY AND SCALING IN BEHAVIOUR OF COUPLED
FEIGENBAUM SYSTEMS

S. P. Kuznetsov

. The behaviour of {wo symmetrically coupled identical period doubling systems
is investigated. The scaling relations are stated, which are the generalization of
Feigenbaum scaling laws for coupled systems. The universal configuration of zones
of different regimes is found in a space of three parameters: Feigenbaum control
parameter and coefficients of inertial and dissipative types of coupling,

AHHOTaUHH AENOHHPOBAHHBIX CTaTei
YIK 621.372 853 2

PACYET BOJIHOBOJAHBbIX TPAHC®OPMATOPOB
C YACTHYHbBIM ®EPPOJAHIJNEKTPHYECKUM 3ANMOJHEHHEM

B. M. Onygpuenxo

[Tocne BbigeseHHs B ypaBHEHMsiX MakcBeaa BTOPHUHBLIX HCTOYHHKOB, NpPeACTABJSIO-
WHX CO0OH NJOTHOCTH TOKOB, CO3JABAEeMBIX [BHIKEHHeM CBOGOAHBIX H CBSI3aHHBIX B [H-
TOJIH H MYJbTHIOJH 3JEKTPHYECKHX H MArHHTHBIX 3apsJiOB, a TaKkKe C YYeTOM TONOJIOTHH
VCTPOACTBAa C NOMOLIBIO BBENEHHSI NMOKPHITHS OGJacCTH ONpeleseHHsi MOJsi BOJHOBOLHOIO
TpaHchOpMaTopa NPOCTHIMH KOMMAKTaMH MOJIYYeHbl HHTErpPajibHble YPaBHEHHsl 3ajadd aud-
pakuuH BOJHH Hyo, BO36yXkpnaeMoift B GOKOBOM IJieue MHOTOIJICYETO COEJHHEHHS NpPsiMO-
YTOJIbHbIX BOJIHOBOJOB C COEJHHHTENbHOH MOJOCTHIO, YAaCTHYHO 3aMOJIHEHHOM BelleCTBOM
B BHJE NPONOJbHO HAMaTHHUYEHHOTO (eppOAHINEKTPHUECKOTO Tela C KOMIIEKCHBIM 3Haue-
HHEM OM3JIEKTPHYECKOM NMPOHHILAEMOCTH W TEH30POM MAarHHTHOH mporuuaemoctH. [Tocne mon-
CTaHOBKH BHIPaxKeHH# Aas (yHKuui [puHa NpOCTHIX KOMNAKTOB B HHTErpajbHLHE ypas.ie-
HHS TOC/TefHHe npeobpasyloTcsi B GECKOHEYHYIO CHCTEMY JIHHEHHBIX ajre6paHyecKHX ypas-
HeHHH, KOTOpas B peAyLHPOBaHHOM BHJe pelleHa Ha DBM. PesyjbTaThel uHC/IEHHOro pac-
qeTa MO3BOJIIIOT ONpPEAEJHTb COCTABJSIOLHE MOJeH H 3JE€MEHTHl MaTpHUbl paccesiHHs AJs
YCTPOHCTB C YaCTHYHBIM 3aNOJHEHHEM.

IlpuBeneno cpaBHeHHe C M3BECTHBIMH 3KCNIEPHMEHTANbHBIMH JAaHHBIMH pe3yJbTaTOB
q9HCJIEHHOTO pacyeta MOAYJas Ko3ddHLHeHTa OTpPaxeHHs B MNepBOe IJIE4O CHMMETPHYHOro
Y-uupkynsaropa. ITokasanbl pesy/ibTaThl UYHCJAEHHOrO pacueTa H3MeHeHHs (MO OTHOLIEHHIO
K uyCTOMY YCTPOHACTBY) MOAY/s KO3(hOHUHEHTA OTPAXEHHS NP IOMELIEHHH B COEAHHH-
TeJbHYI0 MOJIOCTb TPEXMJIEYeBOr0 CHMMETPHYHOTO COEJHHEHHS BOJIHOBOLOB JHIJIEKTPHYECKOI
BTYJIKH.

Craros denonuposana 6 BHHHTH,
pea. Ne 4221-85. Jlen. or 14 wions 1985 .
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